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É�¾Sêh�Ê´³©��

g
½²§ª�H��� ♣

ØÙ�` ªÂÄÃH��ñé�H��¤¦¥¨§ª©����`�q ª°�½²½��`�6½²§¢ÂÄÃq§ª� B([a, b])
°� ¢½ÈË��²�`�H¾Sê �`��¥È�S§ª���S�ÈñÊ©³ ª�³�È´³©��*���²�S���$�`�M�

¡£����¤¦¥²§ª©³���S�qÉµ�S½²ÂÄÃ����`§¢Éµ�S�"¥1¦)§���§¢´±°� ¢�`�¦¥È°��H½²�³�S���²Ì�ÂÄ¤¦¥�,�ØÙ�` ¢ÂÄÃ���ñÊ����¤¦¥¨§¢©³���S�q½²§ª�H�*Ëh���`��¾I�
ê �`��¥²�q�`§¢���`���³ ¢�`§¢ÂÄÃ�ÏÔÐ¨%³§ª�*¤�©³�¦´��`�²���`�¦¥¨�S� ñÊ©³ ª���\´³©��ö�����`���$�`�H¡£�H��¤¦¥¨§ª©����`�"¥6Ø�§ª�l���`É$�`�
¾`�H�ÊÐ�ÂÄÃ�½�¥��`§ª�H�l���`§ª ª°��¦¥¯êa©���¥�/�§ª�H���`Ïnê�§ª� ¾`�`§¢�³�`�¡/M�Ê°±½²½}��§¢�l½�¥¨�S¥²§ª�³�S�<ñÊ����¤¦¥¨§¢©³���`�Ô¾`�����S�
§ª� B([a, b])

�³�S½²��ÂÄÃ¦¥²�`�öú� Á°±½²½²�h�³�SÃ�ð³���`���
_?��ZD���}Z�� �-a¢ç j g�© d i dfk3q t d t eªo�d h  -g�hA�xt ep{ h f [a, b] :→ R

oye ��t dSq«dfe h d   {xl¬o�d
(gn)n∈N

vy{ h
� k�d����ud h��mg�hA�xt ep{ h d hAzi epdDw gm� [a, b]
oylndfep�S���`���®eªoDo�dpo�d h f � { h vydfk¯oyepdfk t��

� ��¤p�����ya Ø�§ª�a¾S�`�� ª�`���`���Ê°±½}®¯�¦¥¨�`��´±°� ª 
[a, b]

§ª�
n
�� ª�`§¢ÂÄÃÔ�³��©°%³�Y���S§ª ª§¢�¦¥¨�`��´±°� ª ¢�

[xi−1, xi)Ï*§¢¥
xi := a+

b− a

n
i, i = 0, 1, . . . , n

¬



�����5���f.Ê��§ª�S�²�S�
gn : [a, b] → R

�H���²ÂÄÃ

gn(x) :=

{
f(zi)

¡£Ì��
xi−1 ≤ x < xi, zi ∈ [xi−1, xi)

Éµ�S ª§ª�SÉ�§ª�
f(b)

¡£Ì��
x = b.

¿Ñ°
f
°��H¡

[a, b]
�³ ¢�`§¢ÂÄÃ�ÏÔÐ¨%³§ª�p½�¥¨�-¥¨§ª�6§¢½�¥�/H�³§ªÉH¥}�`½/¾`�²±��`���SÏ

ε > 0
�`§ª�

δ(ε) > 0
Ï*§¢¥

|x− y| < δ(ε) ⇒ |f(x) − f(y)| < ε.

¿l§¢�lòcÐ������l���S� ���`§¢ ª§ª�¦¥²�`��´±°� ¢ ª�
(b− a)/n

§¢½�¥e¡£Ì��
n > n0(ε) := (b− a)/δ(ε)

¤� ¢�`§¢���`� °� ª½
δ(ε)
/H½²©³Ï*§¢¥�§¢½�¥��Ê°±ÂÄÃXú/©³��½�¥²�²��¤¦¥²§ª©³�<´³©³�

gn

∀n > n0(ε), ∀x ∈ [a, b] : |gn(x) − f(x)| < ε

©����`�
‖gn − f‖ = sup

x∈[a,b]

|(gn − f)(x)| ≤ ε,

���»Ã��
gn
°�������©"óH§¢Ïi§¢�`��¥

f
§ª�<���`��´�©³�²�³�S�³�`É$�S���`�C��©³ ¢�`�²°���¾

ε. ♣
Ý[Z]\}�+^C�+_\���`^ü�-a¢ç´³"d i d  ¡gXhA�xt ep{ h f : [a, b] → R z�µ�g�i dfkDdfe h d   {xl¬o�d (gn)n∈N

vy{ h� k�d����ud h��mg�hA�xt ep{ h d h d�¶°enq t epdfk t8z)i epd²w gm� [a, b]
oylndfep�S���`����eªo�o�dpo�d h f � { h vydfk¯oyepdfk t·z �udfe�� t�;dpo�dfl �mgXhA�xt ep{ h6�

\¸�`¹)�}Z��`º»^I� �-a��c³"d i d4w gm� [a, b] q t d t eªo�d  ¡gXhA�xt ep{ h enq t �;dpo�dfl �mgXhA�xt ep{ h6� ³ud i d � k�d��6¼�ud h��mg�hA�xt ep{ h enq t �;dpo�dfl �mgXhA�xt ep{ h6�
Ø�§ª��¤Ö°��H�C��§¢�FËh�S½¨°�Ï\¥¨Ã��S§¢¥/°� ¢ ª�`�a�/�S�³�` �¡£����¤¦¥¨§¢©³���S�5ÂÄÃ�°��¨°�¤¦¥²�`�²§¢½²§¢�`��¥�ê �`�����`�"¥
_?��ZD���}Z�� �-a½�¾�;dpo�dfl �mgXhA�xt ep{ h d h qfe h6i o�d h w gIi epd © d h eªo�d h¿ ¡gXhA�xt ep{ h d hAz¸i epd²e h�© df¼i df�Àe huh dfk�d hsÁ~gXhA�xt$i dSq4r hut dfkfvxwyl8l2q [a, b] dfe h d h k�dS�S� t qf¼ gXh6i l¢e hA� qSq�dfe t eªo�d hÃÂ k�d h�µ�Ä dfk t·zq�{ Ä epd�e hIi d h �¸w h6i � g�hA�xt d hÃi dSq1r hut dfkmvxwyl8l2q²dfe h d h dfe h q�dfe t eªo�d h«Â k�d h�µ�Ä dfk t¸� dSqfe tnµ d h6�
� ��¤p�����ya 5£ë]7a©��Å	l�»���¸ë\�Ê¾`�S§ª�³�S�5ê�§¢�}¡£Ì��

x0 ∈ [a, b)
,

f
���`�³�S ¢¡£����¤¦¥²§ª©³� ⇒ limx→x0+0 f(x)

�IóH§¢½�¥²§ª�`��¥

Ø�§ª�}´��`��êa�S�����`�X�Ê°�½1Æ}°���ÂÄÃ¦ÚCú��²§¢¥²�`��§ª��ÏO�����5Éµ�-¥¨�²°�ÂÄÃ¦¥¨�`�
x, y > x0

|f(x) − f(y)| ≤ |f(x) − gn(x)| + |gn(x) − gn(y)| + |gn(y) − f(y)|
≤ 2‖f − gn‖ + |gn(x) − gn(y)|.

þM�S§������
ε > 0

Éµ�S ª§¢�`É�§¢�6´�©³�²���`�³�SÉµ�S����¿Ñ°±���ö�-óM§ª½�¥¨§¢�`��¥
n ∈ N

Ï*§¢¥ ‖f − gn‖ < ε
�µñ�Ì��

��§¢�Ñ¾`�����`©³�������S¥²�������`���$�`�M¡£����¤¦¥¨§¢©³�
gn
§ª½�¥

x0
�S�¦¥¯êa�S���`�/°��H¡��S§ª���SÏ ú/©³��½�¥¨°���¾S§ª�¦¥¨�S��´±°� ª 

©����`� °��H¡c���SÏO�Y°��H���M®¯�iÉµ�S§ª���S��ñ1Ð� ¢ ª�S�iÃÊ°±Éµ�S�Ôê�§ª�È¡£Ì��e�³�`��Ì��³�S����¤� ª�S§ª���S½
δ = δ(n(ε))

|gn(x) − gn(y)| = 0
¡£Ì�� |x− x0| < δ, |y − y0| < δ.

·



0���½²°�ÏiÏ*�`�H�³�S¡�°y%±¥��`���³§ªÉH¥��H§ª�`½
|f(x) − f(y)| < 2ε

¡£Ì�� |x− x0| < δ, |y − y0| < δ.

5¯	¸7 ∀x0 ∃ limx→x0±0 f(x) ⇒ f
���`���` ¢¡£�H��¤¦¥¨§ª©����Ç °±ÂÄÃC���SÏLÆ}°���ÂÄÃ¦Ú5ú��²§�¥¨�`��§ª��ÏO�³§¢ ¢¥ ∀x0 ∈ [a, b] ∃B(x0, δ)

Ïi§�¥
x, y ∈ B(x0, δ), x, y < x0 ⇒ |f(x) − f(y)| < ε

�����
x, y ∈ B(x0, δ), x, y > x0 ⇒ |f(x) − f(y)| < ε.¿l§¢�ÑïC�S���³�Y°� ª ¢�`�
B(x0, δ)

ÌHÉµ�S�²���SÂÄ¤��`�
[a, b]

�H¿Ñ°
[a, b]

¤�©�Ïi�Ê°±¤�¥ §ª½�¥�/¦�³�S��Ì��³�`�Ô�`���� ¢§ªÂÄÃ
´�§ª�S ª�È��§ª�S½²�S�1ÒYÏ*�³�SÉ������³�S�Q¾S����È/Éµ�S�²���SÂÄ¤������Ñ´³©��

[a, b]
°��H½`�±¿l§ª�S½²�a½��`§¢�`�QÏ*§¢¥

B(xi, δi)
/

i = 1, . . . , n
Éµ�S¾`�`§¢ÂÄÃ����-¥"��Ø�§¢�\©��²�����S� ��§¢�ÔÎ8����¤¦¥²�

xi
/��H§ª�*§ª�

[a, b]
 ª§ª�S�³�`�H���`�äìÈ�H�M�

�����H¤�¥²�
xi ± δi

���`�a©�À��S���`��®¯�¦¥²�`��´±°� ¢ ª�Y�����
a
/
b
���S��Ëh��ð°%³�Y�Ê°�ÂÄÃ<�������S�²ÃÊ°� �¥¨�S��½²©q��§¢�0��`�� ª�S�³�����

a = y0 < y1 < · · · < yN = b.®¯��±��`���SÏ ���S§ª ¢§ª�¦¥¨�S��´±°� ª �êaÐ�Ã� ª�S�qê�§ª�
ξj ∈ (yj, yj+1)

�����*���+.���§ª�S�²�`�*�`§¢���������`���$�`�M¡£����¤³�
¥¨§¢©³�

g : [a, b] → R
������ÂÄÃ

g(x) :=

{
f(ξj) x ∈ (yj, yj+1)
f(yj) x = yj

¿Ñ°��H�C�³§¢ ¢¥
|f(x) − g(x)| < ε ∀x ∈ [a, b].¿Ñ°�Ï*§¢¥�Ã�°�Éµ�S�Xê�§ª��¾S��±��`�H�`Ï
ε > 0

�S§ª���F�����`���$�`�M¡£����¤¦¥¨§¢©³�3¤�©���½�¥²�²��§¢�`��¥�/é��§ª�
f
§ª�X�H�`�Ç ©��²Ï ´�©³� B([a, b])

Ï*§¢¥}���`����©³ ª�S�¨°���¾
ε
°�������©"óH§¢Ïi§¢�`��¥"� ♣

®¯Ï«¡£©� ª�³�S�����`�hÉ$�`���H¥²¾`�`�Fê�§ª��§¢Ï¹ñé°� ¢ ±���S��ì1óM§¢½�¥¨�S��¾È���`��Ë��²�S��¾Sê �`��¥¨�È��§ª�O	 �`¾`�S§ªÂÄÃ������H�³�`�
f(x+) = lim

t→x+0
f(t)

���H�
f(x−) = lim

t→x−0
f(t).

®¯��½�Éµ�S½²©³���H�`�²�%�IóH§¢½�¥²§ª�`���`� ¡£Ì����S§ª���3�/�S�³�` �¡£����¤¦¥¨§¢©³�
f : [a, b] → R

��§ª�3Ëh���`��¾-êa�S��¥¨�
f(a+)

/
f(b−)

�����
f(x+)

½�©
ê�§¢�
f(x−)

¡£ÌH�$±��S���`½
x ∈ (a, b)

�

9;:�É ÊyE~VX@FNO>AË$VAWRYOEÍÌOYOEÎ=?>&@-BCBD@FECQSH1E1T4VXWRYOEC@FE
Ý[Z]\}�+^C�+_\���`^ü�-a½�´b-dfepd h a = x0 < x1 < · · · < xn = b

dfe h d j dfkmlndpo gXh o i dSqr hut dfkmvxwyl8l2q [a, b] g�h6i g : [a, b] → R
dfe h d � k�d����ud h��mgXhA�xt ep{ h ��e t

g(x) = ck ∀x ∈ (xk−1, xk).

¶



� w huh �udfe�� t
I(g) :=

n∑

k=1

ck(xk − xk−1)

r hut dpoyk�wyl i dfk � k�d����ud h��mg�hA�xt ep{ h g z e h j dfep�S�ud h
I(g) =

∫ b

a

g(x) dx.

� Z]�ÏZ���õ�º»^I�^�-a��ÑÐ`dSq�d hut l¢ep�S��enq t8zDi wxqSq i epd � d·Ò h e t ep{ h vy{ h I(g) g�h w � �A� h oyeªovy{ hIi dfk � { hA� k�d t d h j dfkflndpo g�h oÓenq tp��� epdSq�qfepdS� t �`w hIi wyk�w hAz~i wxqSqÔ e2Õ i epd�ÖCe h�µ�g�h wx���sd Ä dfe t dfk�dfk � dfe8l � g�hA�xt d i d h Ð`dfk t I(g) h ep�S� t � h6i dfk t·zÔ e8e2ÕMdfe h d²��e h e8�`wylnd]× h�µ wx��l®vy{ h � dfe8l � gXhA�xt d h d�¶°enq t epdfk t·z q�{ i wxqSq g w gm�`i d h � dfe8l¢e h ¼t dfkmvxwyl8lnd h�� { h q t w hut enq tp�
Z��£�é�M���"àÖá��AØ �����
�c���}Ù�æ�æ��øß���â��c�

g → I(g)�³�
I
§ª½�¥/°±�H¡��H�`�YïC�`�H�³�Q°± ª ª�S�}���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S�X�`§¢���hòj§ª���`°���¡£©��²Ï�/H���»Ã��

I(g1 + g2) = I(g1) + I(g2) ∀g1, g2,

I(λg) = λI(g) ∀g, ∀λ ∈ R.

¬M�/¿l§¢�hòj§ª���`°���¡£©³��Ï §¢½�¥��$©³½²§�¥¨§¢´6/M���¸Ã��
g(x) ≥ 0 ∀x ∈ [a, b] ⇒ I(g) ≥ 0.

·H�/¿l§¢�hòj§ª���`°���¡£©³��Ï §¢½�¥�Ï*©³��©�¥²©³�-/H���¸Ã��
g2(x) ≥ g1(x) ∀x ∈ [a, b] ⇒ I(g2) ≥ I(g1).

¶��/¿l§¢�hòj§ª���`°���¡£©³��Ï
I
§ª½�¥�É$�`½�ÂÄÃ��¨Ð±��¤¦¥�/$���¸Ã���¡£Ì��®±��`���h���²�S���µ�S�H¡£����¤¦¥²§ª©³�

g
��§ª ¢¥

|I(g)| ≤ (b− a)‖g‖, ‖g‖ := max
x∈[a,b]

|g(x)|.

Ç �SÉµ�S�X���S��ë�����§¢¥²§¢´�§¢¥¨Ð±¥�É$�`¾SÌ��³ ª§¢ÂÄÃC�H�`½/®¯��¥²�`�³�²°������S�XÃÊ°Ö¥Y��°�½Y®¯�¦¥²�`�³�²°� c°���ÂÄÃC�`§ª�H�Fë����
��§�¥¨§¢´�§�¥ÄÐ±¥²½²�`§¢�³�`�H½²ÂÄÃÊ°±¡í¥}Éµ�S¾`Ì��³ ¢§ªÂÄÃ<���S½/®¯�¦¥²�`�³�²°±¥¨§¢©³��½²§¢�¦¥¨�`��´±°� ª ¢½`�
_?��ZD���}Z�� �-a ù  OÚ k © d i dSq c ∈ [a, b]

oye8l tpÛ
∫ c

a

g(x) dx+

∫ b

c

g(x) dx =

∫ b

a

g(x) dx.

� ��¤p�����ya ¿Ñ°ä��§¢�öì8§ª��½�ÂÄÃ��¨Ð��H¤��H��� �`§¢���`�����²�S���$�`�H¡£���H¤�¥²§ª©³�
g : [a, b] → R

°��H¡h�S§ª�
É$�` ª§¢�`É�§¢�³�`½/���`§ª ¢§ª�¦¥¨�S��´±°� ¢ �ê�§ª�S���`�Ñ�S§ª���\�����`���$�`�M¡£����¤¦¥¨§¢©³�ö§ª½�¥�/é¡£©³ ª��¥/��§¢�QëY��½²½²°��³�p���H�²ÂÄÃ
ël�M¡£�Ê°�Ã�Ï*�3���S½�Î8����¤¦¥¨�S½

c
§ª�ý�H§ª�Ã0��S�² ¢�`�³���H�Ü5£¡�°� ¢ ª½*�`���H§ªÂÄÃ¦¥�½²ÂÄÃH©³�����S§ª ª�H����¤¦¥����S�0��`�� ª�S�³�����6¾`�H�1	 �`�²�SÂÄÃ��������i���`½/�²�SÂÄÃ�¥²½Y½�¥¨�SÃ��`���H�`�3®¯�¦¥¨�S�³�¨°± ª½}êa°��S7I� ♣

Æ



9;:¯Ý ÊyE~VX@FNO>AË$VAWRYOEÍÌOYOEÍKM@FNO@FPRQSHCE1T~VAWRYOEC@FE
Ø�§ª�Yêa©³ ¢ ª�S�ö��§ª�q®¯�¦¥¨�S�³�¨°± ª���f.Ê��§¢¥²§ª©³�3°��H¡e��§ª�6ú� ª°�½²½��q���`�h���`�³�S ¢¡£���H¤�¥²§ª©³�H�`�%°���½����`ÃH���`�
�����5���H¥¨¾S�`�CÃ�§ª�S�²¾`�5��§¢�hìÈ§¢�³�`�H½²ÂÄÃÊ°±¡í¥²�`�-,
5�§87[	a�S½²ÂÄÃ��²Ð���¤¦¥¨ÃH�`§¢¥Y���S�Yòj§¢���"°���¡£©³�²Ï
5�§¢§87ÔëY�����²©"óM§ªÏ*§ª�S�²ÉÊ°±�²¤��S§¢¥}´�©³�C�/�S�³�` �¡£����¤¦¥¨§¢©³���`�<���H�²ÂÄÃX���²�S���$�`�H¡£���H¤�¥²§ª©³�H�`���

þM�S§
f
�S§ª���/���`�³�S ¢¡£����¤¦¥²§ª©³���³¿Ñ°����*�³§¢ÉH¥È�`½e�`§¢����ñÊ©³ ª�³�}´�©³�*�����`���$�`�H¡£�H��¤¦¥¨§ª©����`�

(gn)n∈NÏ*§¢¥ ‖f − gn‖ → 0
¡£Ì��

n → ∞.
Ø�§¢��¾`�`§¢�³�S�-/��Ê°�½�½C��§¢��0�°�Ã� ¢�`�H¡£©³ ¢�³�

(I(gn))n∈NÆ}°���ÂÄÃ¦Ú�¡£©³ ¢�³�h§ª�
R
§ª½�¥"�éì8½��³§ª �¥

|I(gn) − I(gm)| = |I(gn − gm)| ≤ (b− a)‖gn − gm‖.
Ç �H�*§¢½�¥

(gn)n∈N

°� ª½1¤±©³�¦´³�S�²�³�S��¥²�ÑñÊ©³ ¢�³�a§¢� B([a, b])
Æ}°���ÂÄÃ¦Ú�¡£©³ ª�³�����H�*Ï*§¢¥�©³É�§¢�³�`�1ëYÉM�

½²ÂÄÃ�Ð±¥¨¾S�����Ô�H§ª�hñÊ©³ ª���
(I(gn))n∈N

Æ}°���ÂÄÃ¦Ú�¡£©³ ª�³�F§ª�
R
�Ê¿Ñ°�Ï*§¢¥}�-óM§ª½�¥¨§ª�S��¥/���S�lË��²�S��¾Sê �`��¥

���S�C0�°±Ã� ª�S�H¡£©³ ª���
(I(gn))n∈N

�����<ê�§ª��½��S¥¨¾S�`�-,
I(f) := lim

n→∞
I(gn).

¿l§¢�`½²�\¿l�f.Ê��§¢¥²§ª©³�5���S½l®¯�¦¥¨�S�³�¨°� ¢½��`§ª�H�`�Y�/�S�³�` �¡£����¤¦¥¨§¢©³�<ÏÔ°�ÂÄÃ¦¥Y�����Ñþ�§ª���-/�ê �`�H�Xê�§ª����§¢�
ÒY��°�É�ÃÊÐ��H�³§ª�³¤±�`§�¥Ô���S½ÔØÙ�`��¥²�`½

I(f)
´�©³� ���S�iØä°�Ã� l�H�`�

f
°�������©"óH§¢Ïi§¢�`���`�����S� ñÊ©³ ª���

(gn)n∈N

¾S�`§ª���`�*¤�ð³���H�`���HþM�`§¢�`�
(gn)n∈N

�����
(hn)n∈N

¾-êa�S§
f
°����H�²©"óM§ªÏ*§ª�`���`���H��ñé©� ª�³�S�

§ª� B([a, b])
��Øä�S�³�`�

|I(gn) − I(hn)| = |I(gn − hn)| ≤ (b− a)‖gn − hn‖
≤ (b− a) (‖gn − f‖ + ‖f − hn‖) → 0

¡£Ì��
n→ ∞

¤�©���´��`���³§ª�S�²�`�i��§ª��ñÊ©³ ¢�³�`�
(I(gn))n≥1

���H�
(I(hn))n≥1

�³�S�³�`�6���S�Ô�³ ¢�`§ªÂÄÃH�`�iËh���`��¾-êa�S��¥`�

ú����²¾�¾S��½¨°±ÏiÏ*�`�����S¡�°y%�¥�Ã�°�Éµ�S��ê�§ª��°� ¢½²©q�Ê°�½�®¯�¦¥¨�S�³�¨°± �Ì�É$�`���`§¢���h�/�S�³�` �¡£����¤¦¥¨§¢©³�
f
°� ¢½

Ë��²�`�H¾Sê �`��¥����S�j®¯�¦¥¨�`���¨°� ¢�8Ì�Éµ�S�j�`§¢���
f
�³ ¢�`§ªÂÄÃHÏ�Þ¸Ðy%³§¢�a°��H���²©"óM§ªÏ*§ª�S�²�`�H���8ñÊ©³ ª���

(gn(x))n∈N´³©��C���²�S���µ�S�H¡£����¤¦¥²§ª©³���S�X���f.Ê��§¢�`��¥�,
Ëh§¢ ¢¥

f(x) = lim
n→∞

gn(x)
�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�q°��H¡

[a, b]
Ï*§¢¥}�����`���$�`�H¡£�H��¤¦¥¨§ª©����`�

gn : [a, b] → R
/
n ∈ N

/Ê½�©i�H�+.Ê��§¢�`���`�<ê�§ª�
∫ b

a

f(x) dx := lim
n→∞

∫ b

a

gn(x) dx

þM�S§j�Ê°�½�®¯�¦¥¨�`��´±°� ª 
[a, b]

§ª�
n
�³ ¢�`§ªÂÄÃ<�³��©°%³�����`§¢ ª§ª�¦¥²�`��´±°� ¢ ª�

[xi−1, xi]
¾`�S�² ¢�`��¥�/Hêa©�Éµ�S§

xi = a+
(b− a)

n
i, i = 0, 1, . . . , n,

º



�����
f
°��M¡

[a, b]
½�¥²�S¥²§ª�Ô§¢½�¥`�60���±��`�H�`Ï

n ∈ N
���+.Ê�H§ª�`���`�5ê�§ª�/��§ª�F�����`���$�`�M¡£����¤¦¥¨§¢©³���`�

f
n

: [a, b] → R
�����

fn : [a, b] → R
���H�²ÂÄÃ

f
n
(x) := max

t∈[xi−1,xi]
f(t), fn(x) := min

t∈[xi−1,xi]
f(t).

Ø�§ª�%§¢Ï 	a�Sê �`§¢½5´�©³� ��ÃH�`©³���`Ï �H�¬û¤Ö°�����Ïi°��«�����«¾`�S§ª�³�S�-/��Ê°�½�½C��§¢� ñé©� ª�³�S��´�©³�
���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S�

(f
n
)n∈N

�����
(fn)n∈N

�³ ¢�`§¢ÂÄÃ�ÏÔÐ¨%³§ª�����`�³�S�
f
¤�©³�¦´��`�²��§ª�`���`����¿l§¢�

¾`�H�³�`©³�������-¥¨�`�3Ëh���`��¾-êa�S��¥²�

lim
n→∞

I(f
n
) = lim

n→∞
I(fn) =

∫ b

a

f(x) dx

�`�¦¥²½²�����`ÂÄÃ��S�����`�Èël�H���²©"óM§ªÏi°±¥¨§¢©³�q���S½ ñ� ÁÐ�ÂÄÃ��S��§ª�HÃÊ°� ¢¥²�`½8���¦¥²�`�
f
�����²ÂÄÃ*�`§¢���/ñÊ©³ ª�³� ´³©³�

ÒY�¦¥²�`��� É�¾-êh�6�ÑÉµ�S�²½²�HÏiÏ*�`�ß5£´��³ ø�HëlÉHÉ�§ª ¢�������*�H�¬°7-�

xx

f(x)f(x)

a ab b

ëYÉ�É�§¢ ª�����H�6�H�×¬�,Êël������©"óH§¢ÏÔ°Ö¥¨§ª©���������ÂÄÃ3ÒY�¦¥²�`���C5£ ª§¢��¤�½S7a�����3�ÑÉµ�S�²½���ÏiÏ*�`�à5£�²�`ÂÄÃ¦¥²½S7-�
Z��£�é�M���"àÖá��AØ �����
�c���Ô����¤Q�M�í�����������á¹e���������âØ �é�Öã

f → I(f)

ñ�Ì��U0�°±Ã� ª�S�
λ ∈ R

�����C���`�³�S ¢¡£����¤¦¥²§ª©³���S�
f1
/
f2
/
f
�³§¢ ¢¥

I(f1 + f2) = I(f1) + I(f2)

I(λf) = λI(f)

f(x) ≥ 0 ∀x ∈ [a, b] ⇒ I(f) ≥ 0

|I(f)| ≤ (b− a)‖f‖
¿l§¢�i ¢�S¥¨¾-¥¨�iëlÉ�½�ÂÄÃÊÐ±¥¨¾S�����ö§¢½�¥\©�¡í¥¨Ïi°� ª½h¾S� �³�²©�É���ì8¥¯êa°�½p���`�Ê°��H�`�Q§¢½�¥\��§ª�6¡£©³ ¢�³�`���H�Ôì8§��
�³�S��½²ÂÄÃÊ°Ö¡í¥�/é��§ª��½�§ªÂÄÃC°���½����S�lï5©³��©�¥²©³��§ª�l���`�/òj§ª���`°���¡£©��²Ï �S�²�³§¢ÉH¥�,

inf
x∈[a,b]

f(x) ≤ f(x) ≤ sup
x∈[a,b]

f(x)

=⇒ (b− a) inf
x∈[a,b]

f(x) ≤
∫ b

a
f(x) dx ≤ (b− a) sup

x∈[a,b]

f(x).

®¯½�¥
f
¾`�H½¨Ð±¥²¾` ª§¢ÂÄÃC½�¥¨�-¥¨§ª�A/�½²©6¡£©³ ¢��¥����S�lï5§¢¥²¥²�` �êa�S��¥¨½²°±¥¨¾��H�`��®¯�¦¥¨�`���¨°� ¢�²�`ÂÄÃH���H�����

Í



_?��ZD���}Z�� �-a¢è´b-dfe
f : [a, b] → R

q t d t eªo ��� w huh d�¶°enq t epdfk t dfe h ξ ∈ (a, b)
��e t

I(f) =

∫ b

a

f(x) dx = (b− a)f(ξ).

� ��¤p�����ya Ç °�ÂÄÃä���SÏã0µê�§ª½�ÂÄÃ��`�¦ê �`��¥¨½¨°Ö¥¨¾Ô¡£Ì��h½�¥¨�S¥²§ª�³�*ñÊ����¤¦¥²§ª©³���S�öê�§ª�²� ���S�F¾-ê�§ª½�ÂÄÃ��`�
infx∈[a,b] f(x)

�����
supx∈[a,b] f(x)

 ¢§ª�S�³�`���H�ÔØä�S��¥
1/(b − a)

∫ b

a
f(x) dx

Ïi§¢�����S½�¥¨�S��½
�`§¢��Ïi°� �°� ¢½�ñÊ����¤¦¥¨§¢©³��½�ê �`��¥

f(ξ)
°����³�S��©³Ï*Ïi�S��� ♣

ì8§ª�������`©³Ï*�S¥²�²§ª½�ÂÄÃ���®¯�¦¥¨�S�²�����S¥Ä°Ö¥¨§ª©��*�H�`½ ïC§¢¥�¥¨�S ¢ê �`��¥²½¨°±¥²¾`�S½e�H�`�È®¯�¦¥¨�`���¨°� ¢�²�`ÂÄÃH���H���\§¢½�¥È§¢�
ëlÉHÉ�§ª ¢�������*�H�¸·q�Ê°��²���`½�¥²�` ¢ ¢¥"��¿l§ª�Fñ1Ð�ÂÄÃH�F�H��¥²�`�/���`�Yú�����´�� {(x, f(x)) :; x ∈ [a, b]} §¢½�¥�³ ¢�`§ªÂÄÃ<���S�/�/�SÂÄÃ�¥²�`ÂÄ¤�éÐ�ÂÄÃH�

(b− a)f(ξ)
�

ä äå å

x

f(x)

ξa b

f(ξ)

ëYÉ�É�§¢ ª�����H�6�H�·X,éïC§¢¥�¥¨�S ¢ê �`��¥²½¨°±¥²¾h���`��®¯�¦¥¨�S�³�¨°� ¢�²�SÂÄÃ����������
¿l§¢�Që�����§�¥¨§�´M§�¥ÄÐ±¥/���S½Ñ®¯�¦¥¨�S�³�¨°� ¢½lÉ$�`¾SÌ��³ ª§¢ÂÄÃ3���S½Ñ®¯�¦¥¨�`���¨°±¥²§ª©³��½�§ª�¦¥¨�S��´±°� ¢ ª½/ ÁÐy%�¥/½�§ªÂÄÃö�`É$�`���
¡�°� ¢ ª½�°��M¡1���`�³�S ¢¡£���H¤�¥²§ª©³�H�`�<Ì�É$�`��¥²�¨°����`���
_?��ZD���}Z�� �-a½æ´b"e h6i f �;dpo�dfl �mg�hA�xt ep{ h w gf� [a, b] g�h6i c ∈ [a, b] z q�{�oye8l t

∫ c

a

f(x) dx+

∫ b

c

f(x) dx =

∫ b

a

f(x) dx.

� ��¤p�����ya ¿l§¢�<ì8§ª��½�ÂÄÃ��¨Ð��H¤��H���ä�S§ª���S�i���`���` ¢¡£�H��¤¦¥¨§ª©�� §ª½�¥6ê�§¢�`���S�q�`§ª�H�C���`���` ¢¡£�H��¤¦¥¨§ª©��5£´��³ ø����Ã��`©��²�`Ï �M�·�7I��®¯½�¥
(gn)

�S§ª��� ñÊ©³ ª����´³©³�\�����`���$�`�M¡£����¤¦¥¨§¢©³���`�¡/±��§¢�e°��H¡
[a, b]

�³ ¢�`§ªÂÄÃ��
ÏiÐy%³§ª�h�³�S�³�`�

f
¤±©³�¦´³�S�²�³§¢�`��¥�/M½�©p¤±©³�¦´³�`���³§ª�S�²�S��°���ÂÄÃ��H§ª�/ì8§ª��½�ÂÄÃ��¨Ð��H¤��H���³�`��´�©³�

gn
°��H¡

[a, c]
�����

[c, b]
°��H¡$���S�q���S§ª ¢§ª�¦¥¨�S��´±°� ª ¢�`�F�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�Y���`�³�S�q��§ª��ì8§¢��½²ÂÄÃ��²Ð���¤��������`�q´³©³�

f
��¿l§¢�;	a�`Ã�°����H¥²�����\¡£©� ª��¥8���H��°���½È���S�Èë�����§¢¥²§¢´�§¢¥¨Ð±¥1¡£Ì��È���²�S���µ�S�H¡£����¤¦¥²§ª©³���S�-/��ÊÐ�Ï* ª§¢ÂÄÃ

∫ c

a

gn(x) dx+

∫ b

c

gn(x) dx =

∫ b

a

gn(x) dx

�



�����XË��²�`�H¾`Ì�É$�`���¦°����
n→ ∞ � ♣ �

¿l§¢�`½²�S�*þH°±¥²¾��`��Ïið³�� ª§ªÂÄÃä����½�/1°��H¡/��§ª�iÇÈ©³�¨°��H½²½²�-¥¨¾S�����
a < b

¾`� ´��`�²¾S§ªÂÄÃ¦¥¨�S�ÿ�H��� ¡£Ì��
a ≥ b

¾`�5���+.Ê�H§ª�`���`�-,
∫ b

a

f(x) dx := −
∫ a

b

f(x) dx

ïC§�¥���§ª�S½²�`���S��ê �`§¢¥²�`��¥¨�`�C¿l�f.Ê��§¢¥²§ª©³�<§¢½�¥���§¢�FËh ¢�`§ªÂÄÃ����H�
∫ c

a

f(x) dx+

∫ b

c

f(x) dx =

∫ b

a

f(x) dx

¡£Ì��iÉµ�S ª§ª�SÉ�§ª���CëY��©³�²�H���H��� ´³©³�
a
/
b
/
c
°���½����SÏ ¿Y�+.Ê��§�¥¨§¢©³��½²É$�`���`§¢ÂÄÃý´³©³�

f
�³Ì� ¢¥²§ª���

®¯��½�Éµ�S½²©³���H�`�²�\�³§ª �¥
∫ a

a

f(x) dx = 0.

9;:�ç è ËéHUB1VXê�ËVXë�JC@->áìÜWRíD@->&@FEéVAWRËOPpG�HCE1JLÊyE~VX@FN>&ËOP�>&@Fî&ï1E¸HCE1N
¿Ñ°�½/Ò/Ïi¤±�`Ã������²©³ÉH ª�`Ï ���`�/¿l§�À��S�²�`�¦¥²§Á°� ¢�²�`ÂÄÃH���H���&/

.Ê�H���h¾`�5�³�`�³�SÉµ�S���`�
f
�`§ª�H�Fñé�H��¤¦¥¨§ª©��

F
Ïi§�¥

F ′(x) = f(x)
/

¤Ö°����¹¡£Ì��X½�¥¨�-¥¨§¢�³� ñÊ����¤¦¥¨§¢©³���S�
f
Ï*§¢¥X¼Y§ª �¡£�ä���S�3®¯�¦¥¨�S�³�¨°� ¢�²�SÂÄÃ����������³�` ¢ð³½�¥Cêa�S�²���S���

¼Y§¢�`�²°���½q�`���³§ªÉM¥6½²§ªÂÄÃ ¾`�H�³ ª�S§ªÂÄÃû�`§¢����ê�§ª��¤�½²°�Ï*�5ïC�S¥²Ã�©M�H�5¾S���`	a�`���`ÂÄÃ������H�Ù´³©���®¯�¦¥¨�I�
�³�²°� ª�S���
_?��ZD���}Z�� �-að�crSq t f dfe h d�;dpo�dfl �mg�hA�xt ep{ h w gm� [a, b] z q�{Uenq t F : [a, b] → R z o�dpo�d � d hiyg kS�S�

F (x) :=

∫ x

a

f(t) dt,

w gm� [a, b]
q t d t eªo �

� ��¤p�����ya ¿Ñ°
f
°��H¡

[a, x]
¡£Ì���±��S���`½

x ∈ [a, b]
�/�S�³�` �¡£����¤¦¥¨§¢©³��§ª½�¥�/Ê§ª½�¥

F
¾`�H�ÊÐ�ÂÄÃ�½�¥Ñ°��M¡

[a, b]
���+.Ê�H§ª�`��¥"�$þM�S§ª�S�C�����

x1, x2 ∈ [a, b]
�é¿Ñ°����5�³§¢ ¢¥

F (x2) − F (x1) =

∫ x2

a

f(t) dt−
∫ x1

a

f(t) dt =

∫ x2

x1

f(t) dt

|F (x2) − F (x1)| ≤ |x2 − x1| ‖f‖,
ê ©³�¨°��H½/�H��Ïi§�¥²¥²�` ªÉ�°��}��§¢�Fþ�¥¨�-¥¨§ª��¤��`§�¥�´³©³�

F
¡£©³ ¢��¥"� ♣

_?��ZD���}Z�� �-a¢�ÏrSq t f w gm� [a, b]
�;dpo�dfl �mgXhA�xt ep{ hAz q�{`enq t

F (x) =

∫ x

a

f(t) dt

Å



dfe h q�dfe t eªo i e ñ�dfk�d h�µ epdfk � wyk gXh6i1�mÚ k i epd�k�dS�S� t qf¼ �Sµ�Äé� l¢e hA� qSq�dfe t eªo�d1× ��� e8l iyg�h o?oye8l t
F ′

+(x) = f(x+), F ′
−(x) = f(x−).

� ��¤p�����ya Ø�§ª��¡£Ì�ÃH�²�`�«���`�c	a�Sê �`§¢½X©��Å	l�»���»ëQ��¡£Ì��5��§ª�%�²�SÂÄÃ¦¥¨½²½��`§�¥¨§ª���äëlÉH ª�`§�¥¨���H����þM�S§
h > 0

�é¿Ñ°��H�C�³§¢ ¢¥

F (x+ h) − F (x) − f(x+)h =

∫ x+h

x

(f(t) − f(x+)) dt

�����
F
§ª½�¥}���`ÂÄÃ¦¥¨½�½²�`§�¥¨§¢�q��§¢Àµ�`���`��¾S§ª�`��ÉÊ°��eÏi§�¥a�H�`�}���`ÂÄÃ¦¥¨½�½²�`§�¥¨§¢�³�`��ëYÉ� ª�S§¢¥¨�H���

f(x+)
¡�°� ¢ ª½

��§¢�������²ÂÄÃ
r(x+ h)h =

∫ x+h

x

(f(t) − f(x+)) dt

���f.Ê��§ª�S��¥²�FëYÉ�É�§¢ ª�����H�
r
§ª�
x
���`ÂÄÃ¦¥¨½�½²�S§¢¥¨§¢�i½�¥¨�-¥¨§ª�6Ï*§¢¥

r(x+) = 0
§ª½�¥`�Ê¿Ñ°

lim
t→x+0

f(t) = f(x+),

�³§¢ÉH¥��`½/¾`�²±��`�H�`Ï
ε > 0

�`§¢�
δ(ε)
/�½²©6�Ê°±½²½�¡£Ì���°� ª ¢�

t
Ï*§¢¥

x < t < x+ δ(ε)

|f(t) − f(x+)| < ε.

ël ¢½²©6ÃÊ°�É$�`�<ê�§ª�}¡£ÌH�
0 < h < δ(ε)

|r(x+ h)h| < ε(x+ h− x) = εh,

���»Ã��
limh→+0 r(x+ h) = 0. ♣

_?��ZD���}Z�� �-a¢Ü Ô Ö�w g � t q�w tðµ�i dfk � e ñ�dfk�d hut e�wyl¢¼ g�h6i r hut dpoyk�wyl¢k�dS�S� hug�h ofÕb-dfe
f : [a, b] → R

q t d t eªo ��� w huh enq t F ��e t
F (x) =

∫ x

a

f(t) dt

w gm� [a, b]
q t d t eªo i e ñ�dfk�d h�µ epdfk � wyk g�h6i dSq�oye8l t F ′(x) = f(x). F

enq t wyl2q�{3dfe h dDb t wy����¼�mg�hA�xt ep{ h vy{ h f w gf� [a, b] �
� ��¤p�����ya ël��½

f
½�¥²�S¥¨§¢�Ô¡£©³ ¢��¥

f(x+) = f(x−) = f(x)
�����3½�©³Ï*§¢¥

F ′
+(x) = F ′

−(x) =
F ′(x) = f(x)

� ♣

ël�H½}���`ÏO¼Y°����H¥²½¨°±¥²¾Ñ���`�a¿l§¢Àµ�`���`�¦¥¨§ª°� ������H��®¯�¦¥¨�`���¨°� ¢�²�`ÂÄÃH���H���q�`���³§ªÉH¥ ½²§¢ÂÄÃ�½²©�¡£©���¥ �`§ª�H�	a�S�²�`ÂÄÃH���H���³½�¡£©��²Ï*�` j¡£Ì���®¯�¦¥¨�`���¨°� ¢���

��î



_?��ZD���}Z�� �-a���ôòrSq t F e8k¯o�d h6i dfe h d;b t wy��� �mgXhA�xt ep{ h3i dfk�w gm� [a, b]
q t d t eªo�d h[ -g�hA� ¼t ep{ h f z q�{?oye8l t

∫ b

a

f(t) dt = F (b) − F (a) =: F (x)
∣
∣b

a
.

� ��¤p�����ya 	a�`¤Ö°����¦¥² ª§ªÂÄÃ<¤Ö°����D±��S���Fþ�¥¨°�ÏiÏ6¡£����¤¦¥²§ª©³�i§ª�����S��ñé©��²Ï
Φ + const

Ï*§¢¥ �`§ª�H�`�
¡£�`½�¥¨�S�öþ�¥¨°�ÏiÏ6¡£����¤¦¥²§ª©³�

Φ
�Ê°����³�`½�¥¨�` ¢ ¢¥}ê �`�����`�¡/�°� ¢½²©

F (x) =

∫ x

a

f(t) dt+ const.

þM�-¥¨¾S¥QÏÔ°±�
x = a

/c�S�²�³§¢ÉH¥F½²§ªÂÄÃä��§ª�*úY©���½�¥¨°��¦¥¨�Ô¾S�
const = F (a)

��¿Y§ª�Ó	a�`ÃÊ°±���H¥¨�H���
¡£©³ ¢��¥������<¡£Ì��

x = b
� ♣

9;:�ó ÊyE~VX@FNO>AË$VAWRYOECêô>&@FNO@FPRE
_?��ZD���}Z�� �-a��é� Ô b g&� q t e t¯g�t ep{ h qfkSdpo�dfl Õb-dfepd h f q t d t eªo z g q t d t eªo i e ñ�dfk�d h�µ epdfk � wyk g�h6i�i epdsõ6dfk � d t¯t�g�h o f ◦g �sö�oyl¢ep�S� �"� w huh oye8l t

∫ b

a

f(g(t)) g′(t) dt =

∫ g(b)

g(a)

f(x) dx

� ��¤p��������!j�·���¦�"� ®¯½�¥
F
þ�¥Ä°�Ï*Ï6¡£����¤¦¥¨§¢©³��´³©³�

f
/H½²©6¡£©³ ª��¥�°���½����`�/ú��S¥�¥¨�S���²�S�³�` 

(F ◦ g)′(t) = F ′(g(t)) g′(t) = ((f ◦ g) g′)(t),
�Ê°�½�½

(F ◦ g) þ�¥¨°�ÏiÏ6¡£����¤¦¥²§ª©³�Ô´�©³� (f ◦ g) g′ §ª½�¥`� ♣
� ZÑ���-÷F�fZ]¹¹�-a��

∫ π/4

0

esin t cos t dt =

∫ 1

2

√
2

0

ex dx = e
1

2

√
2 − 1

_?��ZD���}Z�� �-a���ç Ô Á wyk t epdfl8lnd1r hut dpoyk�w t ep{ h Õb-dfepd h f q t d t eªo z F dfe h d�b t wy��� �mgXhA�xt ep{ h vy{ h f gXh6i g q t d t eªo i e ñ�dfk�d h�µ epdfk � wyk �� w huhoye8l t
∫ b

a

f(x)g(x) dx = F (b)g(b) − F (a)g(a) −
∫ b

a

F (x)g′(x) dx

� ��¤p��������!j�·���¦�"� Ç °�ÂÄÃC�H�`�/Î8�²©�����¤¦¥¨���`�³�S 
(Fg)′ = F ′g + Fg′ = fg + Fg′

§ª½�¥
Fg

þ�¥¨°�Ï*Ï*¡£���H¤�¥²§ª©³��´�©³�
fg + Fg′

� ♣
�³�



� ZÑ���-÷F�fZ]¹¹�-a¢ç
∫ e

1

x lnx dx =
x2

2
ln x
∣
∣
∣

e

1
− 1

2

∫ e

1

x dx =
e2

2
− 1

4
x2
∣
∣
∣

e

1
=
e2 + 1

4

_?��ZD���}Z�� �-a���� Ô Á wyk t e�wyl � k g �S� µ dfkmlndpo g�h ofÕb"e h6i f g�h6i g Á {xl¢ø h {x�sd~vy{x� Â k�w i d n �Sµ�Äé� m g�h6i n < m z q�{�dfenq t epdfk t dfe h d;dfe h6i d g�t eªo� dSq t e8��� t d j dfkmlndpo g�h o
f(x)

g(x)
=

r∑

j=1

[
cj,kj

(x− aj)kj
+

cj,kj−1

(x− aj)kj−1
+ · · ·+ cj,1

x− aj

]

,

Ä { � dfe aj ∈ C z j = 1, . . . , r i epd]ù g l8l2q t dfl8lnd h�i dSq]ùDd huh dfk��u{xl¢ø h {x�?q g gXh6i kj ∈ N i epdõFepdfl � w��S���udfe t4i dfk�ù g l8l2q t dfl8lnd aj � d µ dfep�S� h d h6�
� Z]�ÏZ���õ�º»^I�^�-a¢ç j g o�d � k�{��S�ud h k�w t ep{ h wylnd h� ¡gXhA�xt ep{ h d hÜ� w huh dfe h d¿b t wy����¼�mg�hA�xt ep{ h e h dflndf�sd hut wyk�dfk   {xkm� � dfkSdS�S� h d tOÄ dfk i d hAzu� wyl8l2q²dSq�b t wy��� �mg�hA�xt ep{ h d h}µ�g

1

(x− a)n
, a ∈ C, n ∈ N

oye ��tp�
Ø�§ª��É$�S¥²�¨°�ÂÄÃ¦¥²�`�C´��`��½²ÂÄÃ�§¢�`���S���pñ1Ð± ª ª�±�\j�Êß�ß

n > 1

1

(1 − n)(x− a)n−1

§ª½�¥Yþ�¥Ä°±ÏiÏ6¡£����¤¦¥¨§¢©³��¾`� 1

(x− a)n
.

\j�Êß�ß
n = 1 ú a ∈ R

ln |x− a| §¢½�¥Yþ�¥¨°�ÏiÏ6¡£����¤¦¥²§ª©³��¾S� 1

x− a
.

\j�Êß�ß
n = 1 ú a ∈ C\R�p�2	Y�¸���»ëQ�Ê½��`§

a = i
�60��

1

x− i
=

x+ i

(x− i)(x + i)
=

x + i

x2 + 1

§ª½�¥��Ê°����
1

2
ln |x2 + 1| + i arctanx

þ�¥¨°�ÏiÏ6¡£����¤¦¥²§ª©³���

�
¬



� ZÑ���-÷F�fZ]¹¹�-a½� j g k�û�dSq t e8��� g�h o i dSqCr hut dpoyk�wyl2q
∫ 3

2

2x3 − 6x2 + 9x+ 4

x4 − x3 − 3x2 + 5x− 2
dx

�mÚ ��kSd hüÄ e8k µ�g�h ���S��q t dfe h d j dfkflndpo g�h oÃe h#Á wyk t e�wyl � k Ú �S�ud iyg k��S� � |~e h d`ù g l8l2q t dfl8lnd i dSqù�d huh dfk��u{xl¢ø h {x�?q]enq t x = 1 z4i d huh
(x4 − x3 − 3x2 + 5x− 2) : (x− 1) = x3 − 3x+ 2.

� wxq Á {xl¢ø h {x� x3 − 3x+ 2
�Aw t d � d h�� wyl8l2q i epd]ù g l8l2q t dfl8lnd x = 1 z dSqUoye8l t

(x3 − 3x+ 2) : (x− 1) = x2 + x− 2.

� epdOù g l8l2q t dfl8lnd h}i dSq~vydfk � lndfe � d h6i d h?Á {xl¢ø h {x�òý ��Â k�w i dSq � ö huh d h`i e8k�d �xt�� dSq t e8��� t¡Ä dfkm¼i d h6� b"epdDqfe h6i x = 1 g�h6i x = −2 � r h þ®� dfkSdfe h q t e8��� g�h o[��e tD� �udS{xkSdf�Lÿ ����� q�d tðµ d hÄ e8k���e tOgXh6� dSq t e8��� t d h�� {�d�� µ epd hut d h A z B z C z D
2x3 − 6x2 + 9x+ 4

x4 − x3 − 3x2 + 5x− 2
=

A

x+ 2
+

B

(x− 1)3
+

C

(x− 1)2
+

D

x− 1w h6� � g l t e2�6l¢e � w t ep{ h ��e t¸i df� Ö]w g � t¯h d huh dfk²dfk¯oye ��t
A(x− 1)3 +B(x+ 2) +C(x+ 2)(x− 1) +D(x+ 2)(x− 1)2 = 2x3 − 6x2 + 9x+ 4.
Ð[e8k�q�d tnµ d h x = 1 g�h6i dfk��Awyl t d h 3B = 9 z¸�Sµ�Äé� B = 3.

× h6i dfk�dfk�q�dfe t q`dfk¯oye ��t x = −2i epd[û�d µ epdS� g�h o −27A = −54 z wyl2q�{�enq t A = 2 � j g k[û�dSq t e8��� g�h oßvy{ h C g�h6i DÄ �x��lnd h¿Ä e8k x = 0 g�h6i x = −1 ��� epdSq�l¢epd � dfk t4i wxq Â lndfep�S� gXh oxqSqfø�q t df�
−2C + 2D = 0,
−2C − 9D = 0,

i dSqSq�d h	� ö�q g�h o C = D = 0
enq t�� b-{x��e t �Aw � d h¿Ä e8k

∫ 3

2

2x3 − 6x2 + 9x+ 4

x4 − x3 − 3x2 + 5x− 2
dx =

∫ 3

2

2dx

x+ 2
+

∫ 3

2

3dx

(x− 1)3

= 2 ln |x + 2|
∣
∣
∣

3

2
− 3

2
(x− 1)−2

∣
∣
∣

3

2
∫ 3

2

2x3 − 6x2 + 9x+ 4

x4 − x3 − 3x2 + 5x− 2
dx = 2 ln

5

4
+

9

8
.

9;:�
 �3@->XVXËOHCê�î&ï��Ë>XTO@FW�VMÌOYOELÊyE~VX@FNO>AË$VAWRYOEÎH1ECJ��
>A@FECë���?@->ANOËéE1N
þM�S§

(fn)n≥1
�`§ª�H�6ñé©� ª�³�F´³©³�Ù�/�S�³�` �¡£����¤¦¥¨§¢©³���S�

fn : [a, b] → R
/���§¢�q°��H¡

[a, b]
�H����¤¦¥��

ê �`§ª½����³�`���`� ��§¢���/�S�³�` �¡£����¤¦¥¨§¢©³�
f : [a, b] → R

¤±©³�¦´³�`���³§ª�S��¥`��Ø�§ª�p�H��¥²�`��½²��ÂÄÃ��S�ÿ�H§ª�
ñÊ�¨°����y/�©³É<��§¢�hñÊ©³ ª�³�

(∫ b

a

fn(x) dx

)

n≥1

��·



¤�©���´��`���³§ª�S��¥Y�����5©³É<�Ê°����

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

lim
n→∞

fn(x) dx =

∫ b

a

f(x) dx

�³§¢ ¢¥"�éì8§¢���Q�S§ª�H¡�°�ÂÄÃH�pël�¦¥¯ê ©³��¥h�S�²�³§¢ÉH¥l½�§ªÂÄÃö§¢ÏWñ$°± ª c���`�l�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�³�húY©³�¦´��`�²���`��¾6���S�
ñÊ©³ ª���

(fn)n≥1
�

_?��ZD���}Z�� �-a��¦ù � epd   {xl¬o�d (fn)n≥1
vy{ h �;dpo�dfl �mgXhA�xt ep{ h d h q�dfe�oylndfep�S���`����eªo � { h ¼vydfk¯o�d hut o�dpo�d h f �4� w huh enq t]i epd   {xl¬o�d i dfkDr hut dpoyk�wylnd (I(fn))n≥1 � { h vydfk¯o�d hut1g�h6i dSqoye8l t

lim
n→∞

I(fn) = I( lim
n→∞

fn).

� ��¤p�����ya ël��½l���`�3ÇÈ©³�²°���½�½²�S¥²¾`���H�³�`�3¡£©³ ¢��¥Y¾`���ÊÐ±ÂÄÃ�½�¥�/��Ê°�½�½
f
���`���` ¢¡£�H��¤¦¥¨§ª©��X§ª½�¥"�µ¿Ñ°

I
�S§ª���hÉ$�`½�ÂÄÃ��¨Ð��H¤�¥²�Qòj§¢���"°���¡£©³�²Ï °��H¡����`ÏW�/°���Ï ���`�/���`�³�S ¢¡£���H¤�¥²§ª©³�H�`�<§ª½�¥�/��³§¢ ¢¥

|I(f) − I(fn)| = |I(f − fn)| ≤ (b− a)‖f − fn‖,
ê ©³�¨°��H½/�H§ª��	a�SÃÊ°����H¥²�����*¡£©³ ª��¥`� ♣ �
� Z]�ÏZ���õ�º»^I�^�-a½�  OÚ kUoylndfep�S���`���®eªo � { h vydfk¯o�d hut d  -g�hA�xt ep{ h d h kSdfen�ud h lªw g�t d t~i dfkb w tnµ�Ä epd � {xl¬o t�Û b-dfepd h ∑∞

n=0 fn(x)
w gm� [a, b]

oylndfep�S���`����eªo � { h vydfk¯o�d hut$g�h6i fn z n ≥ 1 z�;dpo�dfl �mgXhA�xt ep{ h d h6�;� w huh qfe h6i b g ���`w t ep{ h
gXh6i r hut dpoyk�w t ep{ h vydfk t w g q��S� � wyk z o�d h w g dfkoye8l t
∞∑

n=0

∫ b

a

fn(x) dx =

∫ b

a

∞∑

n=0

fn(x) dx.

� ZÑ���-÷F�fZ]¹¹�-a ù  OÚ k |q| < 1
oye8l t

1

1 − q
=

∞∑

n=0

qn

g�h6i�i epdÃ�Udfen�ud � { h vydfk¯oyepdfk t oylndfep�S���`���®eªo
w gm��© d i df� � {x�C�Aw �xt d h � dfe8l¢e hut dfkmvxwyl8l�vy{ h
(−1,+1) z wyl2q�{?w gm� [−1+σ, 1−σ] �mÚ k σ > 0 � dfl¢epd � eªo z w � dfk � dSq t�� b-d tnµ�t �`w h q = −t2 zq�{ � {xl¬o tOh w��S�Ór hut dpoyk�w t ep{ h3Ú&� dfk [0, x]

��e t |x| < 1

arctan x =

∫ x

0

dt

1 + t2
=

∫ x

0

∞∑

n=0

(−1)nt2n dt

=

∞∑

n=0

(−1)n

∫ x

0

t2n dt =

∞∑

n=0

(−1)nx2n+1

(2n+ 1)
.

òj§ª�S��¥l�����Y������¤¦¥¯ê �`§¢½²�6úY©���´��`���³�`��¾p´�©³��/µ½²©� ª°�½²½��`�3½�§ªÂÄÃ3§¢ÏW°� ª ¢�³�`Ï*�`§¢���`�XË��²�`�H¾`Ì�É$�`� �
�¦°��H�*�H���C®¯�¦¥²�`�³�²°±¥¨§¢©³�<��§ªÂÄÃ¦¥�´³�S��¥Ä°±��½²ÂÄÃ��S�-/éê�§ª���Ê°�½�¡£©³ ¢�³�`�H����	a�`§¢½²��§¢�` j¾S�`§ª�±¥"�

�"¶



� ZÑ���-÷F�fZ]¹¹�-a¢è¾û�d t k�w��S� t d fn : [0, 1] → R i d·Ò h epdfk t~iyg k��S�

fn(x) =







0 �mÚ k x = 0
cn �mÚ k 0 < x < 1/n
0 �mÚ k 1/n ≤ x ≤ 1.

|~eªo�d h q��S�Aw �mt d h¿i dfk   {xl¬o�d Û
• limn→∞ fn(x) = 0

� g�hA�xt�Ä dfenq�dDw gf� [0, 1] �
• limn→∞ fn(x) = 0

oylndfep�S���`����eªo}w gm� [0, 1] z"� wyl8l2q
lim

n→∞
|cn| = lim

n→∞
‖fn‖ = 0.

• I(fn) = cn/n z I(f) = 0 �
ïX°��5¤Ö°����C°��<��§ª�S½²�SÏÑ	a�`§¢½²��§¢�` �¡£©� ª�³�S�����`½/°�ÉH ª�`½��`�-,
�³��®¯½�¥Y�H§ª�hñÊ©³ ª���

(|cn|)n≥1
Éµ�S½²ÂÄÃ��²Ð���¤¦¥�/é½�©i�³§¢ ¢¥

lim
n→∞

I(fn) = lim
n→∞

cn
n

= 0 = I( lim
n→∞

fn),

Ë��²�S��¾`Ì�É$�`���¦°����*�����5®¯�¦¥¨�S�³�¨°±¥²§ª©³��½�§ª���5§ª�<��§¢�`½��`ÏKñé°� ¢ µ´³�S��¥¨°���½²ÂÄÃ�ÉÊ°±�`�
¬M�/¿l�S�YËh���`��¾-êa�S��¥

limn→∞ I(fn)
¤Ö°����5�-óM§ª½�¥¨§ª�S�²�S�-/Ê©³Ã����h�Ê°±½²½

lim
n→∞

I(fn) = I( lim
n→∞

fn)

�³§¢ ¢¥`��Ø�Ð�Ã� ¢�Ô�S¥¯êa°
cn := n

¡£ÌH�Q°� ¢ ª�
n ∈ N

�1Ë��²�S��¾`ÌHÉµ�S�²�¦°��H�3����� ®¯�¦¥²�`�³�²°±¥¨§¢©³�
½�§ª���<§ª�<��§¢�`½��`ÏKñé°� ¢ ���§¢ÂÄÃ�¥�´��`��¥¨°���½�ÂÄÃ�É�°��`�

·H��ëY��ÂÄÃXÉ$�`§j���H��¤¦¥¯êa�S§ª½²�S�Ñú/©³�¦´³�`���³�`�H¾\´³©��
(fn)

���`�³�S�
f
¤Ö°����

limn→∞ I(fn)
��§��

´��`�²��§ª�`���`���MØ�Ð�Ã� ª�l�S¥¯êa°
cn = n2 ¡£ÌH��°� ª ¢� n ∈ N

�ÊË��²�S��¾`Ì�É$�`���¦°����6���H�5®¯�¦¥²�`�³�²°Ö�
¥²§ª©³��½�§ª���5§ª�<��§¢�`½²�SÏKñé°� ª µ��§ªÂÄÃ¦¥�´³�S��¥¨°���½²ÂÄÃ�ÉÊ°±�`�

_?��ZD���}Z�� �-a���è Ô ×Ck µ dflªw����~q�o�{�{ i Õb-dfe
(fn)n≥1

dfe h d�� g�hA�xt¯Ä dfenq�d � { h vydfk¯o�d hut d   {xl¬o�d?vy{ h �;dpo�dfl �mg�hA�xt ep{ h d h6�$� epd Â k�d h�µ ¼�mg�hA�xt ep{ h f q�dfe��;dpo�dfl �mgXhA�xt ep{ h�gXh6iÓi epd j wx��lnd h�� {xl¬o�d (‖fn‖)n≥1 � dSq��S��k�� hA�xtp�¡� w huh oye8l t
lim

n→∞
I(fn) = I( lim

n→∞
fn).

� ��¤p�����ya þM§¢�`Ã����-¥¯ê}°ÔïÙ�"	}°������`�+/éña�Êñ� ¢©³��,Mël�Ê°± ¢Ú�½²§¢½�®S/Ê���\Ëh���HÚ�¥¨�`��ÇÈ�S�² Á°±����Å³�¦ÍM�
� ZÑ���-÷F�fZ]¹¹�-a½æ Ð»e8k hugXtnµ d h i d h b w tnµ vy{ h ×Ck µ dflªw����~q�o�{�{ iÃµ�g k�ûCdfkSdS�S� hug�h o i dSqg�h d h6i l¢ep�S�ud h�Á k�{ iygô�xt dSq

lim
n→∞

n∏

m=1

2m− 1

2m
=

1

2
· 3

4
· · · · · 2n− 1

2n
· · · · .

�
Æ



Á wyk t epdfl8lnd1r hut dpoyk�w t ep{ h vy{ h ∫ π

0

sin2n x dx

l¢epd � dfk t¸i epdC�Ud �xg k�qfep{ h q � {xkm�sdfl
∫ π

0

sin2n x dx =
2n− 1

2n

∫ π

0

sin2n−2 x dx,

w g q i dfk
∫ π

0

sin2n x dx =
2n− 1

2n
· · · · · 3

4
· 1

2
·
∫ π

0

1 dx = π

n∏

m=1

2m− 1

2m

� {xl¬o tp� rf� r hut dfkmvxwyl8l [0, π]
oye8l t

f(x) = lim
n→∞

fn(x) = lim
n→∞

sin2n x =

{
0 �mÚ k x 6= π/2,
1 �mÚ k x = π/2.

� epd   {xl¬o�d � { h vydfkpoyepdfk t w gf� [0, π] h ep�S� t oylndfep�S���`����eªo�o�dpo�d h f Ô f gXh q t d t eªo��¬Õ z wyl2q � k�d��6¼�ud h��mg�hA�xt ep{ h enq t w � dfk f w g �S�}�;dpo�dfl �mg�hA�xt ep{ h6��  dfk h dfk]enq t
‖fn‖ = sup

x∈[0,π]

| sin2n x| = 1,

wyl2q�{ i epd j wx��lnd h�� {xl¬o�d (‖fn‖)n≥1 � dSq��S��k�� hA�xtp� b-{x��e t oye8l t
∞∏

m=1

2m− 1

2m
= lim

n→∞

n∏

m=1

2m− 1

2m
=

1

π
lim

n→∞

∫ π

0

sin2n x dx

=
1

π

∫ π

0

lim
n→∞

sin2n x dx = 0.

9;:�� �»Ë>&Ë�� @¡VX@->&Ë��ï �OECNOWRNé@�Ê°E~VX@FN>&ËOPR@
Ø�§ª�lÉµ�-¥¨�¨°±ÂÄÃ�¥²�`� ��§ª�qëYÉ�É�§¢ ª�����H�

f : [a, b] × D → R
Ï*§¢¥Ñ�H�`�hì8§ª�³�S��½²ÂÄÃ�°±¡í¥�/���°�½²½�¡£Ì��

°� ¢ ª�
t ∈ D

��§¢�YëYÉ�É�§ª ¢�������
x→ f(x, t)

/����»Ã��
f(·, t) �S§ª���l�/�S�³�` �¡£����¤¦¥¨§¢©³�*§ª½�¥`��¿Ñ°�����§¢½�¥������ÂÄÃ

F (t) :=

∫ b

a

f(x, t) dx

�`§¢���qñÊ����¤¦¥²§ª©³�
F : D → R

�`��¤� ªÐ���¥`��ïC°��%Éµ�S¾`�`§¢ÂÄÃ����-¥
t
°± ª½ÑÎ�°��¨°±Ïi�-¥¨�`�l�����ö½¨°±��¥�/

F½²�S§e°� ª½��Ê°±�¨°�Ï*�S¥²�`�¨°±É�ÃÊÐ�����§ª�³�S½Ñ®¯�¦¥¨�`���¨°� È�³�S�³�`É$�`���cì8½F½�¥²�` ª �¥�½²§¢ÂÄÃÙ�H§ª�*ñÊ�¨°��³�q��°�ÂÄÃÙ�H�`�
ì8§ª�³�S��½²ÂÄÃ�°±¡í¥¨�S�X���S�/ëYÉ�É�§¢ ª�����H�

F
§ª�<ëlÉHÃÊÐ����³§¢�³¤��S§¢¥�´�©³�C�H�`�CìÈ§¢�³�`�H½²ÂÄÃÊ°±¡í¥²�`�5´³©³�

f
�

��º



_?��ZD���}Z�� �-a���æ´b-dfe
f : [a, b] ×D → R � dSq��S��k�� hA�xt8z~i�� � �

|f(x, t)| ≤ c ∀(x, t) ∈ [a, b] ×D.

 OÚ kÃwyl8lnd x ∈ [a, b]
q�dfe

f(x, ·) : D → R
w gm� D q t d t eªo gXh6i}�mÚ kÃwyl8lnd t ∈ D

q�dfe
f(·, t) : [a, b] → R

w gm� [a, b]
�;dpo�dfl �mg�hA�xt ep{ h6��� w huh enq t F o�dpo�d � d hIiyg k��S�

F (t) =

∫ b

a

f(x, t) dx

w gm� D q t d t eªo �
� ��¤p�����ya þM�S§

t0 ∈ D
�H���

(tn)n∈N ⊂ D
Ïi§�¥

limn→∞ tn = t0.
þM�-¥¨¾S�

gn(x) := f(x, tn).

¿Ñ°��H�C�³§¢ ¢¥�,
5���7

(gn)n∈N

§¢½�¥��S§ª���hñÊ©³ ¢�³�l´³©��3���`�³�S ¢¡£����¤¦¥²§ª©³���S�-/
5 ¬y7

limn→∞ gn(x) = f(x, t0)
������¤¦¥¯ê �`§¢½²�p°±�H¡

[a, b]
�����

5ø·°7 ‖gn‖ = supx∈[a,b] |gn(x)| ≤ c.
¿l§¢��ël�¦êa�S�������H�����`½lþH°±¥²¾`�S½�´�©³�5ël�²¾S�` ª°Ö���Ñ½²��©M©���¡£Ì�Ã���¥l°±�H¡

lim
n→∞

F (tn) = lim
n→∞

∫ b

a

gn(x) dx =

∫ b

a

lim
n→∞

gn(x) dx

=

∫ b

a

f(x, t0) dx = F (t0).

¿Ñ°
t0 ∈ D

É$�` ¢§ª�SÉ�§ª�pêa°���/�¡£©� ª��¥��H§ª�Fþ�¥²�S¥¨§¢�³¤��S§¢¥�´�©³�
F
°��H¡

D
� ♣

þM�S§}§ªÏ ¡£©³ ¢�³�`���H�`�
D
�`§¢� ®¯�¦¥¨�S��´±°� ª ø��®¯½�¥q¡£Ì��Q¡£�S½�¥¨�S½

x ∈ [a, b]
�H§ª��ñÊ����¤¦¥²§ª©³�

f(x, ·) :
D → R

°��C���`�lþ�¥²�` ª ¢�
t0
��§¢Àµ�`���`��¾S§ª�`��ÉÊ°��+/$½�©ÔÃ��S§n%�¥

f : [a, b] ×D → R
°��3���S�Ñþ�¥²�` ¢ ª�

(x, t0)
�Ê°���¥²§ª�S ª ��H§¢Àµ�`�²�S��¾`§¢�`��ÉÊ°����Ê°�ÂÄÃ

t
/Ê§ª��0��S§ªÂÄÃ��S�

∂f

∂t
(x, t0) = lim

∆t→0

f(x, t0 + ∆t) − f(x, t0)

∆t
.

_?��ZD���}Z�� �-a��A�òb-dfe
f : [a, b] × D → R �mÚ k © d i dSq � dSq t d t ∈ D

�;dpo�dfl �mg�hA�xt ep{ hw gm� [a, b] g�h6i[�mÚ k © d i dSq x ∈ [a, b]
�Awyk t epdfl8l h w��S� t i e ñ�dfk�d h�µ epdfk � wyk �;� epd  ¡g�hA�xt ep{ h

∂f

∂t
: [a, b] ×D → R

q�dfe �mÚ k © d i dSq � dSq t d t �Udpo�dfl �mg�hA�xt ep{ h w gm� [a, b] gXh6i�� dSq��S��k�� hA�xt��
� w huh enq t

F (t) :=

∫ b

a

f(x, t) dx

�
Í



w gm� D i e ñ�dfk�d h�µ epdfk � wyk gXh6i dSqCoye8l t
F ′(t) =

∫ b

a

∂f

∂t
(x, t) dx.

� ��¤p�����ya þM�S§ª�S�
t ∈ D

/
(tn)n∈N ⊂ D

Ïi§�¥
tn 6= t

�����
limn→∞ tn = t

��Ø�§ª��Ã�°�Éµ�S�
F (tn) − F (t)

tn − t
=

∫ b

a

f(x, tn) − f(x, t)

tn − t
dx

�����5½²�-¥¨¾S�`�
gn(x) :=

f(x, tn) − f(x, t)

tn − t
.

¿Ñ°��H�C�³§¢ ¢¥�,
5���7

lim
n→∞

gn(x) =
∂f

∂t
(x, t)

�H����¤¦¥¯êa�S§ª½��p°��H¡
[a, b]
/

5 ¬y7
g(x) :=

∂f

∂t
(x, t)

§ª½�¥/�/�S�³�` �¡£����¤¦¥¨§¢©³�<�Ê°�ÂÄÃ<ÇÈ©³�¨°��H½²½²�-¥¨¾S�����Ô�H���
5ø·°7

(gn)n∈N

§¢½�¥�É$�`½�ÂÄÃ��¨Ð��H¤�¥�/é���`���C�Ê°�ÂÄÃ5���`ÏKïC§¢¥�¥¨�` �êa�S��¥²½¨°±¥²¾F��§ª ¢¥

|gn(x)| =

∣
∣
∣
∣

f(x, tn) − f(x, t)

tn − t

∣
∣
∣
∣
=

∣
∣
∣
∣

∂f

∂t
(x, s)

∣
∣
∣
∣
≤ const

¡£Ì��
s = t+ θ(tn − t)

/
θ ∈ (0, 1).

ëY��ê �`�H���������H�`½lþH°±¥¨¾S�`½�´³©³�Cël��¾`�` ª°Ö���Ñ½��³©M©��
�S�²�³§¢ÉH¥

F ′(t) = lim
n→∞

F (tn) − F (t)

tn − t
= lim

n→∞

∫ b

a

gn(x) dx

=

∫ b

a

lim
n→∞

gn(x) dx =

∫ b

a

∂f

∂t
(x, t) dx

♣
� ZÑ���-÷F�fZ]¹¹�-að�ÎÐ»e8k � d t k�w��S� t d hIi wxq4�Awyk�wy�sd t dfk�w � �A� h oyeªo�dUr hut dpoyk�wyl

F (t) =

∫ 1

0

xt − 1

ln x
dx, t ∈ D = {s ∈ R, s ≥ 0}.

� dfkUr hut dpoyk�w h6i
f(x, t) :=

xt − 1

lnx
�mÚ k 0 < x < 1, t ∈ D

� w huhIiyg k��S� i epd   dSq t lndpo g�h o

f(x, t) :=

{
0 x = 0, ∀t ∈ D
t x = 1, ∀t ∈ D

���



q t d t eªo[w gm� [0, 1] ×D � {xk t o�dSq�d tnµ�tOÄ dfk i d h6�� OÚ k i epd4�Awyk t epdfl8lndC× � lndfe t�gXh o»dfk��Awyl t d h¿Ä e8k

∂f

∂t
=







0 �mÚ k x = 0, t ∈ D,
xt �mÚ k 0 < x < 1, t ∈ D,
1 �mÚ k x = 1, t ∈ D.

b-{x��e t enq t®i epd��Awyk t epdfl8lndé× � lndfe t¯g�h o?w gm� [0, 1]×R
+
0 � dSq��S��k�� hA�xtp� × huÄ d h6iyg�h o i dSq1{ � eªo�d hb w tnµ dSq²dfk¯oye ��t

F ′(t) =

∫ 1

0

xt dx =
1

1 + t{ i dfk
F (t) = ln(1 + t) + const.Ð`dpo�d h
F (0) =

∫ 1

0

0 dx = 0

dfk¯oye ��t qfep�S� i epd � { h q t w hut d µ�g 0 g�h6i dSq1oye8l t
∫ 1

0

xt − 1

ln x
dx = ln(1 + t), t ≥ 0.

9;:¯9 !ÜEC@FWRNO@FE~VXPRWRî&ïC@ÏÊ°EéVA@FN>AËéPR@
¿l§¢��¿l�+.Ê�H§¢¥¨§¢©³�q���S½ ®¯�¦¥¨�S�³�¨°± ª½1¡£Ì��È���`�³�S ¢¡£���H¤�¥²§ª©³�H�`�qÉÊ°�½�§ª�S��¥¨�}ê �`½��`�¦¥¨ ¢§ªÂÄÃÔ°��H¡µ���`�Èú/©³Ï6�
�Ê°�¤¦¥²Ã��`§�¥6���`½q®¯�¦¥¨�S�³�¨°Ö¥¨§ª©���½²§¢��¥²�`��´�°± ª ª½S��¿l°�������ÂÄÃ ê�§¢�²�û�³�`½�§ªÂÄÃ��S��¥�/1�Ê°�½�½*�H§ª��É$�`§a´�§¢�` ª�S�ÈYÉ$�`�� ª�S�³�����³�S�CÉ$�`�Hð�¥¨§¢��¥¨�Ñ®¯�¦¥²�`�³�²°� Á°�ÉH½²ÂÄÃÊÐ±¥²¾`���H� |I(f)| ≤ (b− a)‖f‖ �³§¢ ¢¥"�

®¯Ï ¡£©³ ª���`�����S�ä½�©³ ª 8���H�²ÂÄÃ �³�S�`§¢�³���S¥²��Ë��²�S��¾`Ì�É$�`���¦Ð������Ô��§¢�*®¯�¦¥²�`�³�²°� ª���f.Ê��§�¥¨§ª©��ä°��H½²�³�I�
���SÃ��¦¥}êa�S�²���S�-/����H��¾Sêa°��}½²©�ê ©³Ã� �¡£ÌH�a���S�<ñ$°± ª p/¦��°�½²½}��°�½}®¯�¦¥¨�S�³�¨°±¥²§ª©³�H½²§ª�¦¥²�`��´±°� ¢ é����Éµ�I�
½²ÂÄÃH�¨Ð���¤¦¥�§¢½�¥�/µ°± ª½Y°���ÂÄÃ3¡£Ì��/���`�3ñ$°± ª p/H�Ê°�½²½l���`�Y®¯��¥²�`�³�²°����3§¢�3Ò/Ïi�³�SÉ������Ô�`§ª�H�`�lþ�¥¨�S ª ª�
��§¢ÂÄÃ�¥cÉ$�`½�ÂÄÃ��¨Ð±��¤¦¥�É� ¢�`§¢ÉH¥j©����`�j©³½�¾`§¢ ª ª§¢�`��¥"�-®¯�F�H§ª�`½��`�\ñ1Ð� ¢ ª�`�l½²����§ªÂÄÃ¦¥�ÏÔ°��Ñ´�©³� gXh dfeªo�d hut l¢e8¼�S�ud h r hut dpoyk�wylnd h ��ì8§¢���h�/�S§ªÃ��Y´³©³�Cì8§ª�³�S��½²ÂÄÃÊ°Ö¡í¥¨�`�5���S½/���Sê ð³Ã��� ¢§ªÂÄÃ��S�C®¯�¦¥¨�S�³�¨°± ª½� Á°±½²½²�S�½²§¢ÂÄÃ °��H¡/�����S§ª�³�S��¥² ª§¢ÂÄÃ���®¯�¦¥¨�`���¨°� ¢��Ì�É$�`��¥²�¨°����`�-/1�H§ªÂÄÃ¦¥*°�É$�`�q��§¢��®¯�¦¥¨�`���¨°� ª°�É�½²ÂÄÃ�Ð±¥¨¾S�����
�����%�Ê°±Ïi§�¥Ñ°��HÂÄÃ �H§ªÂÄÃ¦¥���§¢�QÇÈ�`��¥Ä°���½�ÂÄÃ�ÉÊ°��²¤±�`§�¥F´�©³�%®¯�¦¥¨�`���¨°±¥²§ª©³�3�H���ÙËh���`��¾SÌ�Éµ�S�²�¦°±���
É$�`§j�³ ¢�`§ªÂÄÃHÏÔÐy%�§ª�³�S�aú/©³�¦´³�`���³�`�H¾��

�-a¢�Fa�� º5�c�����é���µ�
ß���à±ác�X�S�µ�����é�
�Êß��3ã �£�*â���æ8���"àÖá��â�Ê��!�����ã �S�µ�����é�
�H�
�£�$�®�"���µ�����#"
÷��Êß�ß

Ý[Z]\}�+^C�+_\���`^ü�-a ù b-dfepd h f : [a,∞) → R
w gf�¸© d i df� r hut dfkmvxwyl8l [a, ω]

�;dpo�dfl �mgXhA� ¼t ep{ hÃgXh6i
lim

ω→∞

∫ ω

a

f(x) dx

��Å



d�¶°enq t d hut���� w huh �udfe�� t4i dfk Â k�d h�µ�Ä dfk tég�h dfeªo�d hut l¢ep�S�udSq;r hut dpoyk�wyl z e h j dfep�S�ud h
∫ ∞

a

f(x) dx.

�Ãw h q�w�o t w g �S� zOi wxqSq i wxq gXh dfeªo�d hut l¢ep�S�ud¸r hut dpoyk�wyl
∫ ∞

a

f(x) dx � { h vydfk¯oyepdfk t�g�h6isi wxqSq
f
e8� r hut dfkmvxwyl8l [a,∞) g�h dfeªo�d hut l¢ep�S�»e hut dpoykmepdfk � wyk]enq t��

a x

f(x)

b

ω ∞
ëlÉ�É�§¢ ª���H���6�H�»¶&,ÊÒY�H�`§ª���`�¦¥¨ ¢§ªÂÄÃ��S½/®¯�¦¥²�`�³�²°� jÌ�É$�`���`§¢�5�H��É$�`½�ÂÄÃ��¨Ð±��¤¦¥¨�`½l®¯��¥²�`��´�°± ª  �

¦lÃH�� ª§¢ÂÄÃ ê�§ª��É$�`§����`§¢Ã��`� ´��`��êa�S�����S¥iÏi°�� �Ê°�½*þ�Ú�ÏpÉ$©³  ∫ ∞

a

f(x) dx
��§ªÂÄÃ¦¥6�����6°� ¢½

	a�S¾`�`§¢ÂÄÃ��������l¡£ÌH���H�`�qË��²�S��¾Sê �`��¥�½�©³�����S�²�%$Ñ§ª�H½²É$�`½²©������`���eê �`�H�p��§ª�Èú/©³�¦´³�S�²�³�S��¾S¡£�²°��³�
��©�ÂÄÃC©±À��S�C§¢½�¥�$i¡£Ì�����§¢�hñé�H��¤¦¥¨§ª©��

F : [a,∞) → R
�³�S�³�`É$�`�C������ÂÄÃ

F (ω) =

∫ ω

a

f(x) dx.

ël�H½8���`Ï 0���½¨°±ÏiÏ*�`��Ã�°����lê�§¢�²�U±��-êa�S§ª ª½�¤� ª°���/
ê �` ªÂÄÃH�;	a�`���S�H¥¨�H���h�³�`Ï*�`§¢��¥�§ª½�¥�/Ö½²©��Ê°�½�½
ïC§¢½²½�´��`��½�¥ÄÐ±������§¢½²½²�\��§ªÂÄÃ¦¥/�`�¦¥²½�¥¨�SÃ��`�X¤�ð³���H�`���

ël�HÂÄÃ�¡£ÌH�Ô�����S§ª�³�S�¦¥¨ ª§¢ÂÄÃ��X®¯�¦¥²�`�³�²°� ª�3ÉH ª�`§¢Éµ�S����§¢�3ì8§ª���`��½�ÂÄÃÊ°±¡í¥¨�S�����`��òj§¢���"°���§¢¥¨Ð±¥�/È���S�
Î�©�½²§¢¥²§¢´�§¢¥¨Ð±¥<�����¹ïC©³��©±¥¨©³��§¢�%�`�²Ã�°� ¢¥²�`���/¿l§¢� ®¯�¦¥²�`�³�²°� Á°�ÉH½²ÂÄÃÊÐ±¥²¾`���H�ý¤Ö°����«ê �`���`�¹���S½
ñé°�¤¦¥¨©³��½

(b−a) §¢�Q���S��ëYÉ�½²ÂÄÃÊÐÖ¥¨¾`�H���Ñ¡£Ì����S§ª�³�S�¦¥¨ ª§¢ÂÄÃ��e®¯��¥²�`�³�²°� ª�e��§¢ÂÄÃ�¥��`��ê}°���¥¨�-¥�ê �`�²�H�`���¿Ñ°�½Y�Ê°�ÂÄÃH¡£©� ª�³�S�����²	 �`§ª½���§ª�S �¾S�`§¢��¥�/é�Ê°�½�½�°���ÂÄÃX��§ª�FÇÈ�`��¥¨°���½�ÂÄÃ�É�°��²¤±�`§¢¥l´³©³�ö®¯�¦¥¨�S�³�¨°Ö¥¨§ª©��
�����XË��²�`�H¾`Ì�É$�`���¦°����*Éµ�S§j�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�³�`� úY©���´��`���³�`��¾\��§ªÂÄÃ¦¥�Ì�É$�`��¥¨�²°��³ÉÊ°���§¢½�¥"�
� ZÑ���-÷F�fZ]¹¹�-a¢� � epd   {xl¬o�d (fn)

��e t
fn(x) =

n

n2 + x2
, x ≥ 0,

¬�î



� { h vydfk¯oyepdfk t oylndfep�S���`���®eªoDo�dpo�d hÃi epdCù g l8l �mgXhA�xt ep{ h¿g�h6iU�mÚ k © d i dSq fn
d�¶°enq t epdfk t~i wxq g�h ¼dfeªo�d hut l¢ep�S�ud1r hut dpoyk�wyl

∫ ∞

0

n

n2 + x2
dx =

∫ ∞

0

dt

1 + t2
=
π

2
.

Ð[e8k]�Aw � d h
π

2
= lim

n→∞

∫ ∞

0

n

n2 + x2
dx 6=

∫ ∞

0

lim
n→∞

n

n2 + x2
dx = 0.

Ý[Z]\}�+^C�+_\���`^ü�-a¢è � wxq gXh dfeªo�d hut l¢ep�S�ud?r hut dpoyk�wyl
∫ ∞

a

f(x) dx
�udfe�� t w � q�{xl g�tU� { h ¼vydfk¯o�d hut·zÄ d huh ∫ ∞

a

|f(x)| dx

� { h vydfk¯oyepdfk t��
ël�H½\���SÏ Æ}°���ÂÄÃ¦Ú ú��²§�¥¨�`��§ª��Ï �`���³§ªÉH¥h½�§ªÂÄÃ-/c�Ê°±½²½\°���½h���`�F°�ÉH½²©³ ¢�H¥¨�S�äú/©³�¦´³�`���³�`�H¾Ô��§¢�
�³�-êað³ÃH�� ª§¢ÂÄÃ���úY©���´��`���³�`��¾�¡£©³ ¢��¥"�
ëY�Ê°� ª©��Ñ¾`�q���S�*úY©³�¦´³�S�²�³�S��¾`¤���§¢¥¨�S�²§¢�`�6Éµ�S§����`§¢Ã��`�qÃÊ°Ö¥
Ïi°���¡£Ì�����§ª�h°±É�½²©³ ¢�H¥¨�Fú/©³�¦´³�`���³�`�H¾\�S§ª��ÇÈ�`���³ ª�S§ªÂÄÃ�½�¤���§¢¥²�`�²§¢��Ï5�
_?��ZD���}Z�� �-a����´b-dfepd h |f(x)| ≤ g(x) �mÚ k�wyl8lnd x ≥ a z g w gf�C© d i df�ãr hut dfkmvxwyl8l
[a, ω]

��e t ω ∈ (a,∞)
�;dpo�dfl �mgXhA�xt ep{ h�g�h6i�i wxq g�h dfeªo�d hut l¢ep�S�ud?r hut dpoyk�wyl

∫ ∞

a

g(x) dx

� { h vydfk¯o�d hut��F� w huh enq t ∫ ∞

a

f(x) dx

w � q�{xl g�tO� { h vydfk¯o�d hutp�
� ��¤p�����ya ØÙ�`�³�S�

∫ ω2

ω1

|f(x)| dx ≤
∫ ω2

ω1

g(x) dx

�����5���S��ÇÈ©��¨°���½�½²�-¥¨¾`�H���ÔÌ�É$�`�
g
¡£©³ ª�±¥�����Ï*§¢¥�¥¨�` ¢ÉÊ°��}�H§ª��	a�SÃÊ°����M¥¨�����H� ♣

_?��ZD���}Z�� �-a���Ü Ô r hut dpoyk�wyl � kme t dfkme g � �mÚ k��;dfen�ud h Õ|Oq]q�dfe
f : [1,∞) → R h ep�S� t¯h dpo�w t e8v g�h6i �s{ h { t { h?� wyl8lnd h6i��®i w huh enq t4i epd]�Udfen�ud

∞∑

n=1

f(n)

o�d h w g�i w huh�� { h vydfk¯o�d hut·zÄ d huhIi wxq g�h dfeªo�d hut l¢ep�S�ud1r hut dpoyk�wyl
∫ ∞

1

f(x) dx

� { h vydfk¯oyepdfk t��
¬M�



� ��¤p�����ya ñ�ÌH�®±��`���S½
k ∈ N

��§ª ¢¥

f(k + 1) ≤
∫ k+1

k

f(x) dx ≤ f(k),

ê ©³�¨°��H½/�H���²ÂÄÃCë�����§¢¥²§ª©³�

f(2) + · · · + f(n) ≤
∫ n

1

f(x) dx ≤ f(1) + · · ·+ f(n− 1)

¡£©³ ¢��¥"�Hñ�Ì�����§¢�hÎ�°���¥¨§Á°± ª½²�HÏiÏ*�`�H¡£©� ª�³�
(sn)n∈N

���S�Y���`§¢Ã����³§¢ ¢¥}½�©³Ï*§¢¥}¡£Ì���±��S���`½
n ∈ N

sn − f(1) ≤
∫ n

1

f(x) dx ≤ sn−1.

®¯½�¥h��°�½������S§ª�³�S��¥² ª§¢ÂÄÃ��p®¯�¦¥¨�S�³�¨°� ��-óM§ª½�¥¨�S��¥�/j½²©�§¢½�¥���§¢�pÏ*©³��©�¥²©³�Xêa°�ÂÄÃ�½²�S�����iñÊ©³ ª�³�
(sn)�Ê°�ÂÄÃ ©�Éµ�S� Éµ�S½²ÂÄÃ��²Ð���¤¦¥6����� ��°�Ïi§�¥Q¤±©³�¦´³�S�²�³�S��¥`�8ël��½Q���`�QúY©³�¦´³�S�²�³�S��¾<���`�QÎ�°���¥¨§ª°� ��

½²�HÏiÏ*�`�H¡£©� ª�³�
sn → s

¡£©� ª��¥�/H�Ê°�½�½/¡£ÌH����§ª��Ï*©³��©�¥²©³��ê}°±ÂÄÃ�½²�S�����pñÊ���H¤�¥²§ª©³�
F
/

F (ω) =

∫ ω

1

f(x) dx ≤ F ([ω] + 1) ≤ s

�³§¢ ¢¥"�M¿Ñ°�Ï*§¢¥�§¢½�¥��Ê°±½������`§¢�³�`�¦¥² ª§ªÂÄÃH�F®¯�¦¥²�`�³�²°� j¤�©³�¦´��`�²���`�¦¥"� ♣

�-a¢�Fa¢ç &Ó���í�����Ö��_('*)8��� â������£�$���µ��ßø��à±ác���6�`�µ�"���é�
�Êß£�
Ý[Z]\}�+^C�+_\���`^ü�-a½æ � epd  ¡g�hA�xt ep{ h f : (a, b] → R

q�dfese h#© d i df� � dfe8l¢e hut dfkmvxwyl8l
[ω, b] ⊂ (a, b]

�;dpo�dfl �mgXhA�xt ep{ h6� |�¶°enq t epdfk t4i dfk Â k�d h�µ�Ä dfk t
lim

ω→a+0

∫ b

ω

f(x) dx,

q�{��udfe�� t¸i dfk Â k�d h�µ�Ä dfk t~g�h dfeªo�d hut l¢ep�S�udSqUr hut dpoyk�wyl z e h j dfep�S�ud h
∫ b

a

f(x) dx.

�Ãw h q�w�o t w g �S� z4i wxqSq f w gf� [a, b] g�h dfeªo�d hut l¢ep�S�[e hut dpoykmepdfk � wyk]enq t��
ïC§�¥a��§¢�`½��`�e�`��ê �`§�¥¨�S��¥¨�S��®¯�¦¥¨�S�³�¨°� ¢���+.���§¢¥²§ª©³�6êa�S�²���S��Éµ�S§ª½���§ª�S ª½�ê �`§¢½²�/����Éµ�S½²ÂÄÃ��²Ð���¤¦¥¨��®¯���
¥¨�S�³�¨°±�����`���S��¡�°y%±¥"�MÒY�¦¥¨�S�}��§ª�S½²�l¿l�+.Ê�H§¢¥¨§¢©³�Ô¡�°� ¢ ª�S�Ô°�É$�`�a°���ÂÄÃ�½�©³ ªÂÄÃ��lÉµ�S½²ÂÄÃ��²Ð���¤¦¥¨�S�5®¯���
¥¨�S�³�¨°±�����`�¡/¦��§ª��¤±�`§ª�H�Y���`���` ¢¡£�H��¤¦¥¨§ª©��q½²§ª�H�35í´��³  �³ëYÉ�É�§¢ ª�����H�h�H�×Æy7-�¦ì8§ª�`	a�S§ª½���§ª�S �Ã�§ª�S��¡£Ì��
§ª½�¥

f(x) = sin(π/x)
°��H¡

(0, 1]
�éïC§¢¥�¥¨�S ª½�þM�HÉ�½�¥²§¢¥¨�M¥¨§ª©���½²���`�³�S �¡£©³ ª��¥

∫ 1

ω

sin
π

x
dx =

∫ 1/ω

1

sin πt

t2
dt,

¬³¬



a ax x

f(x)f(x)

b bω ω

ëlÉHÉ�§ª ¢������� �M�×ÆX,aÒY���S§ª�³�S�¦¥¨ ª§¢ÂÄÃ��3®¯�¦¥¨�S�³�¨°± ª�XÌHÉµ�S�<ñé�H��¤¦¥¨§ª©����`�-/ ��§ª�X§ª�
x = a

¤±�`§¢���`�
�`§¢��½²�S§¢¥²§ª�³�S�5Ëh���`��¾-êa�S��¥YÉµ�S½²§¢¥²¾`�S�-/éÎ�©³ ¢½�¥²�` ª ¢�`5� ¢§ª��¤�½S7e�����3��½�¾`§¢ ª Á°Ö¥¨§ª©���½²½�¥¨�` ¢ ª�?5����`ÂÄÃ¦¥¨½�7-�
ê ©³�¨°��H½�ê �`���`�X�H�`�/úY©³�¦´��`�²���`��¾\���`½������S§ª�³�S�¦¥¨ ª§¢ÂÄÃ��`�5®¯�¦¥¨�S�³�¨°� ¢½

∫ ∞

1

sin πt

t2
dt

��§¢�húY©³�¦´³�S�²�³�S��¾Q�H�`½����²½����²ÌH���³ ª§¢ÂÄÃ��`�5®¯�¦¥¨�S�³�¨°� ¢½}¡£©³ ª�±¥"�

®¯ÏPñé°� ª ¯/µ��°�½²½\½²§ªÂÄÃ ���S�\®¯�¦¥¨�S�³�¨°±��� °�� �`�H�� ª§¢ÂÄÃ ´�§ª�S ª�S� þ�¥²�` ¢ ª�`�%��§¢ÂÄÃ¦¥Q���`�³�� ªÐ��Ñ´³�S�²ÃÊÐ± ¢¥�/
½²��°� ¢¥²�S¥ ÏÔ°��i�Ê°�½ ®¯��¥²�`�³�²°� $§ª�*�`���� ¢§ªÂÄÃÔ´�§¢�` ª��®¯�¦¥¨�S�³�¨°± ª�l�H�`�¨°±��¥a°��H¡R/��Ê°�½²½F±��Sê �`§¢ ª½e���H�a�`§¢�
Ë��²�`�H¾`Ì�É$�`���¦°����X´�©³�²¾S�����SÃ�Ïi�S� §ª½�¥"��úY©³�¦´³�S�²�³§¢�`���`� °� ¢ ª�6�����S§ª�³�S�¦¥¨ ª§¢ÂÄÃ��`�ä®¯��¥²�`�³�²°� ª�¨/�½�©
Ã��S§n%�¥��Ê°±½/�H�²½²�H�²Ì����� ª§ªÂÄÃH�������`§¢�³�`�¦¥² ª§ªÂÄÃH�F®¯�¦¥²�`�³�²°� j¤�©³�¦´��`�²���`�¦¥"�
� ZÑ���-÷F�fZ]¹¹�-a¢Ü Ô Â wy���`w �mgXhA�xt ep{ h Õ OÚ k t > 0 � d t k�w��S� t d h¿Ä e8k

Γ(t) :=

∫ ∞

0

xt−1 exp(−x) dx.

 OÚ k 0 < t < 1
enq t?i wxqÓr hut dpoyk�wyléq�{ Ä {���l¸w hÜi dfk g�hut dfk�d h wyl2q�w g �S�áw hÜi dfk3{ � dfk�d hÂ k�d h�µ d gXh dfeªo�d hut l¢ep�S� �F� wx�udfkCq��6l¢e t¯t d hÃÄ e8k?dSq?w gf� e hÃi epd � dfe i d h r hut dpoyk�wylnd
∫ 1

0

xt−1 exp(−x) dx g�h6i
∫ ∞

1

xt−1 exp(−x) dx.

� wxq��Ãw © {xk�w hut d hA� kme t dfkfe g � �mÚ ��k t e hM� dfe i d hß  �yl8lnd h�µ�g � j epdfl �é OÚ k 0 < x ≤ 1 gXh6i
0 < t < 1

oye8l t
xt−1 exp(−x) ≤ xt−1

g�h6i ∫ 1

0

xt−1 dx = lim
ω→+0

∫ 1

ω

xt−1 dx = 1/t

¬�·



� { h vydfk¯oyepdfk t��~� wxq µ�Ä dfe t d�r hut dpoyk�wyl � { h vydfk¯oyepdfk t·z�i w �mÚ k © d i dSq t > 0
dfe h d h w t�Ú kml¢ep�S�udj wx��l

n ≥ t− 1
d�¶°enq t epdfk t·zu�mÚ k i epd

xt−1 exp(−x) ≤ xn exp(−x)
oye8l t8zégXh6i ∫ ∞

1

xn exp(−x) dx

� { h vydfk¯oyepdfk t��
_?��ZD���}Z�� �-a¢çÊô´|éqCo�dfl t d hIi epd � {xl¬o�d h6i d h û�d µ epdS� gXh o�d h6Û

Γ(1) = 1, Γ(t+ 1) = tΓ(t) ∀t > 0, Γ(n + 1) = n! ∀n ∈ N.

� ��¤p�����ya Ø�§¢�}ÃÊ°�É$�`�5¾`����Ð�ÂÄÃ�½�¥

Γ(1) =

∫ ∞

0

exp(−x) dx = lim
ω→∞

{

− exp(−x)
∣
∣
∣

ω

x=0

}

= 1.

ïC§�¥²¥¨�S ª½��Ê°±��¥¨§¢�` ¢ ª�`� ®¯�¦¥¨�`���¨°±¥²§ª©³��¡£©³ ¢��¥}¡£Ì��
t > 0

∫ ω

0

xt exp(−x) dx = −xt exp(−x)
∣
∣
∣

ω

x=0
+

∫ ω

0

xt−1 exp(−x) dx

ê ©³�¨°��H½/�H���²ÂÄÃ3Ëh���`��¾SÌ�Éµ�S�²�¦°±���
ω → ∞ �H§ª��	a�S¾`§ª�SÃ������

Γ(t + 1) = tΓ(t) ∀t > 0

¡£©³ ¢��¥"�H�/�S¤��H�²½²§�´³�S½YëY��ê �`�H���`�X¡£ÌHÃ���¥Y°��H¡
Γ(n+ 1) = n!

¡£Ì��
n ∈ N

� ♣

¬±¶



+ , �.-%{}|�{�tqxc�`vhw-|�{��8u<t0/<t[( 1 {�u�|�{}|�{}|32 vh|��Sv%4<w-{�t

Ø�§ª�F§ªÏÛñ$°± ª j�`§¢���`�YñÊ����¤¦¥¨§¢©³�5�`§ª�H�`�/�²�`�S ª ¢�`�CÇe°±�²§Á°±É� ª�S�5É$�`½�¥¨�SÃ�¥l��§ª�QË��²�����H§ª���S�\§¢�X���S�
ël�H���²©"óM§ªÏi°±¥¨§¢©³�cÞ»É$�` ª§¢�`É�§¢�³�`�+Þeñé�H��¤¦¥¨§ª©����`�ý§¢�ý���S�<ÒYÏ*�³�`É��H��� �`§¢���`½�ÎÈ�H��¤¦¥¨�`½<���H�²ÂÄÃ
 ª§¢���"°±�²��ñÊ����¤¦¥²§ª©³���S���

5;:�< ìÜW�í?@->A@FECë W�@->6�Ë>ATO@FW�VMÌO@-T4VXYO>67�@->XVXWRNé@->98:(CW�PRJ1HCECNO@FE
Ø�§ª���S�²§¢�����`���<¾`���ÊÐ±ÂÄÃ�½�¥Y�Ê°��²°��-/��Ê°±½²½��`§¢���`��´³�S¤¦¥¨©³��êa�S��¥¨§¢�³�`�CñÊ����¤¦¥¨§¢©³�

f : D ⊂ Rn →
Rm �³�`��°��

m
½²¤Ö°� ª°��²�hñÊ����¤¦¥²§ª©³���S�

fi : D ⊂ Rn → R
/
i = 1, . . . , m

/H�`�¦¥¨½����²�SÂÄÃ��`�-,

y = f(x) = f(x1, . . . , xn) ⇔
y1 = f1(x) = f1(x1, . . . , xn)��� ��� ���
ym = fm(x) = fm(x1, . . . , xn)

Ø�§ª�Ñ¡�°±½²½²�S�ä§¢Ïg¡£©³ ª���`�����S�Ù�H§ª�
m
�Y�����

n
�¯�����$�` È§ªÏ

Rm ÉH¾Sêh�
Rn °± ª½FþM�Ê°± ¢¥¨�S�¦´³�`¤¦¥²©±��²�S�ä°±�H¡ �j®¯½�¥\��§ªÂÄÃ¦¥²½\°±�����`���`½\�`��êaÐ�Ã��¦¥�/�½�©CÉ$�`¾S�`§¢ÂÄÃ����`�Ùê�§ª��Ï*§¢¥ ‖.‖ �H§ª�*ì8��¤� ª§ª�H§ª½²ÂÄÃH�`�Ç ©��²Ï*�`� §ª�����`���/Ð���Ï*�`�

Rn É�¾-êh�
Rm /aê ©³É$�`§é±��-êa�S§ª ¢½�°���½��H�`Ï 0��H½¨°�Ï*Ïi�S��ÃÊ°��H��`��½²§¢ÂÄÃ�¥² ª§¢ÂÄÃ5§¢½�¥�/�©³É5��§ª�h¿l§¢Ïi�S��½²§¢©³�

n
©M�H�`�

m
É$�S¥²�¨Ð��±¥"�

Ý[Z]\}�+^C�+_\���`^üÜ-a��cb-dfepd h D ⊂ Rn {Rñ�d hügXh6i f : D → Rm �)� epd�× ��� e8l iygXh o f�udfe�� t e8� Á~gXhA�xt x0 ∈ D ⊂ Rn i e ñ�dfkSd h�µ epdfk � wyk z�Ä d huh dSqIdfe h d»l¢e h d�wyk�ds× ��� e8l iyg�h o
M : Rn → Rm g�h6i dfe h d�e h x0

q t d t eªo�d1× ��� e8l iyg�h o r : D → Rm oye ��t·z q�{ i wxqSq
f(x) = f(x0) +M(x − x0) + r(x)‖x− x0‖, x ∈ D

5 �â7
g�h6i r(x0) = 0

oye8l tp� M �udfe�� t dfk�q t d)× � lndfe t�gXh o�vy{ h f e h x0 z e h j dfep�S�ud h f ′(x0) := M.

ël�H½1���`�� ª§¢���"°����`�\ël ª���`É��²°/ê�§ª½�½²�S�pê�§ª��/
�Ê°±½²½1½�§ªÂÄÃp ¢§ª���`°��²�eëlÉ�ÉH§ª ª�H�����³�S�
M : Rn → Rm������ÂÄÃ

m×n ïX°±¥¨��§ª¾S�`�h�����\��§ª�1Ø�§¢�²¤�������´³©³� M °±�H¡��Ê°±½
n
�¯�����$�` 

(x−x0)
°± ª½�ïX°±¥²�²§ ó��

ÇÈ�`¤¦¥²©³�²����©M�H��¤¦¥
M(x − x0)

ÂÄÃÊ°��²°�¤¦¥¨�`��§ª½�§ª�`���`�  Á°�½�½²�S���c®¯�äú/©³Ïi�$©³���S�¦¥¨�`�H½²ÂÄÃ����`§ªÉ¦ê �`§¢½²�
¤Ö°����ß5��â7a��°�Ã��`��Ï*§¢¥

M = (mij)
§¢�<���`�/ñÊ©³�²Ï

fi(x) = fi(x0) +

n∑

j=1

mij(xj − x0j) + ri(x)‖x− x0‖, x ∈ D, j = 1, . . . , m

�³�S½²ÂÄÃ���§ª�`É$�`�5êa�S�²���S���
� Z]�ÏZ���õ�º»^I�^Ü-a��ÑÐ[e8k � k�w�o�d hAz { � e8�   wyl8l-en��k�dfk�|�¶°enq t d h�µ M gXh6i r dfe h6i d gXt eªo� dSq t e8��� t qfe h6i�� b-dfe ej = (0, . . . , 0, 1, 0, . . . , 0) i dfk j ¼ t d � {�{xk i e h w t d h dfe h �udfe t qfvyd �xt {xkg�h6i t ∈ R

w g q;dfe h dfké��e h k�dfep�S�ud h?� lndfe h d h�£ ��o�d ��g�h o g �Ïù g l8l z q�{ i wxqSq x = x0+tej
e h

¬³Æ



D
l¢epdpo t�� Ð`dpo�d h ‖x− x0‖ = |t| ‖ej‖ = |t| zOi dfkUb t d t eªo � dfe t vy{ h r e h x0 g�h6i r(x0) = 0�Aw � d h¿Ä e8k

mij = lim
t→0

fi(x0 + tej) − fi(x0)

t
=
∂fi

∂xj
(x0),

i epdU× ��� e8l iyg�h o M enq t wyl2q�{sdfe h6i d g�t eªo � dSq t e8��� tp� × g q Ô � ÕÓdfk¯oye ��t qfep�S�sq�{x��e t w g �S� r e hdfe h6i d g�t eªo�dfk�Ð`dfenq�d

r(x) =







f(x) − f(x0) −M(x− x0)

‖x− x0‖
x 6= x0

0 x = x0.

Ø�§ª�/½²�SÃ��`�¡/��Ê°�½�½l§¢ÏKñé°� ª ¢�F�H�`�Y¿l§¢Àµ�`���`��¾S§ª�`��ÉÊ°���¤��`§�¥Ñ�S§ª���S�YëYÉ�É�§ª ¢�������
f : D ⊂ R

n →
Rm §¢ÏWÎÈ�H��¤¦¥¨�

x0 ∈ D
/µ°� ª ¢�h�Ê°���¥²§ª�S ª ª�S�XëYÉ� ª�S§¢¥¨�H���³�`�C���`�ÑúY©³Ï*�µ©����`�¦¥¨�S�H¡£����¤¦¥²§ª©³���S�

fi : D ⊂ Rn → R
§ªÏTÎ8����¤¦¥

x0
�-óM§¢½�¥¨§¢�`���`���µ¿l§ª�\��§ª�\ ª§¢���"°����hëlÉ�É�§¢ ª���H���ÔÂÄÃÊ°±�¨°�¤¦¥¨�S�²§ �

½²§¢�`���`�����\ïX°Ö¥¨�²§ ó

M = f ′(x0) =
∂(f1, . . . , fm)

∂(x1, . . . , xn)
(x0) =









∂f1

∂x1
(x0)

∂f1

∂x2
(x0) · · · ∂f1

∂xn
(x0)

∂f2

∂x1
(x0)

∂f2

∂x2
(x0) · · · ∂f2

∂xn
(x0)��� ��� ���

∂fm

∂x1
(x0)

∂fm

∂x2
(x0) · · · ∂fm

∂xn
(x0)









Ã��S§n%�¥ � °�ÂS©³É�§ ��ïX°±¥²�²§ ó3´³©��
f
§ª�
x0
��þM©³Ï*§¢¥h¤Ö°����M5���7h°±��ÂÄÃä§¢�Ùú/©³Ï*�µ©³�H�`�¦¥¨�S��½²ÂÄÃ����`§¢ÉM�

ê �`§ª½��h�³�`½�ÂÄÃ��²§¢�`É$�`�Cê �`�����`�¡,








f1(x)
f2(x)���
fm(x)








=








f1(x0)
f2(x0)���
fm(x0)








+









∂f1

∂x1
(x0) · · · ∂f1

∂xn
(x0)

∂f2

∂x1
(x0) · · · ∂f2

∂xn
(x0)��� ���

∂fm

∂x1
(x0) · · · ∂fm

∂xn
(x0)
















x1 − x01

x2 − x02���
xn − x0n








+








r1(x)
r2(x)���
rm(x)







‖x−x0‖.

_?��ZD���}Z�� Ü-a��ÜrSq t f : D ⊂ R
n → R

m e h x0 ∈ D i e ñ�dfk�d h�µ epdfk � wyk z q�{}enq t f e h
x0
q t d t eªo �

� ��¤p�����ya ëY��½����`�/¿l§�À��S�²�`�H¾`§ª�S�²ÉÊ°±�²¤��S§¢¥����S�/ñé�H��¤¦¥¨§ª©��
f
§¢�
x0
¡£©³ ª�±¥

‖f(x) − f(x0)‖ ≤ ‖M(x− x0)‖ + ‖r(x)‖ ‖x− x0‖.¿l§¢�FþMÂÄÃ¦ê}°���¾`½�ÂÄÃ��6ÒY���� ª�`§¢ÂÄÃ������q¡£Ì����`�H�� ª§¢ÂÄÃ��\þM��Ï*Ïi�S�5É$�`§¢��ÃÊ°� �¥¨�-¥

‖M(x− x0)‖2 =

m∑

i=1

(
n∑

j=1

mij(xj − x0j)

)2

≤
(

m∑

i=1

n∑

j=1

m2
ij

)(
n∑

j=1

(xj − x0j)
2

)

,

¬�º



½²©�Ïi§�¥��³§ªÉM¥��`½��`§¢���húY©³�H½�¥Ä°±��¥²�
K > 0

/Ê½²©6�Ê°�½�½
‖M(x − x0)‖ ≤ K‖x− x0‖�³§¢ ¢¥"� Ç ��� §ª½�¥

r
§ª�
x0

½�¥²�S¥¨§¢�3Ï*§¢¥
r(x0) = 0.

Ø�§ª��.Ê���H�`�û°� ¢½²©3¾S��±��`���SÏ
ε > 0

�`§ª�
δ(ε) > 0

/�½²©*�Ê°�½�½Y°±��½ ‖x− x0‖ < δ
��§¢�\Ò/���³ ¢�`§ªÂÄÃ����H� ‖r(x)‖ < ε

¡£©³ ª��¥`�ÊþM�-¥¨¾S�

δ∗(ε) := min

(

δ(ε),
ε

K + ε

)

.

¿Ñ°��H�C�³§¢ ¢¥ ¡£Ì��/°� ª ¢�
x
Ï*§¢¥ ‖x− x0‖ < δ∗(ε)

��§¢��	a�`¾S§ª�`Ã����H�
‖f(x) − f(x0)‖ ≤ (K + ε)‖x− x0‖ < ε,

���»Ã��
f
§ª½�¥�½�¥¨�-¥¨§¢�*§¢�

x0
� ♣

ñÊ�²Ì�ÃH�`�lÃ�°�Éµ�S�3ê�§ª�/�³�`½��`Ã��S�-/��Ê°±½²½Ñ��§¢�qþ�¥²�S¥²§ª�³¤±�`§¢¥l���`�/´³�S¤�¥²©³��ê �`��¥¨§¢�³�`�%ëlÉHÉ�§ª ¢�������
f :

D ⊂ Rn → Rm §ªÏ ÎÈ�H��¤¦¥
x0 ∈ D

Ðy§���§¢´±°� ¢�`�¦¥h¾`���Qþ�¥²�S¥¨§¢�³¤��S§¢¥F°� ¢ ª�S�húY©³Ï*�µ©����`�¦¥¨�S�
fi : D ⊂ Rn → R

§ªÏWÎ8����¤¦¥
x0 ∈ D

§ª½�¥"�µ¿l�`�Ñ��°�ÂÄÃH¡£©³ ¢�³�`���H�6þH°±¥²¾Q¾`�S§ª��¥�/µ��°�½²½���§¢�`½��
ì8§ª�³�S��½²ÂÄÃ�°±¡í¥Y°���ÂÄÃ5§ªÏÛñé°� ¢ ����S�/¿l§¢Àµ�`���`��¾S§ª�`��ÉÊ°���¤��`§�¥/�³§ª �¥"�
_?��ZD���}Z�� Ü-a¢ç � epdC× ��� e8l iyg�h o f : D ⊂ Rn → Rm enq t e8� Á~g�hA�xt x0 ∈ D

o�d h w gi w huhIi e ñ�dfk�d h�µ epdfk � wyk zOÄ d huh?© d i d � {x�C�u{ h d hut d fi : D ⊂ Rn → R z i = 1, . . . , m z e8�Á~gXhA�xt x0 ∈ D i e ñ�dfk�d h�µ epdfk � wyk]enq t��
� ��¤p�����y� þM�S§j¾`����Ð�ÂÄÃ�½�¥

f
§ª�
x0
��§¢Àµ�`���`��¾S§ª�`��ÉÊ°��S�é¿Ñ°����5�³§ª �¥a¡£Ì��®±��S���`½

i = 1, . . . , m

fi(x) = fi(x0) +

n∑

j=1

mij(xj − x0j) + ri(x)‖x− x0‖, x ∈ D.

¿l§¢��ëlÉ�É�§¢ ª���H���
Mi : Rn → R

/����+.���§ª�S��¥/������ÂÄÃ

Miz :=

n∑

j=1

mijzj, z = (z1, . . . , zn)

§ª½�¥} ¢§ª���`°��È�����
ri
§ª½�¥ §ª�

x0
½�¥¨�-¥¨§¢�QÏ*§¢¥

ri(x0) = 0.
ël ¢½²©Q§¢½�¥�±��`���lúY©³Ï*�µ©����`�¦¥¨�

fi
§¢�
x0��§�À��S�²�`�H¾`§ª�S�²ÉÊ°±�`�$þM�S§j���H�X��Ï*�³�`¤±�`Ã���¥O±��S���\úY©³Ï*�µ©����`�¦¥¨�

fi
§¢�
x0
��§¢Àµ�`���`��¾S§ª�S�²ÉÊ°���Ï*§¢¥

���S�/ëYÉ� ª�S§¢¥²�����
Mi
/H�`½/�³§ª �¥�°� ¢½²©q¡£Ì��®±��`�H�`½

i = 1, . . . , m

fi(x) = fi(x0) +Mi(x− x0) + ri(x)‖x− x0‖, x ∈ D
Ï*§¢¥Y§ª�

x0
½�¥²�S¥²§ª�³�S�öëlÉ�É�§¢ ª���H���³�`�

ri
�����

ri(x0) = 0.
¿l§¢�qúY©³Ï*�$©³���`�¦¥²�`�

Mi
���H�

ri���f.Ê��§ª�S�²�S�5´��`¤¦¥¨©³��êa�S��¥²§ª�³�FëlÉ�ÉH§ª ª�H�����³�S�
M

�����
r
/Ê½²©6�Ê°�½�½

f(x) = f(x0) +M(x− x0) + r(x)‖x− x0‖, x ∈ D,

r
§¢�
x0
½�¥²�S¥²§ª�6�����

r(x0) = 0
½²§¢����� ♣

¬³Í



5;:�É KáW�îAï~VXHCECNOê�Ë��PR@FW�VAH1ECN HCE1J;�M>&ËOJCWR@FE~V
Ø�§ª��É$�S¥²�¨°�ÂÄÃ¦¥²�`�X§¢����§ª�S½²�SÏKëlÉ�½�ÂÄÃ���§¢¥�¥/½²¤Ö°� Á°±�²��ëlÉHÉ�§ª ¢�������³�S�

f : D ⊂ Rn → R
�

Ý[Z]\}�+^C�+_\���`^üÜ-a¢ç´b-dfepd h f : D ⊂ Rn → R z x0 ∈ D g�h6i l ∈ Rn ��e t ‖l‖ = 1.� epd Â k�ö��d
∂f

∂l
(x) := lim

t→0

f(x + tl) − f(x)

t�udfe�� t·z q�{ � dfk h qfepd²d�¶°enq t epdfk t·z4i epdC�;ep�S� t¯g�h oxq�w � lndfe t�gXh oÓvy{ h f e h x0
e h �;ep�S� t�gXh o l �

� Z]�ÏZ���õ�º»^I�^Ü-a¢ç � epdÃ�;ep�S� t�g�h oxq�w � lndfe t¯g�h oüvy{ h f e h x0
e h �;ep�S� t¯g�h oávy{ h l� w huh o�dS{x�sd t kmenq��S��wyl2q�× h q t epdpo i dfk  ¡gXhA�xt ep{ h f e8� Á~gXhA�xt x0
e h �;ep�S� t�gXh o�vy{ h le hut dfk��6k�d t epdfk t~Ä dfk i d h6�

_?��ZD���}Z�� Ü-a½�´b-dfe
f : D ⊂ Rn → R

e h x0 ∈ D i e ñ�dfkSd h�µ epdfk � wyk �u� w huh d�¶°enq t epdfk te h x0 i epd]�;ep�S� t�g�h oxq�w � lndfe t¯g�h o`e h²© d i d � dfl¢epd � eªo�d1�;ep�S� t�gXh o l g�h6i dSqCoye8l t
∂f

∂l
(x0) = Ml =

n∑

i=1

∂f

∂xi
(x0)li.

� ��¤p�����ya þM�-¥¨¾S�
x = x0 + tl

§¢�
f(x) = f(x0) +M(x− x0) + r(x)‖x− x0‖,

���H¥¨¾S�\�H§ª�hòj§ª���`°��²§�¥ÄÐ±¥ ´³©³�
M

�H���C�H§ª�Fþ�¥²�S¥¨§¢�³¤��S§¢¥�´�©³�
r
Ïi§�¥

r(x0) = 0
°���½S� ♣

¿Ñ°�½\¡£©³ ª�³�S�����Ó	a�`§¢½²��§¢�` e¾`�S§ª��¥�/���°�½²½p�H§ª�iÒYÏ*¤��`ÃH�²�����ö�H�`½6þH°Ö¥¨¾`�S½Q¡�°� ¢½²ÂÄÃä§¢½�¥`��ëY��½p���S�
ì�óM§ª½�¥²�`��¾F���S�Y��§ªÂÄÃ����H�³½¨°�ÉH ª�`§�¥¨���H�*§¢�?±��`���hÉ$�` ª§¢�`É�§¢�³����§ªÂÄÃ¦¥¨�H���*¡£©� ª��¥��H§ªÂÄÃ¦¥/��©�¥¯ê �`����§¢�
��§¢�h¿l§¢Àµ�`���`��¾S§ª�`��ÉÊ°���¤��`§�¥"�
� ZÑ���-÷F�fZ]¹¹Ü-a�� û�d t k�w��S� t d i epd  ¡g�hA�xt ep{ h f : R2 → R

��e t

f(x, y) :=







x2y

x2 + y2
�mÚ k (x, y) 6= (0, 0)

0 �mÚ k (x, y) = (0, 0)

Ð[e8k]�Aw � d h
∂f

∂l
(0, 0) = lim

t→0

t3l21l2
tt2

= l21l2,w � dfk i epd��;ep�S� t¯g�h oxq�w � lndfe t�gXh o3enq t1� dfe h d`l¢e h d�wyk�d  ¡gXhA�xt ep{ h vy{ h l z]i�� � � f � w huh e h x0h ep�S� t4i e ñ�dfkSd h�µ epdfk � wyk1q�dfe h6�

¬��



¿l§¢�\��§ªÂÄÃ¦¥²�����³½²°�É� ª�S§¢¥²�����q§ª�5��§ªÂÄÃ¦¥¨�H���i�H�`�/úY©�©³�²�H§ª�Ê°±¥²�`�Ê°±ÂÄÃ�½²�S�C½�¥¨§ªÏ*ÏQ¥�Ï*§¢¥}���`���`�¦¥��
½²�H�²�`ÂÄÃH�`�����S�3�Ê°���¥¨§¢�` ª ¢�`��ëYÉ� ª�S§¢¥¨�H���qÌ�É$�`�²�S§ª���éì8½��³§¢ ¢¥�,

∂f

∂ei
(x) =

∂f

∂xi
(x), i = 1, . . . , n.

Ý[Z]\}�+^C�+_\���`^üÜ-a½� � dfk�õ6d �xt {xk i dfk4�Awyk t epdfl8lnd h × � lndfe t¯g�h o�d h
(grad f)(x) :=

(
∂f

∂x1
(x), . . . ,

∂f

∂xn
(x)

)

�udfe�� tCÂ k�w i epd hut4i dfkCq � wylªwykSd h� -g�hA�xt ep{ h f e8� Á~g�hA�xt x �
\¸�`¹)�}Z��`º»^I� Ü-a��ÜrSq t f : D ⊂ R

n → R
e h x0 ∈ D i e ñ�dfk�d h�µ epdfk � wyk z q�{}d�¶°enq t epdfk ti dfk Â k�w i epd hut vy{ h f e h x0 gXh6i4�mÚ k i epd;�;ep�S� t�gXh oxq�w � lndfe t�g�h o?vy{ h f e h x0

e h �)ep�S� t¯g�h ovy{ h l oye8l t
∂f

∂l
(x) = (grad f)(x) · l.

	a�`°�ÂÄÃ¦¥¨�y/c�Ê°±½²½\°���ÂÄÃ Ã�§ª�S����§ª�*ÒYÏ*¤��SÃ��²�H���5¡�°± ª½²ÂÄÃ §ª½�¥"��ëY��½h���`�\ì�óM§ª½�¥²�`��¾6���S½pË��¨°±��§��
�`�¦¥²�`�Ù¡£©� ª��¥l��§ªÂÄÃ¦¥F��©�¥¯ê �`���H§ª�5��§ª�6ì�óM§ª½�¥¨�`�H¾i���S�h�/§¢ÂÄÃ¦¥¨������½¨°�É� ¢�`§�¥¨�������`�%§ª�%�`§¢���`�Ñ´�©³�
���S�Xú/©M©³����§ª��°±¥¨�S���²§¢ÂÄÃ�¥²�����³�S��´³�`��½²ÂÄÃ�§¢�`���S���`�%��§ªÂÄÃ¦¥²�������
� ZÑ���-÷F�fZ]¹¹Ü-a¢ç  OÚ k i epd  -g�hA�xt ep{ h f : R2 → R

��e t
f(x, y) =

{
0 x = 0

{ i dfk y = 0
1

q�{ h q t
d�¶°enq t epdfk t e8� Á~gXhA�xt (0, 0) i dfk Â k�w i epd hutp� ×Cl2q3e8� Á~g�hA�xt (0, 0) gXh q t d t eªo�d  -g�hA�xt ep{ h� w huh w � dfk f e h (0, 0) h ep�S� t~i e ñ�dfk�d h�µ epdfk � wyk1q�dfe h6�
� Z]�ÏZ���õ�º»^I�^Ü-a½� � w �mÚ k i e ñ�dfkSd h�µ epdfk � wyk�d  ¡g�hA�xt ep{ h d h f

∂f

∂l
(x) = ‖ oyk�w i f(x)‖ cosα

oye8l t8z]Ä { � dfe 0 ≤ α ≤ π i d h Ð[e hA� dfl µ�Ä enq��S�ud hMi d h õ6d �xt {xk�d h oyk�w i f(x) gXh6i l � df¼µ dfep�S� h d t8z enq tUi dfkC× h q t epdpo�wy� oyk�ö�� t d hAz¸Ä d huhài epd��;ep�S� t�gXh o l ��e t;i dfk��;ep�S� t�gXh o i dSqÂ k�w i epd hut d hÃµ�g q�wy���sd h�� �yl8l tp� r h�i epdSq�df�   wyl8l$enq t α = 0 gXh6iÃi dfk��`w�¶°e8�`wylndD× h q t epdpo
‖ oyk�w i f(x)‖ � rf� Á~g�hA�xt x Ä ���S��q t wyl2q�{ f e h �;ep�S� t�gXh o i dSq Â k�w i epd hut d h oyk�w i f(x)

wy�q t �yk � q t d h w h6�
ëlÉH½²ÂÄÃ� ¢§ª��%��`���*�³�`É$�`�*ê�§ª�8��©�ÂÄÃ*�`§ª�*Ã�§¢���²�S§ªÂÄÃ��S�����`½ ú��²§�¥¨�`��§ª��Ï ¡£Ì��È��§¢�Y¿Y§¢Àµ�`�²�S��¾`§¢�`��ÉÊ°����
¤��S§¢¥Y°����

¬�Å



_?��ZD���}Z�� Ü-a ù b-dfepd h f : D ⊂ Rn → R
e h dfe h dfk £ ��o�d ��g�h o B(x0, ρ)

vy{ h x0�Awyk t epdfl8l i e ñ�dfkSd h�µ epdfk � wyk g�h6i}i epd)�Awyk t epdfl8lnd h × � lndfe t¯g�h o�d h
∂f

∂xi

: B(x0, ρ) ⊂ R
n → R

e h x0
q t d t eªo ��� w huh enq t f e h x0 i e ñ�dfk�d h�µ epdfk � wyk �

� ��¤p�����ya �ÑÃ��H�I	a�`½�ÂÄÃ��¨Ð��H¤��H�������S��ël ¢ ª�³�SÏi�S§ª��Ã��S§¢¥iÉµ�S½²ÂÄÃ��²Ð���¤±�`�«ê�§¢������½5°��M¡\�H�`�
ñé°� ª 

n = 2
��ïC§¢¥\¼Y§¢ ¢¡£�q���S½qïC§�¥²¥²�` ¢ê �`��¥¨½²°±¥¨¾S�`½Q�H�`�\¿l§¢Àµ�`���`�¦¥¨§ª°� ª���`ÂÄÃ��������C¤�ð³�H���`� ê�§¢�

½²ÂÄÃH�²�`§¢Éµ�S�
f(x1, x2) − f(x01, x02) = f(x1, x2) − f(x01, x2) + f(x01, x2) − f(x01, x02)

=
∂f

∂x1

(x01 + θ1(x1 − x01), x2)(x1 − x01)

+
∂f

∂x2

(x01, x02 + θ2(x2 − x02))(x2 − x02)

=
2∑

i=1

∂f

∂xi

(x01, x02)(xi − x0i) +R∗,

ê ©³Éµ�S§j¾`����ëYÉ�¤�Ì��²¾S�����
R∗ Ï*§¢¥

R∗ =

(
∂f

∂x1

(x01 + θ1(x1 − x01), x2)) −
∂f

∂x1

(x01, x02)

)

(x1 − x01)

+

(
∂f

∂x2
(x01, x02 + θ2(x2 − x02)) −

∂f

∂x2
(x01, x02)

)

(x2 − x02)

�`§¢���³�-¡£Ì�Ã���¥Yê����²�H���j¿Ñ°��H§ª�Q��°���¥²§ª�` ¢ ª�S�CëYÉ� ª�S§¢¥¨�H���³�`�X§ª�
(x01, x02)

½�¥¨�S¥²§ª��½�§ª���¡/��³§¢ÉH¥l�S½
¾`�²±��`�H�`Ï

ε > 0
�`§ª�

δ(ε)
/�½²©*�Ê°�½�½�¡£Ì�� ‖x− x0‖ < δ(ε)

|R∗| ≤ ε‖x− x0‖�³§¢ ¢¥"��¿Y§ª�`½ ¾`�S§ª��¥�/M�Ê°±½²½
R∗ §¢�Ô���S��ñÊ©³�²Ï R∗ = r(x)‖x− x0‖

�³�`½�ÂÄÃ��²§¢�`É$�`��ê �`�²�H�`�<¤Ö°����
�����

r
§¢�
x0
½�¥²�S¥²§ª�6Ïi§�¥

r(x0) = 0
§¢½�¥"� ♣

5;:¯Ý <»WRNO@FECê�î&ïCËOQ�VX@FEÎJ1WRíD@->&@FE1ë¡WR@->=CË>&@->>8: �WRPRJCH1ECNO@FE
Ø�§ª�6�³�SÉµ�S�ý¾`�H�ÊÐ�ÂÄÃ�½�¥��`§¢���5�³�`©³Ï*�S¥²�²§¢½²ÂÄÃ��5®¯�¦¥¨�`�����²�-¥Ä°±¥²§ª©³�ÿ���`�*�`��½�¥²�`�ýëYÉ� ª�S§¢¥¨�H��� ¡£ÌH�
½²¤Ö°� ª°��²�ÙñÊ����¤¦¥¨§¢©³���S� ´³©³�A¾-êa�S§p�²�S�` ¢ ª�`��ÇÈ�`�²Ð������S�² ª§¢ÂÄÃ��`�

z = f(x, y)
°����/®¯½�¥

f
§ª�

(x0, y0) ∈ R2 ��§¢Àµ�`���`��¾S§ª�`��ÉÊ°��+/�½²©*�³§ª �¥}��§¢�h¿Ñ°���½�¥¨�S ª ¢�����
f(x, y) = f(x0, y0) +

∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0)

+ r(x, y)
√

(x− x0)2 + (y − y0)2,

·³î



��§¢�hñé�H��¤¦¥¨§ª©��
f
ê�§¢�²�< ª©³¤Ö°� �°� ª½�©q������ÂÄÃX��§¢�hìÈÉ$�`�H�

z = f(x0, y0) +
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0)

°����H�²©"óM§ªÏ*§ª�`��¥"� 0���ÏWÇÈ�`���³ ª�S§ªÂÄÃ3É$�`½�¥¨§ªÏ*Ï*�`�Xê�§¢�Ñ°��ö��§¢�qñ� ªÐ�ÂÄÃ��
z = f(x, y)

��§¢�Q��°��M�
�³�S��¥²§Á°� ¢�`É$�`���F§ªÏÛÎÈ�H��¤¦¥

(x0, y0, z0)
Ï*§¢¥

z0 = f(x0, y0)
�µ¿Y§ª�F�Ê°���¥²§ª�S ª ª�S�CëYÉ� ª�S§¢¥²�����³�S�

§ªÏOÎ8����¤¦¥
(x0, y0)

�³�`É$�`�����S�<ël��½�¥¨§ª�S�p���S��ñé�H��¤¦¥¨§ª©���§ª����§ªÂÄÃ¦¥²�����q���S��úY©�©³�²��§¢�Ê°±¥²�`�M�
°�ÂÄÃ�½��`�X°��-/Ê½²©�Ïi§�¥�½²�Ê°±�����`�5��§¢�hÇÈ�S¤¦¥¨©³���`�

v1 =

(

1, 0,
∂f

∂x
(x0, y0)

)

v2 =

(

0, 1,
∂f

∂y
(x0, y0)

)

��§¢����°��H�³�`�¦¥¨§ª°� ª�SÉµ�S���h°��H¡������5���`��ÇÈ�S¤�¥²©³�

n := v1 × v2 =

(

−∂f
∂x

(x0, y0),−
∂f

∂y
(x0, y0), 1

)

½�¥²�`Ã¦¥�½��`��¤����`ÂÄÃ¦¥5°��H¡��H�`�Ô��°������`�¦¥¨§ª°� ª�SÉµ�S����� þM�S§
(x, y, z)

���`�}�Ñ��¥¨½�´³�S¤�¥²©³�i¾`�ý�S§ª���SÏ
É$�` ª§¢�`É�§¢�³�`�iÎ8����¤¦¥}§¢�Ô���S�}ì8É$�`���±�H¿Ñ°±���� ª§¢�`��¥e���S� ÇÈ�S¤�¥²©³�

v := (x−x0, y− y0, z− z0)§ª�<���S����°��H�³�`�¦¥¨§ª°� ª�SÉµ�S���������5�`½��³§¢ ¢¥

n · v = −∂f
∂x

(x0, y0)(x− x0) −
∂f

∂y
(x0, y0)(y − y0) + z − z0 = 0.

¼Y§¢�`�²°���½}¡£©³ ¢��¥�����Ï*§¢¥�¥¨�S ªÉÊ°�� ¡£Ì�����§ª�FË� ª�S§ªÂÄÃ������6���S����°��H�³�`�¦¥¨§ª°� ª�SÉµ�S���

z = f(x0, y0) +
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0),

���»Ã��Ö�`§ª�H� §¢ÏAÎ8����¤¦¥
(x0, y0)

��§�À��S�²�`�H¾`§ª�S�²ÉÊ°±�²� ñé�H��¤¦¥¨§ª©��
f
ê�§ª���\ ¢©³¤Ö°� ¦������ÂÄÃp§ªÃ���� �H���²ÂÄÃ

���S�XÎ8����¤¦¥
(x0, y0, f(x0, y0))

���`Ã��S�����F��°��H�³�`�¦¥¨§ª°� ª�SÉµ�S���h°����H�²©"óM§ªÏ*§ª�`��¥"�

0����	 �`�²�SÂÄÃ��������\���`�8ëYÉ� ª�S§¢¥¨�H����¾`��½²°�Ï*Ïi�S���³�`½��S¥²¾S¥¨�S�eñé�H��¤¦¥¨§ª©����`�q½�§ª���6��§¢�a¡£©³ ª���`�����S�
É$�`§ª�H�`�XþHÐ±¥¨¾S�h��ÌM¥¨¾` ¢§ªÂÄÃ��
_?��ZD���}Z�� Ü-a¢è´b-dfepd h f, g : D ⊂ Rn → Rm µ�Ä dfe)vyd �xt {xk Ä dfk t eªo�d?× ��� e8l iyg�h o�d hAzi epd`e8� Á~g�hA�xt x0 ∈ D i e ñ�dfk�d h�µ epdfk � wykDqfe h6i��é� w huh enq t ��e tC� dfl¢epd � eªo�d h α gXh6i β i epd
� e h d�wyk � {x� � e h w t ep{ h αf + βg

e h x0 i e ñ�dfk�d h�µ epdfk � wyk g�h6i dSqCoye8l t
(αf + βg)′(x0) = αf ′(x0) + βg′(x0).

� ��¤p�����ya ¿l§¢��	a�`���²Ì����H�����6¡£©³ ª��¥}����Ï*§¢¥²¥²�` ¢ÉÊ°���°��H½/�H�`�/¿l�+.���§¢¥²§ª©³��� ♣

ël ¢½��ÊÐ�ÂÄÃ�½�¥¨�S½l���¦¥¨�S�²½���ÂÄÃ��`�Cê�§ª����§¢�h¿l§¢Àµ�`���`��¾S§ª�`��ÉÊ°���¤��`§�¥�´³©³�<ÇÈ�`��¤��S¥�¥¨���H�³�`���
·H�



_?��ZD���}Z�� Ü-a½æ´b-dfepd h g : Rn → Rm z f : Rm → Rp g�h6i Φ = f ◦ g i epd«õ6dfkf¼� d t�t¯g�h o z wyl2q�{ Φ(x) = f(g(x)).
b"e h6i g e h x0 ∈ Rn gXh6i g e h y0 = g(x0) ∈ Rm

i e ñ�dfk�d h�µ epdfk � wyk z q�{`enq t w g �S� i epd�õ6dfk � d t�t¯g�h o Φ
e h x0 i e ñ�dfk�d h�µ epdfk � wyk gXh6i dSqUoye8l t

Φ′(x0) = f ′(g(x0)) ◦ g′(x0),

� d µ epdS� g�h oxq Ä dfenq�d
∂Φi

∂xj

(x0) =
∂fi(g1(x1, . . . , xn), . . . , gm(x1, . . . , xn))

∂xj

(x0) =
∑

k=1

∂fi

∂yk

(g(x0))
∂gk

∂xj

(x0).

� ��¤p�����ya ®¯�<ëY�Ê°� ª©��³§ª�Ñ¾S��ÏÛñé°� ¢ µ´�©³�5ñé�H��¤¦¥¨§ª©����`�<�`§¢���`�����`�S ª ª�S��ÇÈ�`�²Ð������S�² ª§¢ÂÄÃ��`�ß5
p =

m = n = 1
7I� ♣

� Z]�ÏZ���õ�º»^I�^Ü-a ùòr hut dfk��6k�d t epdfk t �`w h�i epd�× � lndfe t¯g�h o�d h wyl2q¸d hut q��6k�dS�S�ud h6i d$�;dS�S� t ¼dS� � �`w t kfe µ d hAz q�{�d hut q��6kmep�S� t;i dfk¿õ6dfk � d t�t�gXh o»vy{ h f ′(g(x0))
��e t g′(x0) i df�Ñ�Ãw t kme ¶°¼�6k�{ iygô�xt8z e h	� {x�C�u{ h d hut d h o�dSq��S��kmepd � d h oye8l t4i wx�udfk






∂Φ1

∂x1
(x0) · · · ∂Φ1

∂xn
(x0)��� ���

∂Φp

∂x1
(x0) · · · ∂Φp

∂xn
(x0)




 =






∂f1

∂y1
(g(x0)) · · · ∂f1

∂ym
(g(x0))��� ���

∂fp

∂y1
(g(x0)) · · · ∂fp

∂ym
(g(x0))




 ·






∂g1

∂x1
(x0) · · · ∂g1

∂xn
(x0)��� ���

∂gm

∂x1
(x0) · · · ∂gm

∂xn
(x0)






5;:�ç ? W�VôVX@FP@7�@->�VAê�Ë$VXë
Ø�§ª���S�²§¢�����`���5°��C�H�`�XïC§¢¥�¥¨�` �êa�S��¥²½¨°±¥²¾F§¢ÏKþM�$�`¾S§Á°� �¡�°� ª 

m = n = 1
�

þM�S§
f : [a, b] → R

°±�H¡
[a, b]

½�¥¨�S¥²§ª�*�����ö°±�H¡
(a, b)

��§�À��S�²�S��¾`§¢�`�²É�°��`�$¿Ñ°��H�
�³§¢ÉH¥��S½Y�S§ª�

ξ ∈ (a, b)
Ï*§¢¥
f(b) − f(a) = f ′(ξ)(b− a).

¿Ñ°�½\¡£©³ ª�³�S�����Ó	a�`§¢½²��§¢�` e¾`�S§ª��¥�/���°�½²½Q¡£ÌH�\´³�S¤¦¥¨©³��êa�S��¥¨§¢�³��ñÊ����¤¦¥²§ª©³���S�
f : [a, b] → Rm�`§¢���h°��Ê°± ª©³�³��ëY��½²½²°��³��¡�°� ¢½²ÂÄÃ5§ª½�¥`�

� ZÑ���-÷F�fZ]¹¹Ü-a½�´b-dfepd h a = 0 z b = 2π g�h6i f : [a, b] → R2 iyg kS�S�

f(x) =

[
cos x
sin x

]

o�dpo�d � d h6�F� w huh oye8l t6�mÚ kDwyl8lnd ξ ∈ (0, 2π)

f(b) − f(a) =

[
1
0

]

−
[

1
0

]

=

[
1
0

]

6= 2π

[
− sin ξ
cos ξ

]

= f ′(ξ)(b− a).

·¦¬



ñ�Ì��Ô½²¤Ö°� Á°±�²�3ñÊ���H¤�¥²§ª©³�H�`�ýÏ*�`Ã����`���`��ÇÈ�`�²Ð������S�² ¢§ªÂÄÃ��S�
f : D ⊂ Rn → R

¤Ö°���� ���S�
ïC§�¥²¥¨�S ¢ê �`��¥¨½¨°Ö¥¨¾h§ª��¡£©³ ¢�³�`�H���`�}ØÙ�`§¢½²��´³�S�¨°� ¢ ª�³�SÏi�S§ª���S��¥}ê �`�����`�-,
_?��ZD���}Z�� Ü-að� Ô �¿e t�t dfl Ä dfk t q�w tnµ Õb-dfepd h a gXh6i b µ�Ä dfe Á~gXhA�xt d)dfe h dfk � { h vyd�¶Xd hAz {Rñ�d h d h �àd h o�d D g�h6i f : D ⊂ Rn → Rw gm� D i e ñ�dfk�d h�µ epdfk � wyk �~� w huh oye ��t dSq»w gf�}i df� a gXh6i b vydfk � e h6i d h d h b-dpoy�sd hut dfe hÁ~gXhA�xt ξ = a+ θ(b− a) z q�{ i wxqSq

f(b) − f(a) = f ′(ξ)(b− a)

oye8l tp�
� ��¤p�����ya ¿l§¢��½²¤Ö°� ª°��²�hñÊ����¤¦¥²§ª©³�

Φ : [0, 1] → R
/Ê�H�+.Ê��§¢�`��¥������²ÂÄÃ

Φ(t) := f(a+ t(b− a))

�³�S��ÌH��¥Ñ°±�H¡
[0, 1]

���`�5ÇÈ©³�¨°��H½²½²�-¥¨¾S�����³�S�3���`½lïC§�¥²¥¨�S ¢ê �`��¥¨½¨°Ö¥¨¾`�S½Y¡£Ì��/ñÊ����¤¦¥²§ª©³���S�C�S§ª���S�
�²�S�` ¢ ª�`��ÇÈ�S�¨Ð����H�`�² ¢§ªÂÄÃ��S�-/�ê ©³Éµ�S§j§ª��½�Éµ�S½²©³�H���`���}5�úh�-¥²¥²�`�����`�³�S 87

Φ′(t) =

n∑

i=1

∂f

∂xi
(a+ t(b− a)) (bi − ai)

�³§¢ ¢¥"��ël�H½
Φ(1) − Φ(0) = Φ′(ξ) · 1¡£©³ ¢��¥������5����Ï*§¢¥²¥²�` ¢ÉÊ°��}��§¢��	a�`Ã�°����H¥²������� ♣

5;:�ó èBAéï1@->&@cBCË>XVXWR@FP�PR@C8:CPR@FW�VXH1ECNO@FE
Ý[Z]\}�+^C�+_\���`^üÜ-a ù � epd�× ��� e8l iygXh o f : D ⊂ Rn → R

�Aw � d;�Awyk t epdfl8lnd�× � lndfe t¯g�h o�d hdfk�q t dfk	�¸k iyhugXh o h w��S� xi
e h dfe h dfk £ ��o�d ��g�h o B(x0, ρ)

vy{ h x0 ∈ D � |�¶°enq t epdfk t]i epddfk�q t d�× � lndfe t¯g�h o�vy{ h ∂f

∂xi

e8� Á~gXhA�xt x0 h w��S� xj z q�{}�udfe�� t f µ�Ä dfe8�`wyl"�Awyk t epdfl8l h w��S�
xi z xj

e8� Á~gXhA�xt x0 i e ñ�dfk�d h�µ epdfk � wyk z e h j dfep�S�ud h
∂2f

∂xj∂xi
(x0) :=

(
∂

∂xj

(
∂f

∂xi

))

(x0)

= lim
t→0

1

t

(
∂f

∂xi

(x01, . . . , x0,j−1, x0j + t, x0,j+1, . . . , x0n) − ∂f

∂xi

(x01, . . . , x0n)

)

.

r h6iyg��xt e8v � w huh �`w h w gm�Di epdSq�d�Ð`dfenq�d¸�Awyk t epdfl8lnd1× � lndfe t¯g�h o�d hI� dfl¢epd � eªo��u{��udfkD�¸k iyhug�h odfe h��mÚ ��kSd hAz d t¯Ä w i epd)�Awyk t epdfl8lnd1× � lndfe t�gXh o i kme t�t dfkE�¸k iyhugXh o h w��S� xi z xj z xk
wyl2q

∂3f

∂xk∂xj∂xi
(x0) :=

(
∂

∂xk

(
∂2f

∂xj∂xi

))

(x0).

·³·



� Z]�ÏZ���õ�º»^I�^Ü-a¢èòÖ]� g Ò®oéÒ h6i d t �`w hsi epdUw �f�xÚ k µ d h6i d4b-�S��k�dfe ��Ä dfenq�d gXhut dfk�õ6dfkm¼Ä d h6iyg�h o;q�{�o�d h w huhut dfk�� g l t e8e h6i e µ dSq � |~e h � g l t e8e h6i d�¶Cenq t dfe h n ¼ �Ag �udfl α = (α1, . . . , αn)h ep�S� t�h dpo�w t e8vydfkUo�w h�µ dfk j wx��lnd h αi ≥ 0
��e t |α| :=

∑n
i=1 αi � �Iw h q��S��k�dfe ��t~i w huh

Dαf :=
∂|α|f

∂xα1

1 · · ·∂xαn
n

.

�Ãw h3� d�w��S� t d z�i wxqSq i epdSq�d;b-�S��k�dfe ��Ä dfenq�d hug k;b"e huh �`w��S� t8z�Ä d huh�i epd � e ñ�dfkSd hut e�w t ep{ h qf¼k�dfen�ud h�� {xl¬o�d � dfe h d h |~e h#F~g qSq?w gm�Di wxq�|~k¯o�d ��h enq��Aw t8z wyl2q�{}d t¯Ä w
∂3f

∂x1∂x2∂x1
=

∂3f

∂x2
1∂x2oye8l tp�

_?��ZD���}Z�� Ü-a¢� Ô Ö � × � b-�S� Ä wyk µ Õb-dfepd hIi epd1o�df��enq��S� t d h»µ�Ä dfe t d h �Awyk t epdfl8lnd h × � lndfe t¯g�h o�d h
∂2f

∂xi∂xj

gXh6i ∂2f

∂xj∂xie h dfe h dfk £ ��o�d ��g�h o B(x0, ρ) ⊂ Rn d�¶°enq t d hut¸g�h6i e h x0
q t d t eªo �� w huh enq t1i epd � e ñ�df¼k�d hut e�w t ep{ h qfk�dfen�ud h�� {xl¬o�d]vydfk t w g q��S� � wyk z o�d h w g dfkUoye8l t

∂2f

∂xi∂xj
(x0) =

∂2f

∂xj∂xi
(x0).

� ��¤p�����ya 0��HÏ Ç °±ÂÄÃ�ê �`§¢½ ���`��Ì���¥e�`½8�S§ª����ëYÉ�É�§¢ ª�����H�Ñ´³©³�*¾Sê �`§ÊÇe°���§Á°�É� ¢�`�p¾S�iÉ$�S¥²�¨°�ÂÄÃ��
¥¨�S���Ê®¯�CÒYÏ*�³�`É��H���q´³©³�

(x0, y0)
É$�S¥¨�²°�ÂÄÃ¦¥¨�S�Cê�§ª���H�`�XëY��½²�H�²��ÂÄ¤

W := f(x, y) − f(x, y0) − f(x0, y) + f(x0, y0)

= Φ(x) − Φ(x0)Ï*§¢¥
Φ(x) := f(x, y) − f(x, y0)

/Ê½²©*�Ê°�½�½
W = Φ′(x0 + θ1(x− x0))(x− x0)

=

(
∂f

∂x
(x0 + θ1(x− x0), y) −

∂f

∂x
(x0 + θ1(x− x0), y0)

)

(x− x0)

=
∂2f

∂y∂x
(x0 + θ1(x− x0), y0 + θ2(y − y0))(x− x0)(y − y0)

Ï*§¢¥U0�°�ÃH ª�`�
θ1, θ2 ∈ (0, 1)

�éþM�-¥¨¾-¥YÏi°��
Ψ(y) := f(x, y) − f(x0, y)

/�½�©6¤±°±���
W

°���ÂÄÃ
§ª�<���S�/ñé©��²Ï

W = Ψ(y) − Ψ(y0)

= Ψ′(y0 + θ3(y − y0))(y − y0)

=

(
∂f

∂y
(x, y0 + θ3(y − y0)) −

∂f

∂y
(x0, y0 + θ3(y − y0))

)

(y − y0)

=
∂2f

∂x∂y
(x0 + θ4(x− x0), y0 + θ3(y − y0))(x− x0)(y − y0)

·�¶



¾`�H½¨°�Ï*Ïi�S���³�-¡�°y%�¥�ê �`�²�H�`����®¯�äÒ/Ïi���`É����H�<´�©³�
(x0, y0)

�³§ª �¥Ñ¡£Ì��
x 6= x0

�����
y 6= y0½²©�Ïi§�¥

∂2f

∂y∂x
(x0 + θ1(x− x0), y0 + θ2(y − y0)) =

∂2f

∂x∂y
(x0 + θ4(x− x0), y0 + θ3(y − y0)),

ê ©³�¨°��H½/�H���²ÂÄÃXËh���`��¾SÌ�É$�`�²�³°����6�����<���S�/þ�¥¨�-¥¨§ª��¤��`§�¥����S�/���`Ï*§ª½²ÂÄÃ¦¥²�`�<ëlÉ� ¢�`§�¥¨�������`����§¢�	a�SÃÊ°����H¥²�����6¡£©³ ª�±¥"� ♣

¿Ñ°�½�¡£©³ ¢�³�`�H���]	a�S§ª½²�H§ª�` µ¾`�S§ª��¥�/��Ê°�½�½Y°±�H¡���§ª�Fþ�¥²�S¥²§ª�³¤±�`§¢¥}���`���³�SÏi§¢½²ÂÄÃ¦¥¨�S�C¾-êa�S§¢¥²�`�5�Ê°���¥²§��
�` ¢ ª�S�5ëYÉ� ª�S§¢¥²�����³�S����§ªÂÄÃ¦¥�´³�S�²¾`§¢ÂÄÃ¦¥¨�S¥Yêa�S�²���S�X¤Ö°������
� ZÑ���-÷F�fZ]¹¹Ü-a ù Ð»e8k � d t k�w��S� t d h f : R

2 → R
��e t

f(x1, x2) =







x1x2
x2

1 − x2
2

x2
1 + x2

2

�mÚ k x2
1 + x2

2 6= 0,

0 �mÚ k x2
1 + x2

2 = 0.

� epd1× ��� e8l iyg�h o f : R2 → R
enq t q t d t eªo i e ñ�dfk�d h�µ epdfk � wyk Ô Ä wyk g �HG¯Õ z e h q � dSq�{ h6i dfk�dUoye8l t

∂f

∂x2

(x1, 0) =

{
x1 �mÚ k x1 6= 0,
0 �mÚ k x1 = 0,

∂f

∂x1
(0, x2) =

{
−x2 �mÚ k x2 6= 0,
0 �mÚ k x2 = 0.rf� £ k�q��6k gXh o`�Aw � d h3Ä e8k?w � dfk

∂2f

∂x1∂x2

(0, 0) = lim
h→0

∂f
∂x2

(h, 0) − ∂f
∂x2

(0, 0)

h
= lim

h→0

h

h
= 1

g�h6i
∂2f

∂x2∂x1
(0, 0) = lim

h→0

∂f
∂x1

(0, h) − ∂f
∂x1

(0, 0)

h
= lim

h→0

−h
h

= −1.

� Z]�ÏZ���õ�º»^I�^Ü-a½æòù�d � d h�i d h �uö��udfk�d h �Awyk t epdfl8lnd h × � lndfe t¯g�h o�d hÓ� w huh �`w h w g �S�i d h û�dpoykme ñ i dfkI�uö��udfk�d h × � lndfe t�g�h o wyl2qß� g l t e8l¢e h d�wyk�d¿× ��� e8l iygXh o Ô l¢e h d�wykße h#© d i dfkõuwykme�w � lnd h Õ i d·Ò h epdfk�d h6� |4e h ��e h k�dfep�S�ud h6i dSq � kme t dfkme g � �mÚ k i epdJI � e ñ�dfkSd h�µ epdfk � wyk � dfe t I
k
¼ t dfk0�¸k iyhug�h osvy{ h f e h x0

enq t)i w huh�i epd]|�¶°enq t d h�µ wyl8lndfk¸�Awyk t epdfl8lndfk1× � lndfe t¯g�h o�d hIi dfk�¸k iyhugXh o k e h�£ ��o�d ��gXh o�vy{ h x0 g�h6iDi epdéb t d t eªo � dfe tFi dfk��Awyk t epdfl8lnd h × � lndfe t�g�h o�d h k ¼ t dfk�¸k iyhugXh o�e h x0 � r h q � dSq�{ h6i dfk�d)enq t�i epd k ¼��`wyl�q t d t eªo�d � e ñ�dfk�d h�µ epdfk � wyk � dfe t6µ�g k)|$¶°enq t d h�µq t d t eªo�dfk¸�Awyk t epdfl8lndfkU× � lndfe t�g�h o�d hIi dfkE�¸k iyhug�h o k ��K g e8vxwylnd hutp�
Ý[Z]\}�+^C�+_\���`^üÜ-a¢è´b-dfepd h D ⊂ Rn {Rñ�d hÃg�h6i f : D → R

w gf� D k
¼��`wyl i e ñ�dfk�d h ¼µ epdfk � wyk gXh6isi epd k ¼ t d h × � lndfe t�gXh o�d h w gf� D q t d t eªo ��� w huh �udfe�� t f w gm� D k
¼��`wyl q t d t eªoi e ñ�dfk�d h�µ epdfk � wyk �-� epdC��d h o�dDwyl8lndfk�w gm� D k

¼��`wyl q t d t eªo i e ñ�dfk�d h�µ epdfk � wyk�d h� ¡gXhA�xt ep{ h d hÄ e8k i ��e t Ck(D) z)i epd���d h o�d�wyl8lndfk?w gf� D � dfl¢epd � eªo�{ �mt;i e ñ�dfk�d h�µ epdfk � wyk�d h¿ ¡gXhA�xt ep{ h d h��e t C∞(D) � d µ dfep�S� h d tp�
·¦Æ
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0�§ª�S ³§ª½�¥���§ª�1ÇÈ�S�¨°� ¢ ª�³�SÏi�S§ª���S�²�������H�`�c��°"Ú� ª©��²½²ÂÄÃH�`�qñÊ©³��Ïi�S �¡£Ì���ñÊ����¤¦¥¨§¢©³���`�F�`§¢���`�c���`�` ¢ ª�S�
ÇÈ�`�²Ð������S�² ¢§ªÂÄÃ��S�ý°��H¡Ñ���`� ñé°� ¢ �½²¤Ö°� ª°��²�S�iñÊ���H¤�¥²§ª©³�H�`�

f : D ⊂ Rn → R
� þM�`§

D ⊂
Rn ©�Àµ�`� �H��� ¤�©³�¦´��-ó����H�

f ∈ Cn(D)
�}¿Ñ°±��� �³�`��Ì��±¥���§ª�XñÊ����¤¦¥¨§¢©³�ý�`§¢���`�i�²�S ª ª�S�

ÇÈ�`�²Ð������S�² ¢§ªÂÄÃ��S�
Φ
Ïi§�¥

Φ(t) := f(x0 + th), t ∈ R, |t| < δ

���S� ÇÈ©³�²°���½�½²�S¥²¾`���H�³�`� �H�`�h��°"Ú� ª©��²½²ÂÄÃH�`� ñÊ©³��Ïi�S 1°���½hëYÉ�½²ÂÄÃ��H§¢¥²¥QÅH�ÍM�jñ�ÌH�F�S§ª���6¤±©³Ï6�
�Ê°�¤¦¥²�Qþ�ÂÄÃ��²�S§ªÉ¦êa�S§ª½��\¡£Ì�Ã����`�<ê�§ª�����S�5¡£©��²Ïi°� ª�S��¿l§¢Àµ�`���`�¦¥¨§ª°� ª©��µ�S�¨°±¥²©³��Þ Ç °�É� ª°AÞH�H���²ÂÄÃ

∇ :=

(
∂

∂x1
, . . . ,

∂

∂xn

)

�`§¢���M¿l§ª�YëlÉ� ¢�`§¢¥²�����³�S�i´�©³�
Φ
Éµ�S½�¥¨§¢ÏiÏ*�`�i½²§¢ÂÄÃ��Ê°�ÂÄÃ����S��ú��S¥�¥¨�`�H�²�`���` ���°�����ê�§ª�/¡£©³ ª�±¥�,

Φ′(t) =

n∑

i=1

∂f

∂xi
(x0 + th) hi = (h · ∇f)(x0 + th)

Φ′′(t) =
n∑

i1,i2=1

∂2f

∂xi1∂xi2

(x0 + th) hi1hi2 = ((h · ∇)2f)(x0 + th).

¼Y§¢�`�}ê��������h¡£©³�²Ïi°� ��H§ª�FþMÂÄÃ����`§¢É�ê �`§¢½²�

h · ∇ = h1
∂

∂x1
+ · · ·+ hn

∂

∂xn½²©�ê�§¢�

(h · ∇)2 =

(

h1
∂

∂x1

+ · · ·+ hn
∂

∂xn

)(

h1
∂

∂x1

+ · · · + hn
∂

∂xn

)

= h2
1

∂2

∂x2
1

+ h1h2
∂2

∂x1∂x2

+ · · · + h2h1
∂2

∂x2∂x1

+ · · ·+ h2
n

∂2

∂x2
n

=

n∑

i1,i2=1

hi1hi2

∂2

∂xi1∂xi2

´³�S��ê �`���H�S¥"�µñ�Ì�����§¢�
k
� ¥¨��ëlÉH ª�`§�¥¨���H�q�`�²Ã�Ð� ¢¥�Ïi°��

Φ(k)(t) =
n∑

i1,...,ik=1

hi1 . . . hik

∂kf

∂xi1 . . . ∂xik

(x0 + th)

=
(
(h · ∇)kf

)
(x0 + th).

·³º



ël�H½²�³�SÃ��`���3´�©³�X�H�`�l��°"Ú� ª©³��½²ÂÄÃ��S�öñÊ©³�²Ï*�` jÏ*§¢¥/���`½�¥¨�³ ¢§ª�`�H�Ê°��²½�¥¨�S ª ª�H���6�Ê°�ÂÄÃöòc°��³�²°����³�
�`��ÃÊ°� �¥¨�`��ê�§¢�

Φ(1) =
∑

ν=0k−1

Φ(ν)(0)

ν!
+

Φ(k)(θ)

k!
, θ ∈ (0, 1),

�����5�`§¢���³�S½²�S¥²¾S¥

f(x0 + h) =

k−1∑

ν=1

1

ν!
((h · ∇)νf) (x) +

1

k!

(
(h · ∇)kf

)
(x0 + θh), θ ∈ (0, 1).

þM©³Ï*§¢¥}�³§ª �¥}���S��¡£©� ª�³�S�����FþH°±¥²¾
_?��ZD���}Z�� Ü-a¢Ü Ô � wyøxln{xk�q��S�ud   {xkf�sdfl Õb-dfepd h D ⊂ Rn {Rñ�d h¿g�h6i`� { h vyd�¶ ��� w huh oye8l t6�mÚ k f ∈ Ck(D) gXh6i x0, x0 + h ∈ D

f(x0 + h) =

k−1∑

ν=1

1

ν!
((h · ∇)νf) (x) +

1

k!

(
(h · ∇)kf

)
(x0 + θh), θ ∈ (0, 1).

� ZÑ���-÷F�fZ]¹¹Ü-a¢è Ð»e8k � dSq t e8���sd hßi wxq � wyø¨ln{xk��u{xl¢ø h {x�Íý �;Â k�w i dSq�vy{ h f : R2 → R��e t f(x, y) = ex cos y
w hIi dfk]b t dfl8lnd (0, 0) � Ð»e8k��Aw � d h

f(x, y) =
∂f

∂x
(x, y) =

∂2f

∂x2
(x, y) = ex cos y,

∂f

∂y
(x, y) =

∂2f

∂x∂y
(x, y) = −ex sin y

g�h6i
∂2f

∂y2
(x, y) = −ex cos y.

|~e h q�d tðµ d hÓi dfkO| hut�Ä ep� � l g�h oxqSq t dfl8lnd (x0, y0) = (0, 0)
dfk¯oye ��ty�mÚ k x = x0+h1 y = y0+h2q��S��l¢epd���l¢ep�S�

ex cos y ≈ 1 + x+
1

2
(x2 − y2).

5;:�� Q²YT®ËOP�@R<TS4VX>A@M�U7à@->�VôVAï1@FY>&WR@
Ý[Z]\}�+^C�+_\���`^üÜ-a½æ

f : D ⊂ Rn → R
�Aw t e h x0 ∈ D

dfe h ln{ � wylndSq[�¿e h e8� g �Ô ln{ � wylndSq��Ãw�¶°e8� g �CÕ zÄ d huh e h dfe h dfk £ ��o�d ��gXh o U(x0)

f(x) ≥ f(x0) (f(x) ≤ f(x0)).

·¦Í



_?��ZD���}Z�� Ü-a���ô Ô ùD{ t�Ä d h6i eªo�d�û�d i e h o g�h o�d hD�mÚ k�|$¶ t k�df�`wfÕb-dfepd h x0
dfe h ln{ � wylndSq�|�¶ t k�df�`w i dfk]× ��� e8l iyg�h o f gXh6i f �Aw � dDe h x0

dfe h d��)ep�S� t¯g�h oxqf¼w � lndfe t�gXh ose h �;ep�S� t�gXh osvy{ h l = (l1, . . . , ln) z ‖l‖ = 1 ��� w huh vydfkSq��S� Ä e h6i d t4i epd]�;ep�S��¼t�gXh oxq�w � lndfe t�gXh o`e8� Á4g�hA�xt x0
e h �;ep�S� t�gXh osvy{ h l z4i�� � �

∂f

∂l
(x0) = 0.

� ��¤p�����ya Ø�§ª��É$�S¥²�¨°�ÂÄÃ¦¥¨�S�3�����/���`�öñé°� ¢ ��`§¢���`½/ ª©�¤±°± ª�`�CïC§¢��§ªÏQ��Ïi½S�Ê¿l�S�l¿l§�À��S�²�S��¾`�S�M�§���©�¥²§ª�`�¦¥/§ª�<��§ªÂÄÃ¦¥²�����6´³©³�
l

f(x01 + tl1, . . . , x0n + tln) − f(x01, . . . , x0n)

t§ª½�¥�¡£Ì��
t > 0

��§ªÂÄÃ¦¥¨�H�`�¦°±¥²§¢´F�����p¡£ÌH�
t < 0

��§ªÂÄÃ¦¥8�$©³½�§¢¥¨§�´$�±¿Y���²ÂÄÃiË��²�`�H¾`Ì�É$�`���¦°����
t→ 0¡£©³ ¢��¥���§¢��	a�`ÃÊ°±���H¥¨�H����� ♣

� Z]�ÏZ���õ�º»^I�^Ü-að� |�¶°enq t epdfk t grad f
e8� Á~gXhA�xt x0 z q�{¿enq t e8�   wyl8lnd�dfe h dSq�|�¶°¼t kSdf� g � e h x0

w g �S� (grad f)(x0) = 0 �é� epd�b g �S�ud h w��S�RI�d�¶ t k�df� Ä dfk t vydfk i ���S� t eªo�d h IÁ~gXhA�xt d h x0 = (x01, . . . , x0n) �mÚ ��k t q�{x��e t w gm� dfe h Ô e8� wyl8l¬o�df�sdfe h d h Õ h ep�S� t l¢e h d�wyk�dSqÂ lndfep�S� g�h oxqSqføâq t df� i dfk   {xkm�
∂f

∂x1
(x01, . . . , x0n) = 0

��� ���
∂f

∂xn
(x01, . . . , x0n) = 0

_?��ZD���}Z�� Ü-a��é� Ô Ö�e h k�dfep�S�ud h6i dCûCd i e h o gXh o�d h��mÚ k�dfe h |�¶ t k�df�`wfÕb-dfepd h f ∈ C2(B(x0, ρ)) z (grad f)(x0) = 0 g�h6i[i epd�Ö�dSqSq�df¼p�Iw t kme ¶}e h x0










∂2f

∂x2
1

(x0) . . .
∂2f

∂x1∂xn
(x0)

��� ���
∂2f

∂xn∂x1

(x0) . . .
∂2f

∂x2
n

(x0)










�u{�qfe t e8v i d·Ò h e t Ô h dpo�w t e8v i d·Ò h e t Õ z~i�� � � dSq1oye ��t dfe h d � { h q t w hut d γ > 0

n∑

i,j=1

hihj
∂2f

∂xi∂xj

(x0) ≥ γ‖h‖2 (≤ −γ‖h‖2).

� w huh �Aw t f e h x0
dfe h ln{ � wylndSq��¿e h e8� g � Ô ln{ � wylndSq��Ãw�¶°e8� g �CÕ �

·³�



� ��¤p�����ya ëY��ê �`�H�������i���`����°�Ú� ¢©³�²½�ÂÄÃ��`�Xñé©��²Ï*�` �Ï*§¢¥
(grad f)(x0) = 0

�`�²��§ªÉH¥

f(x0 + h) = f(x0) +
1

2
(h · ∇)2f(x0 + θh)

= f(x0) +
1

2

n∑

i,j=1

hihj
∂2f

∂xi∂xj
(x0) +R,

ê ©³Éµ�S§j��§ª��ëYÉ�¤�Ì��²¾S�����
R
¡£Ì��

R :=
1

2

n∑

i,j=1

(
∂2f

∂xi∂xj
(x0 + θh) − ∂2f

∂xi∂xj
(x0)

)

hihj

½�¥²�`Ã¦¥"� ël��½Ô���`��¾-êa�S§ªÏi°� /½�¥¨�-¥¨§¢�³�`� ¿Y§¢Àµ�`�²�S��¾`§¢�`��ÉÊ°��²¤±�`§�¥Ô´³©��
f
§ª�
x0

¡£©� ª��¥�/8�Ê°�½²½Ô¾`�±��`�H�`Ï
ε > 0

�`§ª�
δ(ε) > 0

�-óM§ª½�¥¨§ª�S��¥�/�½²©*�Ê°�½�½�¡£ÌH��°� ª ¢�
h ∈ Rn / ‖h‖ < δ(ε)

∣
∣
∣
∣

∂2f

∂xi∂xj
(x0 + θh) − ∂2f

∂xi∂xj
(x0)

∣
∣
∣
∣
< ε, i, j = 1, . . . , n.

þM©³Ï*§¢¥}¤±°±���
R
§ª�<���S�/ñé©��²Ï

|R| ≤ ε

2

∑

i,j=1

hihj =
ε

2

(
n∑

i=1

hi

)2

≤ εn

2

n∑

i=1

h2
i =

εn

2
‖h‖2

°�É����`½²ÂÄÃ�Ð±¥¨¾-¥�ê �`�²�H�`���ÖØ�§ª�cê}Ð�ÃH ª�`�
ε
�³�`��Ì����`���q¤� ª�S§ª�-/�½�©l�Ê°±½²½

εn < γ
§ª½�¥������\�`��ÃÊ°� ¢¥²�`�

¡£Ì������S�Ã0��¦êa°�ÂÄÃ�½

f(x0 + h) − f(x0) =
1

2
(h · ∇)2f(x0) +R

≥ γ

2
‖h‖2 − εn

2
‖h‖2

≥ γ − εn

2
‖h‖2 > 0

¡£Ì��
h 6= 0

/Hêa°�½/¾`�5Éµ�-ê�§ª�`½��`�<ê}°±�`� ♣
� Z]�ÏZ���õ�º»^I�^Ü-a¢� � epd�õ6{xk�w g qSq�d tðµ�g�h o i dfk1b t d t eªo � dfe t~i dfk µ�Ä dfe t d h × � lndfe t¯g�h o�d hqfep�S�udfk t¡h w��S� i df�Ïb w tðµ vy{ h b-�S� Ä wyk µUi epdéb"øx���sd t kmepd i dfkéÖ�dSqSq�df�`w t kfe ¶ � Ð[e8kUdfkme huh dfk hi wyk�w hAz4i wxqSq�dfe h d�kSdSdfl8l Ä dfk t eªo�d z qfø¨���sd t kmenq��S�ud]�Iw t kme ¶Óo�d h w g¿i w huh �u{�qfe t e8v Ô h dpo�w t e8v�Õi d·Ò h e t enq t·zéÄ d huh wyl8lnd�en��k�d]|4eªo�d huÄ dfk t d¸�u{�qfe t e8v Ô h dpo�w t e8v�Õ?qfe h6i��
� ZÑ���-÷F�fZ]¹¹Ü-a½æ  OÚ k i epd`vy{ hái d hßÁ wyk�wy�sd t dfk h a, b ∈ R

w � �A� h oyeªo�d  -g�hA�xt ep{ h f :
R2 → R z o�dpo�d � d hIiyg k��S�

f(x, y) = x2 − xy + y2 − 3ax− 3by

·³Å



� dSq t e8���sdC�`w h wyl8lndCln{ � wylnd h |�¶ t k�df�`w � j g�h ���S��q t �Aw � d h�Ä e8k � {xl¬o�d h6i dO�Awyk t epdfl8lnd)× � lndfe8¼t�gXh o�d h dfk�q t dfk0�¸k iyhug�h o
∂f

∂x
= 2x− y − 3a,

∂f

∂y
= −x + 2y − 3b

g�h6i[i epd¸�Awyk t epdfl8lnd h × � lndfe t�g�h o�d h ý � �¸k iyhugXh o
∂2f

∂x2
= 2,

∂2f

∂x∂y
= −1,

∂2f

∂y2
= 2.

b-d tnµ�t �`w hIi epd?dfkSq t d h �Awyk t epdfl8lnd h × � lndfe t¯g�h o�d h ù g l8l z q�{[dfk��A�yl t �`w h wyl2qVI�d�¶ t kSdf� Ä dfk t ¼vydfk i ���S� t eªo�d h�Á4g�hA�xt I (x0, y0) = (2a+ b, a + 2b) ��� epd�Ö�dSqSq�df¼p�Iw t kme ¶}e h (x0, y0)
enq t

[
2 −1
−1 2

]

g�h6i �Aw tUi epd�|~eªo�d huÄ dfk t d λ1 = 3 z λ2 = 1 � b"epd²enq t wyl2q�{��u{�qfe t e8v i d·Ò h e tp�$� wy��e t �Aw t fe h (x0, y0)
dfe h ln{ � wylndSq��3e h e8� g � �

5;:¯9 !W� TO@Fï1>AË�(�WRPRJCH1ECNO@FE
Ý[Z]\}�+^C�+_\���`^üÜ-að�òb-dfepd h D ⊂ R

n g�h6i W ⊂ R
m {Rñ�d h d��àd h o�d h�gXh6i f : D →

W
dfe h d`q t d t eªo i e ñ�dfkSd h�µ epdfk � wyk�d?× ��� e8l iyg�h o �¸� w huh �udfe�� t f : D → W i e ñ�dS{x�s{xk��u�{ i dfk�dfe h[� e ñ�dS{x�s{xk��u��enqf� g q z�Ä d huh dSq�dfe h d i e ñ�dfkSd h�µ epdfk � wyk�d £ � � dS��k�w ��� e8l iyg�h o f−1 :

W → D
oye ��t8z4i�� � � f enq t4� e © d �xt e8v gXh6i f−1 enq t¸i e ñ�dfk�d h�µ epdfk � wyk �

	a�S¾`�`§¢ÂÄÃ����S�Cê�§ª�
y = f(x)

/�½�©i�S�²ÃÊ°± ¢¥¨�S��ê�§ª��������ÂÄÃ3¿l§�À��S�²�S��¥²§Á°±¥²§ª©³��´�©³�
x = f−1(f(x))

�����
y = f(f−1(y))

��§¢��	a�`¾S§ª�`Ã����H�³�`�
(f−1)′(f(x)) ◦ f ′(x) = idRn

f ′(f−1(y)) ◦ (f−1)′(y) = idRm

ê ©³Éµ�S§
idRn

���H�
idRm

��§¢�a§¢���`�¦¥¨§¢½²ÂÄÃ��S�6ëlÉ�É�§¢ ª���H���³�`�q§¢�
Rn É�¾-êh� Rm Éµ�S¾`�S§ªÂÄÃ����S���³ëY��½

���S�\ ¢§ª���`°��²�qëY ª�³�SÉ��¨°�ê�§ª½�½²�`�Ùê�§ª�hÉµ�S�²�S§¢¥¨½+/c�Ê°�½²½F��§¢�`½F���H�\�³�S ¢¥²�`� ¤±°±���-/jêa�S���
n = m�����

det(f ′(x0)) 6= 0
§ª½�¥"�ÊñÊ�S�²���S�/§¢½�¥

(
f−1
)′

= [f ′]
−1 ◦ f−1

Ï*§¢¥����S�Y§¢��´��`��½²�`� ïC°±¥¨��§�ó
[f ′]−1 �µþM§ª�H�C�����ö°± ª½²© f �S§ª��� Ck �¯ëYÉ�É�§¢ ª�����H�i���H� f−1 �`§ª�H�

Cl � ëlÉ�É�§¢ ª���H����Ïi§�¥ 1 ≤ l < k
/j½²©<¡£©³ ª��¥Ñ�����²ÂÄÃä¿l§¢Àµ�`���`�¦¥¨§ª°±¥¨§¢©³�-/µ�Ê°�½²½

f−1 �`§ª�H� Cl+1 �ëlÉHÉ�§ª ¢�������&/H§ª�����H¤�¥²§¢´�°� ª½�©q�`§ª�H� Ck � ëlÉ�É�§¢ ª���H���q§ª½�¥"�

¶¦î



þM�S§
f : D → W

½�¥²�S¥¨§¢�i�H§¢Àµ�`�²�S��¾`§¢�`��ÉÊ°���/Ê½����·±��S¤¦¥¨§¢´<�H���
f ′(x) 6= 0

¡£Ì��l°± ª ª�
x ∈ D

�Ê®¯½�¥
�Ê°��H�

f
��§�À��S©³Ï*©³�²��Ãu¥h®¯ÏKñé°� ¢ µ�S§ª�H�`��ñÊ����¤¦¥¨§¢©³�<�`§¢���`�����`�` ¢ ª�S��ÇÈ�`�¨Ð±�����`�� ª§¢ÂÄÃ��`�<§ª½�¥���§ª�S½

½²©A/����S���6°���½
f ′(x) 6= 0

¡£©³ ¢��¥u±²°lÉµ�S�²�S§¢¥¨½���§ª� ½�¥²�²�`�H�³�/ïC©³��©±¥¨©³��§¢�y/Ö°� ¢½²©Ñ��§¢�a®¯�x±��S¤¦¥¨§¢´�§�¥ÄÐ±¥`�
ëlÉ$�`��§¢ÏÛñé°� ª 

n > 1
§ª½�¥���§ª�S½���§ªÂÄÃ¦¥/½²©&/�ê�§¢���Ê°�½�¡£©³ ¢�³�`���H��	a�`§¢½²��§¢�` �¾S�`§ª�±¥"�

� ZÑ���-÷F�fZ]¹¹Ü-að� Ô Á {xlªwyk � {�{xk i e h w t d h Õû�d t k�w��S� t d hIi epdU× ��� e8l iygXh o f : R+ × R → R2\{0} ��e t4i dfk j g {xk iyhugXh oxqfvy{xk�q��S��kme �mt
(r, ϕ) 7→ r(cosϕ, sinϕ).

� epd]³Aw��S{ � e8¼p�Ãw t kme ¶ [
cosϕ −r sinϕ
sinϕ r cosϕ

]

�Aw t¡i epd � d t dfkm��e h w hut d r 6= 0 z¡i d huh {��S��enq t f h ep�S� t e h�© d �xt e8v z6i d huh²Ä e8k$�Aw � d h f(r, ϕ) =
f(r, ϕ+ 2π) �
	a�S½�¥¨�S�H¡�°� ¢ ª½�¤�ð������`�5ê�§ª��°� ¢½²©6������ ª©³¤Ö°� ¢�l®¯�¦´³�S��¥²§ª�`��ÉÊ°���¤��`§�¥l�S��êa°���¥²�`���
Ý[Z]\}�+^C�+_\���`^üÜ-a¢�¾|4e h d Ck ¼�× ��� e8l iygXh o f : D → W

�udfe�� t ln{ � wyl g � x0 ∈ De h vydfk t epdfk � wyk z�Ä d huh dSq]{Rñ�d h d £ ��o�d ��gXh o�d h D1
vy{ h x0 g�h6i W1

vy{ h y0 = f(x0)
oye ��t8zq�{ i wxqSq i epd�|~e h q��S��k�� hA�xg�h o

f
∣
∣
D1

: D1 →W1e h vydfk t epdfk � wyk]enq tp�
_?��ZD���}Z�� Ü-a���ç Ô b w tðµDÚA� dfk i epd £ � � dS��k �mg�hA�xt ep{ h Õb-dfepd h D gXh6i W {Rñ�d h e h Rn z q�dfe x0 ∈ D g�h6i f : D → W

dfe h d Ck ¼�× ��� e8l iyg�h o �� w huh enq t f o�d h w g�i w huh ln{ � wyl g � x0
e h vydfk t epdfk � wyk zDÄ d huhci epd � d t dfkm��e h w hut d i dfk³Aw��S{ � e8¼p�Iw t kme ¶ h ep�S� t vydfk�q��S� Ä e h6i d t��-� epd�ln{ � wylnd £ � � dS��k gXh o f−1 enq t4i w huh w g �S�¿dfe h d

Ck ¼�× ��� e8l iygXh o �
� ��¤p�����ya Ç °�ÂÄÃä���S�ä©³ÉH§ª�³�S�ß	a�SÏi�S�²¤��������`�ä���`��Ì���¥\�`½+/��H�`� ñé°� ¢ 

k = 1
¾`�ÙÉµ�-¥¨�²°�ÂÄÃM�

¥¨�S���$¿l�`�1	a�-êa�S§ª½lÉ�°�½²§¢�`��¥Y°��M¡8�`§¢�C ¢©³¤Ö°� ª�S½�ñ�§�óM�����H¤�¥¨°��²����Ïi�S�¦¥"�é®¯�XÒ/Ïi���`É����H�i´³©��
x0É$�S¥¨�²°�ÂÄÃ¦¥¨�S�Cê�§ª���H§ª��ëlÉHÉ�§ª ¢�������

Φ(x) := x− [f ′(x)]
−1 ◦ (f(x) − y) .

ØÙ�`�³�S�i���S�eþ�¥¨�-¥¨§¢�³¤��S§¢¥8´³©��
f ′ �H���6���`�È®¯�¦´³�S��¥¨§¢�`��ÉÊ°��²¤±�`§�¥ §¢� x0

/³§ª½�¥È§ª�q�S§ª���S�ÈÒYÏ*�³�`É��H���
´³©��

x0
°���ÂÄÃ

f ′ §¢��´��`��¥¨§ª�S�²ÉÊ°±�q�����û�Ê°�Ï*§¢¥ Φ
§ª� �S§ª���S�6ÒYÏ*�³�`ÉH�����3´³©��

x0
���+.���§ª�S��¥"�

Ø�Ð�Ã� �¥�ÏÔ°±�5�S§ª���F°�ÉH�³�`½�ÂÄÃ� ª©³½�½²�\ú����³�` 
A = B(x0, r) ⊂ Rn Ï*§¢¥�Ã�§¢���²�S§ªÂÄÃ��S���5¤� ¢�`§¢���`Ï�/°���§ª�H½�/�½�©i§¢½�¥

Φ : A→ A
�S§ª���h¤�©���¥²�¨°�¤¦¥²§¢´³�FëlÉHÉ�§ª ¢�������p´�©³�

A
§¢�5½�§ªÂÄÃ�� ♣

¶��



XZY [ /�|�zQ{�t<�Stqxc{)(F|�vFw-{

<M\;:�< ]cHU>AÌO@FEÍHCECJ^]cHU>AÌO@FE1êôV6�CîXTO@
0�§ª�S é���`½�ëYÉ�½²ÂÄÃ��H§¢¥²¥²�`½�§¢½�¥ ��§ª�lÎÈ�²Ð�¾`§¢½²§¢�`�²�H���p���S½)	a�`���²§¢Àµ�`½CÞ¸¤��²�HÏiÏ*�yÞ�òj§ª��§¢�YÉH¾Sêh�u	}°±Ã��
�`§¢���`½����`§¢ ªÂÄÃ��S��½`�
Ý[Z]\}�+^C�+_\���`^ ��ôFaø�cb-dfe

I = [a, b] g�h6i α : I → Rd q t d t eªo �$� w huh �udfe��Od h α Ð`dpoe8�
Rd z α(a)

× h�� w h oxq�� gXhA�xt8z α(b)
| h6i � gXhA�xt�g�h6i�i wxq)û;e8l i α([a, b])

b°� g k i dSqsÐ`dpo�dSq �
ïX°��ÿ½�¥²�` ª �¥6 ª�S§ªÂÄÃ¦¥6¡£�`½�¥�/È�Ê°�½²½*´³�S�²½²ÂÄÃH§ª�`�H�`���XØÙ�`���C��§¢�<�³ ª�S§ªÂÄÃ��CþM���H�iÃÊ°±Éµ�S�ÿ¤±ð³�����S���
ïC§�¥����SÏ 	a�S�³�²§�À ú�����´³�3´��`�²ÉH§ª�����-¥<ÏÔ°±�ýÏi�SÃ��Ô�H§ª�öþ��������S§ª���S½�Øä�S�³�`½+/a§ª����§ª�S½²�`Ï
þM§¢�����5½²©³ ¢ ª�`� ¾Sê �`§/Øä�S�³�XÏ*§¢¥6�� ª�`§¢ÂÄÃ��`�ÔþM���H�Ô��§¢�5�� ª�`§¢ÂÄÃ��Cúh�H��´³�CÉµ�S¾`�S§ªÂÄÃ����S���}¿Y§ª�`½��
®¯���S��¥²§½.Ê¤Ö°±¥²§ª©³�ö½�©³ ª �°�É$�`�Ñ��§¢ÂÄÃ¦¥h½²©�êa�S§¢¥h�³�SÃ��`�¡/��Ê°�½�½F�H�`�h¿l����ÂÄÃ� Á°±�H¡£�����³½�½²§¢���%©M���S�Ñ��§¢�
ël�H¾"°�Ã� j�H�`�/¿l����ÂÄÃ� ÁÐ��M¡£�F�H§ªÂÄÃ¦¥/Ïi�SÃ����`��¤��`�H��É�°��Yê �`�����`���
Ý[Z]\}�+^C�+_\���`^ ��ôFaªç j Ä dfe[Ð`dpo�d α : [a, b] → Rd g�h6i β : [c, d] → Rd �udfe��d h��K g e8vxwylnd hut·z6Ä d huh dSq)dfe h dq t k�d h oC�s{ h { t { h�Ä w��S��q�d h6i d z q t d t eªo�d× ��� e8l iyg�h o Φ : [a, b] →
[c, d]

oye ��t8z q�{ i wxqSq Φ(a) = c z Φ(b) = d gXh6i
α(t) = β(Φ(t))

oye8l tp�
¿l§¢�X�`§¢���³�-¡£Ì�Ã���¥²�ö���` Á°Ö¥¨§ª©���§ª½�¥����+Ê�IóH§�´6/a½�Ú�Ï*Ïi�-¥¨��§ª½²ÂÄÃ �H���ý¥¨�²°���½²§�¥¨§�´ /eÉ$�`½�¥²§ªÏ*ÏQ¥Ô°� ��
½²©Ù�`§¢���5úh ª°�½²½��`���S§ª�¦¥¨�S§ª ¢�����%§ª�û���S��ïC�S���³�X°� ª ¢�`�QØÙ�`�³�±�eìÈ§¢���»¦)§���§¢´±°� ¢�`��¾S¤� ª°�½²½��5´�©³�
ØÙ�`�³�S�XÃ��S§n%�¥D5£½�¥¨�-¥¨§¢�³��7�ú�����´�����ïX°��5���`�H��¥O±��`���S�3���`���²Ð�½²�S�¦¥Ä°��¦¥¨�S�3�`§¢���`�/ú�����´³�F�`§ª�H�
¿Ñ°���½�¥²�` ª ¢�����p�H�`��ú�����´³��©����`�a°���ÂÄÃ<�`§¢���ÑÎ�°��¨°�Ï*�S¥²�²§¢½²§ª�S�²���H�Q���S��ú�����´�����®¯Ïn¡£©³ ª���`�����S�
É$�S¥¨�²°�ÂÄÃ¦¥¨�S�Cê�§ª��ú�����´³�S�XÏ*§¢¥}½�¥¨�-¥¨§ª�6��§�À��S�²�S��¾`§¢�`�²É�°��²�S�YÎ�°��¨°±Ïi�-¥¨�²§¢½²§¢�`�²�H�����
Ý[Z]\}�+^C�+_\���`^ ��ôFan�¾|~e h d C1 ¼ ��g kmvyd α : I → R

d �udfe�� t w gm� I ⊂ R
k�dpo g lª�yk z-� wyl8l2q

i dfk � w h o�d hut d h vyd �xt {xk •
α (t)

w h�� dfe h dfk�b t dfl8lnd t ∈ I
vydfk�q��S� Ä e h6i d tp�

� ZÑ���-÷F�fZ]¹Ó��ôFa�� Ô ×CkS�S��e8�sd i enq��S�ud1b°�6e8k�wylnd z vfoyl � × �������`_y��� Õb-dfe �mÚ k t > 0
dfe h d Á wyk�wy�sd t kmenqfepdfk gXh o iyg k��S�

t 7→ α(t) :=

(
t cos t
t sin t

)

o�dpo�d � d h6� Ð`dpo�d h
‖ •
α (t)‖ =

√

(cos t− t sin t)2 + (sin t+ t cos t)2 =
√

1 + t2 6= 0

enq t4i epd1×Ck��S��e8�sd i enq��S�ud�b°�6e8k�wylndDw gm� (0,∞)
k�dpo g lª�yk �

¶�¬
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ëlÉHÉ�§ª ¢������� ��îH���°,�¿Ñ°���½�¥¨�S ª ¢�����5���`�\ël�²ÂÄÃH§ªÏ*�`��§¢½²ÂÄÃ��S�ûþM��§¢�¨°� ¢�i°±��½?	 ½²���e��îH���ÔÏ*§¢¥
t ∈

[0;
9π

2
]
�

� ZÑ���-÷F�fZ]¹Ó��ôFa¢ç Ô b-�S��k�w gA� d h l¢e h epd z vfoyl � × �����a�`_y� ý�Õb-dfe �mÚ k t ∈ R
dfe h d Á wyk�wy�sd t kmenqfepdfk g�h o iyg k��S�

t 7→ α(t) =





r cos t
r sin t
ht





o�dpo�d � d h6� Ð`dpo�d h
‖ •
α (t)‖ =

√
r2 + h2 > 0enq t4i epd]b-�S��k�w g&� d h l¢e h epd�w gf� (−∞,+∞)

k�dpo g lª�yk �
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ëlÉHÉ�§ª ¢�������5��îH�¬X,$¿Ñ°���½�¥¨�S ª ¢�����Ô�H�`��þ�ÂÄÃ��¨°��HÉµ�S�� ª§¢��§ª�\°���½C	a½²������îH�¬*Ï*§¢¥
t ∈ [−10; 10]

/
�cbh¬p�����5Ãdb�·H�

¶¦·



� ZÑ���-÷F�fZ]¹Ó��ôFa½� Ô j ø � ln{xe i d z vfoyl � × �����a�`_y�e� Õb-dfe �mÚ k t ∈ R
dfe h d Á wyk�wy�sd t kmenqfepdfk g�h o iyg k��S�

t 7→ α(t) =

(
t− sin t
1 − cos t

)

o�dpo�d � d h6� Ð`dpo�d h
‖ •
α (t)‖ =

√

1 − 2 cos t + cos2 t + sin2 t =
√

2(1 − cos t) = 2| sin t

2
|

enq t4i epd j ø � ln{xe i d �mÚ k t = 2kπ z k = 0,±1,±2, . . .
Ô £ � � dS��k�� g�hA�xt d�Õ h ep�S� t k�dpo g lª�yk �
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ëlÉ�É�§¢ ª���H���<��îH�¸·A,Ê¿Ñ°���½�¥²�` ª ¢�����q���S�10µÚM¤� ¢©³§ª���h°±��½U	a½²���j�"îH�·qÏ*§¢¥
t ∈ [−6π; 6π].

Ý[Z]\}�+^C�+_\���`^ ��ôFa�ù |~e h d���d h o�d C ⊂ Rd �udfe�� t Ck ¼ ��g kfvyd h q t�Ú � ��zUÄ d huh C i wxqû;e8l i dfe h dfk�e h�© d �xt e8vyd hAz k�dpo g lª�yk�d h Ck ¼ ��g kmvyd α : [a, b] → Rd ��e t k ≥ 1, a < b
enq tp�³ud i d�q�{xln�S�ud � wyk�q t dfl8l gXh o��udfe�� t Ck ¼ Á wyk�wy�sd t kmenqfepdfk g�h o �

_?��ZD���}Z�� ��ôFa�� Ô Á wyk�wy�sd t dfk t k�w h q � {xkm�`w t ep{ h Õj g�© d µ�Ä dfe Ck ¼ Á wyk�wy�sd t kmenqfepdfk g�h o�d h dfe h dSq ��g kmvyd h q t�Ú � � dSq C
α : [a, b] → R

d, β : [c, d] → R
d

oye ��t dSq²dfe h d h Ck ¼ � e ñ�dS{x�s{xk��u��enqf� g q Φ vy{ h [a, b]
w gm� [c, d] z q�{ i wxqSq

α(t) = β(Φ(t)), ∀t ∈ [a, b].

� ��¤p�����ya þM�-¥¨¾S�
Φ = β−1 ◦ α � ♣

¶³¶



<M\;:�É Qf�OECNO@�ÌOYéEg]cHU>AÌO@FECê�V6�CîATO@FE
	a�-¥¨�¨°±ÂÄÃ�¥²�`�Fê�§ª���S§ª���eú�����´��È§ªÏ

Rd �����F�`���� ¢§ªÂÄÃ�´�§ª�S ª�1���`§¢ ª�����H¤�¥²� P0, P1,
�`�S��/

PN ∈ C
�0�� ���S� ���`§ª ¢������¤¦¥²�`�

P0, P1,
�`�`�+/

PN ∈ C
�³�`ÃHð³��¥Q�Ê°�½qþ��`Ã����S���$©³ ¢Ú��³©³�

S
Ï*§¢¥F���S�

òcÐ����³�
l(S) =

N−1∑

i=0

|Pi+1 − Pi|.
ël�M¡£�³�²���H�ý���`�Ô¿l�²�S§ª�SÂÄ¤�½������³ ¢�`§¢ÂÄÃ��H���û��§ªÏ*ÏQ¥*��§ª�CòcÐ����³�CÉµ�S§l¼/§ª��¾S���Ê°�ÃHÏi�<êa�S§¢¥²�`�²�S�
���`§ª ¢������¤¦¥²�F�H§ªÂÄÃ¦¥/°�É��
Ý[Z]\}�+^C�+_\���`^ ��ôFaªèÏr�q t¸i epd � � h o�dDwyl8lndfk]b-dS� h d h �u{xl¢ø�o�{ h d h w��S�Ã{ � d hI� dSq��S��k�� hA�xt8zq�{��udfe�� t¸i epd ��g kmvyd C kSd �xt e Ò µ epdfk � wyk gXh6i

L(C) := sup
S
l(S)

i epd � � h o�d i dfk ��g kfvyd C �
_?��ZD���}Z�� ��ôFa¢ç Ô �Ud �xt e Ò µ epdfk � wyk � dfe t vy{ h���g kmvyd h q t�Ú � � d h Õ³ud i dSq C1 ¼ ��g kmvyd h q t¯Ú � � enq t kSd �xt e Ò µ epdfk � wyk � rSq t α : [a, b] → Rd dfe h d C1 ¼ Á wyk�wy�sd t kmenqfepdfk gXh ovy{ h C z q�{Doye8l t

L(C) =

∫ b

a

‖ •
α (t)‖ dt.

0���Ï 	a�-êa�S§ª½ ���`½aþH°±¥²¾`�`½ Éµ�S��ð�¥²§ª�³�S�*ê�§¢� �S§ª����ëlÉH½²ÂÄÃÊÐ±¥²¾`���H�q���`� Ç ©³��Ï �`§¢���`½e®¯�¦¥¨�`���¨°� ¢½
´³�S¤¦¥¨©³��êa�S��¥¨§¢�³�`�YñÊ����¤¦¥¨§¢©³���S���
¹OZ]�ò�¾Ù ��ôFaø�cb-dfe

f : [a, b] → Rd q t d t eªo ��� w huh oye8l t
∥
∥
∥
∥

∫ b

a

f(t)dt

∥
∥
∥
∥
≤
∫ b

a

‖f(t)‖ dt.

� ��¤p�����y� þM�S§
g : [a, b] → Rd ���²�S���$�`�H¡£���H¤�¥²§ª©³�ÿÏi§�¥ g(t) = ck

¡£ÌH�
t ∈ (tk, tk+1)

�
¿Ñ°��H�C�³§¢ ¢¥

∥
∥
∥
∥

∫ b

a

g(t)dt

∥
∥
∥
∥

=

∥
∥
∥
∥
∥

N−1∑

k=0

ck(tk+1 − tk)

∥
∥
∥
∥
∥

≤
n−1∑

k=0

‖ck‖ (tk+1 − tk) =

∫ b

a

‖g(t)‖ dt.

¿l����ÂÄÃÿËh���`��¾SÌ�Éµ�S�²�¦°±���X¡£©³ ¢��¥h¡£Ì��p�`§¢���
f
°�������©"óH§¢Ïi§¢�`���`�����iñÊ©³ ª���i�³ ¢�`§¢ÂÄÃ�ÏÔÐ¨%³§ª�<¤�©��M�

´³�S�²�³�S�¦¥¨�`�/���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S�
gk
°���½

∥
∥
∥
∥

∫ b

a

gk(t)dt

∥
∥
∥
∥
≤
∫ b

a

‖gk(t)‖ dt

¶�Æ



��§¢��	a�`ÃÊ°±���H¥¨�H���*ê �`���`�
| ‖gk(t)‖ − ‖f(t)‖ | ≤ ‖gk(t) − f(t)‖ ≤ ‖gk − f‖.

♣

� ��¤p�����y� þM�`§
a = t0 < t1 < · · · < tN = b

�`§¢���Ã0��S�² ª�S�³�����Ù´³©³�
[a, b]

Ï*§¢¥i���`�
���`§ª ¢������¤¦¥²�`�

Pi = α(ti)
/
i = 0, 1, . . . , N

���H�X���SÏK¾`���³�S©³�²�H���S¥²�`�%þM�SÃ����S���µ©� ¢Ú��³©³�
S���S�YòcÐ��H�³�

l(S) =
N−1∑

i=0

‖α(ti+1) − α(ti)‖.
ñ�Ì��®±��S���FúY©³Ï*�$©³���`�¦¥²�

αj
/
j = 1, . . . , d,

�³§¢ ¢¥

(αj(ti+1) − αj(ti)) =

∫ ti+1

ti

•
αj (t) dt,

ê ©³�¨°��H½
‖α(ti+1) − α(ti)‖ =

∥
∥
∥
∥

∫ ti+1

ti

•
α (t)dt

∥
∥
∥
∥
≤
∫ ti+1

ti

‖ •
α (t)‖ dt

�����5������ÂÄÃXë����H§¢¥¨§¢©³�

l(S) =

N−1∑

i=0

‖α(ti+1) − α(ti)‖ ≤
∫ b

a

‖ •
α (t)‖ dt

¡£©³ ¢�³�`���È¿l° ��§¢�C���`ÂÄÃ¦¥¨�3þM�`§�¥¨�<���Ê°±É�ÃÊÐ�����§ª�%´³©³�ÿ���`�6Ø °±Ã� ����`�s0��`�� ª�`������� §ª½�¥�/8§ª½�¥
C�²�S¤¦¥¨§½.�¾`§ª�S�²ÉÊ°±�������5�`½��³§ª �¥

l(C) ≤
∫ b

a

‖ •
α (t)‖ dt.

Ø�§ª�a¾`�`§¢�³�`�<�����-/Ê��°�½²½�¡£Ì��}�S§ª���Ñ´�©³�²���`�³�SÉµ�S���\��©³ ¢�`�¨°±��¾
ε > 0

�`§ª�5þ��`Ã����S���$©³ ¢Ú��³©³�H¾`���
�-óM§¢½�¥¨§¢�`��¥�Ïi§�¥

∣
∣
∣
∣

∫ b

a

‖ •
α (t)‖ dt− l(S)

∣
∣
∣
∣
< ε.

ñ�Ì��®±��S���D0��`�� ª�`�������q´³©³�
[a, b]

�³§ª �¥�������ÂÄÃCëY��ê �`�H���������H�`½lïC§¢¥�¥¨�` �êa�S��¥²½¨°±¥²¾`�`½

l(S) =

N−1∑

i=0

‖α(ti+1) − α(ti)‖ =

N−1∑

i=0

(
d∑

j=1

|αj(ti+1) − αj(ti)|2
)1/2

=
N−1∑

i=0

(
d∑

j=1

|α′
j(τij)(ti+1 − ti)|2

)1/2

=
N−1∑

i=0

(
d∑

j=1

|α′
j(τij)|2

)1/2

(ti+1 − ti)

¶¦º



ël�H���`���`�²½��`§�¥¨½e¤�ð³���H�`�Ôê�§¢�8�Ê°�½e®¯��¥²�`�³�²°� ÊÌ�É$�`�e��§ª��½�¥¨�-¥¨§ª���YñÊ���H¤�¥²§ª©³� ‖ •
α (t)‖ ������ÂÄÃÔ�S§ª�®¯�¦¥¨�S�³�¨°� HÌ�Éµ�S�8�`§¢���}���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³�6Ïi§�¥1���S�1��©³ ª�S�¨°���¾

ε/2
°�������©"óH§¢Ïi§¢�`���`�-/Ö�³�`��°����`�+,

�`½��³§¢ÉH¥��`§¢����0��`�� ª�S�³�����q´³©��
[a, b]
/Ê½�©i��°�½²½

∣
∣
∣
∣
∣

∫ b

a

‖ •
α (t)‖ dt−

N−1∑

i=0

‖ •
α (ti)‖ (ti+1 − ti)

∣
∣
∣
∣
∣
<
ε

2
.

ïC§�¥����`�5ëlÉ�¤�Ì���¾`���H�³�`�

σ :=

N−1∑

i=0

‖ •
α (ti)‖ (ti+1 − ti), βi

j := α′
j(τij)

§ª½�¥�¡£Ì�����§¢�`½²�D0��S�² ª�S�³�����6�����C°�É$�`�

|σ − l(S)| =

∣
∣
∣
∣
∣

N−1∑

i=0

{

‖ •
α (ti)‖ − ‖βi‖

}

(ti+1 − ti)

∣
∣
∣
∣
∣

≤
N−1∑

i=0

∣
∣
∣ ‖ •

α (ti)‖ − ‖βi‖
∣
∣
∣ (ti+1 − ti)

≤
N−1∑

i=0

‖ •
α (ti) − βi‖(ti+1 − ti).

� �`�H�\ú/©³Ï*�µ©³�H�`�¦¥¨� •
αj
§ª½�¥/°±�H¡��H�`��¤�©³Ï*�Ê°�¤¦¥²�`�XïC�`�����

[a, b]
�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�Q½�¥¨�S¥²§ª�&/�°� ª½�©

| •
αj (ti)−

•
αj (τij)| <

ε

2d(b− a)
=⇒ ‖ •

α (ti) − βi‖ < ε

2(b− a)
,

¡�°� ¢ ª½}����� |ti+1 − ti| < δ(ε)
�³§¢ ¢¥`�ÊþM©³Ï*§¢¥aÃÊ°�É$�`�<ê�§ª�

|σ − l(S)| ≤
N−1∑

i=0

ε

2(b− a)
(ti+1 − ti) =

ε

2
�����

∣
∣
∣
∣

∫ b

a

‖ •
α (t)‖ dt− l(S)

∣
∣
∣
∣
≤
∣
∣
∣
∣

∫ b

a

‖ •
α (t)‖ dt− σ

∣
∣
∣
∣
+ |σ − l(S)| < ε.

������ÂÄÃXëY��ê �`�H�������i���`�/¿l���`§ª�SÂÄ¤�½²������ ª�`§¢ÂÄÃ�������� ♣
Ý[Z]\}�+^C�+_\���`^ ��ôFanæ´b"e h6i C1 zp�����fz CN

k�d �xt e Ò µ epdfk � wykSd ��g kmvyd h q t�Ú � � d�e8� R
d z vy{ hi d h d h qfep�S� © d µ�Ä dfe�e h �uö��S��q t d h q]d h6i l¢ep�S�`v�epdflnd h}Á4g�hA�xt d h�t k�d·ñ�d hAz q�{ h d huh d h[Ä e8k i epdõ6dfk�dfe h eªo gXh o C = C1 ∪ C2 ∪ · · · ∪ CN

dfe h d � d t�t d�vy{ hh��g kfvyd h q t�Ú � � d h6� ×Cl2q � � h o�ddfe h dfkCq�{xln�S�ud h	� d t�t d Ä e8k i
L(C) :=

N∑

i=1

L(Ci)

i d·Ò h epdfk t��4� epdSq�d � � h o�d h6i d·Ò h e t ep{ h dfe h dfk � d t¯t d[enq t]g�h w � �A� h oyeªo¿vy{ h
i dfk j dfkmlndpo g�h oi dfk � d t¯t d�e h k�d �xt e Ò µ epdfk � wyk�d ��g kmvyd h q t¯Ú � � d �
¶�Í



<M\;:¯Ý i¸T®ËOPRËO>A@U]cHU>AÌO@FE1W�EéVA@FN>AËéPR@
Ý[Z]\}�+^C�+_\���`^ ��ôFa8�òb-dfe~w gm� dfe h df� ��g kmvyd h q t�Ú � � C dfe h dDk�dSdfl8l Ä dfk t eªo�dC× ��� e8l iyg�h o
f : C → R

o�dpo�d � d hAz q�{ i wxqSq �mÚ k�dfe h d Á wyk�wy�sd t kmenqfepdfk gXh o α : [a, b] → Rd vy{ h C i epd× ��� e8l iyg�h o f(α(.)) : [a, b] → R
q t d t eªo}enq tp� ù�w��S� i df� b w tðµ?ÚA� dfk Á wyk�wy�sd t dfk t k�w h q � {xkm¼�`w t ep{ h enq t®i w huh f(β(.))

q t d t eªo �mÚ k © d i d Á wyk�wy�sd t kmenqfepdfk g�h o�vy{ h C � b � wylªwykSdSq ��g kfvyd h ¼�Sµ�Äé� Ð`dpoye hut dpoyk�wyl-vy{ h f ÚA� dfk C �udfe�� t4i dfkU× g q i k g � �
∫

C

f ds :=

∫

C

f(x) ds =

∫ b

a

f(α(t))‖ •
α (t)‖ dt.

� epd Â k�ö��d ds := ‖ •
α (t)‖ dt �udfe�� t q � wylªwyk�dSqCû�{�o�d h dflndf�sd hutp�

¿Ñ°�½�½�¤Ö°� Á°����qú�����´��`��§¢�¦¥¨�`���¨°� 1§¢½�¥��H�Ê°�É�ÃÊÐ±���³§ª��´�©³�%���`�����SêaÐ�Ã� ¢¥²�`�%Î�°��¨°�Ï*�S¥²�²§¢½²§ª�S�²���H�
´³©��

C
/��H�`���ä¡£ÌH�

α(t) = β(Φ(t))
/
t ∈ [a, b]

/
r = h(t)

/
r ∈ [c, d]

�`��ÃÊ°� �¥¨�`� ê�§ª�hÉ$�`§
ël�¦ê �`���H���������S�YþM��É�½�¥¨§¢¥²�H¥¨§¢©³��½��²�`���` 

∫ d

c

f(β(r))‖
•
β (r)‖ dr =

∫ b

a

f(β(Φ(t)))‖
•
β (Φ(t))‖ |Φ′(t)| dt

=

∫ b

a

f(α(t))‖ •
α (t)‖ dt.

Ý[Z]\}�+^C�+_\���`^ ��ôFaª�´b-dfepd h C = ∪N
i=1Ci

dfe h d � d t�t d?vy{ hj��g kmvyd h q t�Ú � � d h Ci z4g�h6i
f : C ⊂ Rd → R

dfe h d  -g�hA�xt ep{ hAz q�{ i wxqSq¿w gf��© d i df� ��g kmvyd h q t�Ú � � Ci
��e t�i dfkÁ wyk�wy�sd t kmenqfepdfk gXh o αi : [ai, bi] → Rd z i = 1, . . . , N z;i epd  ¡gXhA�xt ep{ h f ◦ αi
w gm� [ai, bi]q t d t eªosenq tp� ×Cl2q ��g kfvyd h e hut dpoyk�wyl ÚA� dfk i epd � d t�t d C vydfk�q t dS� t �`w hÃi d h × g q i k g � �

∫

C

f(x) ds :=

N∑

i=1

∫

Ci

f(x) ds =

N∑

i=1

∫ bi

ai

f(αi(t))‖
•
αi (t)‖ dt

<»WRNé@FE1êXîAïCËOQ�VX@FEÎêôT�ËOPRË>&@->k]cH1>XÌO@FECWRE~VX@FN>&ËOPR@

¹e�ø�c�����Ö�£���M�
∫

C

(λf + µg) ds = λ

∫

C

f ds+ µ

∫

C

g ds

�S�µ�����é�Ö��ß���æ®�"àÖá��M����â��c�
∣
∣
∣
∣

∫

C

f ds

∣
∣
∣
∣
≤ L(C) sup

x∈C
|f(x)|

Ø�§ª�FÉ$�S¥¨�²°�ÂÄÃ¦¥¨�S� ���H� ël�¦êa�S�������H�³�`�û���S½p½²¤Ö°� ª°��²�S� ú�����´��`��§¢�¦¥¨�`���¨°� ¢½Q§ª�Ù���`�pÎÈÃ¦Ú�½²§¢¤é�
ì8§ª�%¿l�²°�Ã¦¥hÏi§�¥Ñ���S�FïX°�½�½²�`�H��§ªÂÄÃ¦¥¨�

ρ(x)
5 ïX°�½�½²�6����©<ò�Ð±���³��7l½��`§1�H���²ÂÄÃ �`§¢�%úh�H��´³�S�M�

½�¥²Ì�ÂÄ¤�©����`���`§¢���hú�����´��`��¤±�S¥�¥¨�
C ⊂ R3 §ª���`°� ª§¢½²§ª�S��¥`�H¿Ñ°±���C½�§ª���

M =

∫

C

ρ(x) ds

¶¦�



��§¢�FËh�S½¨°�ÏQ¥²ÏÔ°±½²½²�h���S½/¿l�¨°�Ã¦¥²�`½/�����
S = (s1, s2, s3)

Ïi§�¥

sk :=
1

M

∫

C

xkρ(x) ds, k = 1, 2, 3

§ª½�¥����`�YþMÂÄÃ¦ê �`��������¤¦¥"�
� ZÑ���-÷F�fZ]¹Ó��ôFa ù Ô b-�S� Ä dfk�� g�hA�xt dfe h dSq]b-dfe8l t � h�µ dfk�q���e t ûUwylªw h �fepdfkSq t w h o�d�Õ� dfk�b-dfe8l t � h�µ dfkCq�dfe iyg k��S�

C1 := {(0, t) : 0 ≤ t ≤ 1.8}
��e t ρ1 = 32 g�h6i[i epd�û1wylªw h �fepdfk�q t w h o�d iyg k��S�

c2 = {(t, 1.2 − 0.05t2) : |t| ≤ 4}
��e t ρ2 = 2

e i d�wyl¢enqfepdfk t�� j gXh ���S��q t4� dSq t e8���sd h�Ä e8k i epd Â dSq�wy� t �`wxqSq�d

M =

∫

C1

ρ1 ds+

∫

C2

ρ2 ds = 32

∫ 1.8

0

1 dt+ 2

∫ +4

−4

√

1 +
t2

100
dt

× huÄ d h6iyg�h o i dfk4�Awyk t epdfl8lnd h r hut dpoyk�w t ep{ h¿g�h6i[i dfk�b g&� q t e t¯g�t ep{ h qf�sd t �u{ i d�dfk¯oye ��t
∫ √

1 +
t2

100
dt =

t

2

√

1 +
t2

100
+ 5arsinh

t

10
,

q�{ i wxqSq Ä e8k
M = 57.6 +

4

5

√
29 + 10arsinh

2

5
∼ 65.8085

dfk��Awyl t d h6�C� epd x ¼ � {�{xk i e h w t d i dSq�b-�S� Ä dfk�� g�hA�xt dSqàdfk¯oye ��t qfep�S� µ�g ù g l8l �C OÚ k i epd y ¼
� {�{xk i e h w t dC�Aw � d h¿Ä e8k

ys =
1

M

∫

C1

yρ1 ds+
1

M

∫

C2

yρ2 ds =
32

M

∫ 1.8

0

t dt+
2

M

∫ +4

−4

(1.2−0.05t2)

√

1 +
t2

100
dt

 OÚ k i wxq µ�Ä dfe t dUr hut dpoyk�wyl Ä d h6i d h¿Ä e8k i epd]b g&� q t e t�gXt ep{ h qfk�dpo�dfl�w h¿gXh6i dfk��Awyl t d h
ys =

16

M
· 3.24 +

49

M
arsinh

2

5
+

9.6

M

√

29

25
− 10

M

√

29

25

33

25
∼ 1.0346

<M\;:�ç �¿@-T~VAY>AW�@FPRPR@O]cHU>AÌO@FECWRE~VX@FN>&ËOPR@
Ý[Z]\}�+^C�+_\���`^ ��ôFaªÜ £�hut dfk�dfe h df� õ6d �xt {xk � dfl i w gf� Ω ⊂ Rd vydfkSq t dS�ud h¿Ä e8k�e8� � {xl¢¼o�d h6i d h dfe h dDq t d t eªo�d?× ��� e8l iyg�h o v : Ω ⊂ R

d → R
d � r�q t v w gf� Ω r

¼��`wyl�q t d t eªo i e ñ�df¼k�d h�µ epdfk � wyk z q�{²q��6kmep�S� t �`w h vy{ h dfe h df� Cr ¼xõ6d �xt {xk � dfl i��
¶¦Å



ël�H½²ÂÄÃÊ°��H ª§ªÂÄÃ%���S��¤¦¥hÏÔ°±�ö½²§ªÂÄÃÓ±��S���`�öÇÈ�S¤�¥²©³�
v(x)

§ªÏ ÎÈ�H��¤¦¥
x
°��H�³�`Ã��-¡í¥¨�-¥"�F	a�S§ª½���§ª�I�

 ª�q´�©³�ÙÇÈ�S¤�¥²©³��¡£�S ª���S�²� §ª� ���`�\Î8Ã¦ÚM½�§ª¤ö½�§ª��� Ëh�S½²ÂÄÃ¦ê�§ª���H§ª�³¤±�`§¢¥²½�¡£�S ª���S�h´�©³� Ëh°�½��`�ä©����S�
ñ� ¢Ì�½²½�§ª�³¤±�`§¢¥²�`�-/³Ëh�²°"´M§�¥Ä°±¥²§ª©³�H½�¡£�` ¢���`�+/
�` ª�S¤¦¥¨�²§¢½²ÂÄÃ����H���6ÏÔ°������S¥²§ª½²ÂÄÃH��ñé�S ª���S�`�°�Ñ¡í¥1ÃÊÐ����³�S�
��§¢�`½²�FñÊ�` ¢���`���H©MÂÄÃ5¾`��½²Ð±¥¨¾S ª§¢ÂÄÃ<´�©³�X�H�`�10��`§�¥�°�É��
Ý[Z]\}�+^C�+_\���`^ ��ôFaø��ô b-dfepd h v : Ω ⊂ Rd → Rd dfe h õ6d �xt {xk � dfl i w gm� Ω g�h6i C dfe h dk�dpo g lª�yk�d C1 ¼ ��g kfvyd�e h Ω

��e téi dfk Á wyk�wy�sd t kmenqfepdfk g�h o α : [a, b] → Rd �-� wxq]vyd �xt {xkmepdfl8lnd
��g kfvyd h ¼U{ i dfk3Ð`dpoye hut dpoyk�wyl-enq t4iyg k��S�

∫

C

v · · ·dx :=

∫

C

v1dx1 + · · ·+ vddxd =

∫ b

a

v(α(t))· •
α (t) dt

i d·Ò h epdfk t��F� wxq]b"øx� � {xl dx =
•
α (t) dt

q t dS� t¸i w � dfe �mÚ k i wxq�vyd �xt {xkfepdfl8lndCû�{�o�d h dflndf�sd hut��
	a�S§ª½²�H§ª�` ¢�Ñ¡£Ì��}´³�S¤¦¥¨©³��§ª�` ¢ ª�hú�����´³�`�H§ª�¦¥¨�S�³�¨°� ¢��§ª�<���S�YÎ8Ã¦Ú�½²§¢¤�½²§ª�H�

ÇÈ�`¤¦¥²©³��¡£�S ª� ú�����´³�S��§ª�¦¥¨�S�³�¨°± 
ú��¨°±¡í¥�¡£�` ¢� ëY�²É$�`§�¥
Ë��`½²ÂÄÃ¦ê�§¢����§ª��¤��`§�¥¨½�¡£�` ª� 0�§¢�²¤��� ª°±¥¨§¢©³�
�` ¢�`¤¦¥¨��§ª½�ÂÄÃ��Fñé�S ª��½�¥ÄÐ���¤�� �S ª�S¤�¥²�²§¢½²ÂÄÃ��\þM�Ê°±���������
§ª�X.Ê��§¢¥²�`½�§ªÏi°� ª��Ø�Ð��²Ï*�"Ð±�����`������� Ø�Ð±�²Ï*�`Ï*�`���³�

þM§¢���
C
�S§ª� C1 �¯ú�����´��`��½�¥¨Ì�ÂÄ¤����H� α / β ¾Sê �`§ C1 � Î�°±�¨°�Ï*�S¥²�²§ª½�§ª�S�²�������`�-/�½²©q�³§¢ÉH¥��S½��`§ª�H�Î�°±�¨°�Ï*�S¥²�`��¥²�¨°��H½�¡£©³��ÏÔ°±¥²§ª©³�

Φ
Ï*§¢¥

α = β ◦ Φ
��Øä�S�³�`�

•
α (t) =

•
β(Φ(t)) ·Φ′(t),

Ð����H�`��¥6½�§ªÂÄÃ �Ê°±½pÇÈ©³�²¾S�`§ªÂÄÃH�`�û���`½6ú�����´³�S��§ª�¦¥¨�S�³�¨°± ª½p§¢Ï ñé°� ¢ ª�
Φ′(t) < 0

��Ø�§ª�Q´��`�²½��-�
Ã��S�5�H§ª��ú�����´³�hÏi§�¥}�S§ª���S�;�Ñ�²§ª�S�¦¥¨§ª�S�²���H�q�����<���`�H���`�5�`§¢����Î�°±�¨°�Ï*�S¥²�`��¥²�¨°��H½�¡£©³��ÏÔ°±¥²§ª©³�
©³��§ª�`�¦¥²§ª�`�������³½�¥¨���`�-/�¡�°� ¢ ª½

Φ′(t) > 0
�cÒY�¦¥¨�S�\©³��§ª�S��¥²§ª�S�²������½�¥¨���`���S� Î�°��¨°�Ï*�S¥²�`��¥¨�¨°±��½�¡£©³� �

Ïi°±¥¨§¢©³���`��ÉH ª�`§¢ÉH¥��Ê°±½�´��`¤¦¥¨©��²§ª�S ª ¢�húh�H��´³�S��§ª�¦¥²�`�²���¨°� j§¢��´±°���§Á°��¦¥`�
� ZÑ���-÷F�fZ]¹Ó��ôFa¢è¾|4e h �ÃwxqSq�d h � gXhA�xt e8� £ k�q��6k g�h o
dfk µ d g o t dfe h¾Â k�wyv�e t w t ep{ h q � dfl ixzi wxq � enq?w gm� dfe h d h�� { h q t w hut d h3  w �xt {xk;o�dpo�d � d h enq t4iyg k��S�

K(x) = − x

‖x‖3
= − 1

(x2
1 + x2

2 + x2
3)

3/2





x1

x2

x3



 .

Ð[e8k i dfe hÃµ�Ä dfe t dfkD�ÃwxqSq�d h � gXhA�xtUi dfkD�ÃwxqSq�d � lª� h oxqÓdfe h dfk ��g kmvyd C ⊂ R
3\{0} ��e ti dfk Á wyk�wy�sd t kmenqfepdfk gXh o α : [a, b] → R3 � d Ä dpo t·z q�{»enq t�i epd`w h en���Ño�dflndfenq t d t d�×Ck � dfe ti wxq�Ð`dpoye hut dpoyk�wyl

∫

C

K · dx = −
∫ b

a

α(t)

‖α(t)‖3
· •
α (t) dt

Æ�î



Ð`dpo�d h
d

dt

2

‖α(t)‖ = −α(t)· •
α (t)

‖α(t)‖3�Aw � d h¿Ä e8k ∫

C

K · dx =
2

α(b)
− 2

α(a)
.

Ð[e8k1q�dS�ud h ��epdfk�w g q zOi wxqSqCe hÃi epdSq�df� � k�w �mt � dfl i d hut lªw h oDo�dSq��S��ln{�qSq�d h dfk ��g kmvyd hAz�� dfe h d×Ck � dfe t o�dflndfenq t d tOÄ e8k i��
Ý[Z]\}�+^C�+_\���`^ ��ôFaø�é�cb-dfepd h v : Ω ⊂ Rd → Rd dfe h õ6d �xt {xk � dfl i�g�h6i αk : [ak, bk] →
Ω Á wyk�wy�sd t kmenqfepdfk g�h o�d h k�dpo g lª�yk�dfk ��g kmvyd h Ck

q�{ i wxqSq i epd~| h6i � g�hA�xt d αk(bk)
��e t®i d h× h�� w h oxq�� g�hA�xt d h αk+1(ak+1) z k = 1, . . . , N−1 z¡µ�g q�wy���sd h�� wyl8lnd h6� Ð[e8k h d huh d h C =

C1 +C2 + · · ·+CN
q t�Ú � �xÄ dfenq4oylªw t�t d ��g kmvyd g�h6i�i d·Ò h epdfkSd h[i epd � � h o�d i dfk)q t¯Ú � �xÄ dfenqoylªw t�t d hl��g kfvyd iyg k��S� L(C) = L(C1)+ · · ·+L(CN )

q�{ Ä epd i wxq ��g kmvyd h e hut dpoyk�wyl iyg k��S�
∫

C

v · dx :=

N∑

k=1

∫

Ck

v · dx

<»WRNé@FE1êXîAïCËOQ�VX@FEÍÌO@-T4VXY>&WR@FPRPR@->>]cHU>AÌO@FECWRE~VX@FN>&ËOPR@

Ù`�®���£���£÷c�í���H�
∫

C1+C2

v · dx =

∫

C1

v · dx+

∫

C2

v · dx

¹e�ø�c�����Ö�£���M�
∫

C

(λv + µw) · dx = λ

∫

C

v · dx + µ

∫

C

w · dx

�S�µ�����é�Ö��ß���æ®�"àÖá��M����â��c�
∣
∣
∣
∣

∫

C

v · dx
∣
∣
∣
∣
≤ L(C) sup

x∈C
‖v(x)‖

� ZÑ���-÷F�fZ]¹Ó��ôFa½æ   l¢epd�� t~iyg k��S�¿dfe h d h�� k�wx� t8z~i dfk�w gm��i dfk x3
¼�×C�S��q�d�l¢epdpo t·z dfe h�� { h ¼q t w hut dfk]b t kS{x� z q�{[dfk µ d g o t¸i epdSq�dfk h w��S� i df� û;ep{ t ¼�b wyvxwyk t q��S�ud h«Â dSq�d tnµ dfe h �Iw�o h d t ¼� dfl i w g �Odfk��Awyl ��i dSq � k�wx� t dSq z~i wxq iyg k��S�

H(x) =
I

4π

1
√

x2
1 + x2

2

3





−x2

x1

0





o�dpo�d � d h enq tp��� epd�r hut dpoyk�w t ep{ h?Ú&� dfk¸dfe h d�o�dSq��S��ln{�qSq�d h d ��g kmvyd z d t¯Ä w�dfe h d h%� kSdfenq α(t) =
(r cos t, r sin t, 0)

dfk¯oye ��t
∫

C

H · dx =
I

4π

∫ 2π

0

1

r3
(r2 sin2 x + r2 cos2 +0)dx =

1

2r
.

ÆM�



<M\;:�ó ]
YOECê�@->AÌ®Ë$VXWRÌO@U�3@-T4VXY>&QS@FPRJC@->MHCECJ^�»Y$VA@FEéVAWRËOPR@
Ý[Z]\}�+^C�+_\���`^ ��ôFaø��ç¾|~e h õ6d �xt {xk � dfl i v : Ω ⊂ Rd → Rd �udfe�� t w gm� Ω � { h q�dfkmvxw t e8v zÄ d huh`i wxq ��g kfvyd h e hut dpoyk�wyl Ú&� dfkq t�Ú � �xÄ dfenq�oylªw t�t d ��g kmvyd h e h Ω hug kévy{x� × h�� w h oxqf¼ g�h6i| h6i � gXhA�xt8zOh ep�S� t w � dfk]vy{x� Ú&� kmeªo�d h õ6dfkmlªw gm� w � �A� h o tp�
\¸�`¹)�}Z��`º»^I� ��ôFaø� |~e h õ6d �xt {xk � dfl i v enq t o�d h w g»i w huh w gm� Ω � { h q�dfkmvxw t e8v z�Ä d huhi wxq ��g kmvyd h e hut dpoyk�wyl ÚA� dfk�wyl8lnd`o�dSq��S��ln{�qSq�d h d h q t�Ú � �xÄ dfenq�oylªw t¯t d hk��g kfvyd h e h Ω

vydfkm¼q��S� Ä e h6i d tp�
�ÑÉµ�S�6½¨°�Ã��S�*ê�§¢��/±�Ê°�½²½È�Ê°±½eËh�²°�´�§�¥Ä°±¥²§ª©³��½�¡£�` ¢�Q�`§¢���`½ ïX°±½²½²�S�������H¤�¥²�`½ �`§ª�q¤±©³��½��`��´±°±¥²§¢´��`½
ÇÈ�`¤¦¥²©³��¡£�S ª�h§ª½�¥�/��Ê°����`�³�S�\�Ê°±½�§¢Ï 	a�S§ª½���§ª�S ���îH�¸º��³�`�³�SÉµ�S���aïX°��³���-¥²¡£�S ª�h��§ªÂÄÃ¦¥²¤�©³��½��`��´�°Ö¥¨§¢´
§ª½�¥"�
_?��ZD���}Z�� ��ôFa½�¾|4e h õ6d �xt {xk � dfl i v enq t w gf� Ω

o�d h w g3i w huh�� { h q�dfkmvxw t e8v zÄ d huh dSqdfe h d C1 ¼�× ��� e8l iygXh o U : Ω → R
oye ��t·z q�{ i wxqSq
v = ∇U = grad U.

r h�i epdSq�df�   wyl8l-enq t¸i wxq ��g kfvyd h e hut dpoyk�wyl Ú&� dfk²dfe h d ��g kmvyd C vy{x� Á~gXhA�xt P1 h w��S� P2o�dpo�d � d hIiyg k��S� ∫

C

v · dx = U(P2) − U(P1),

U
�udfe�� tÁ { t d hut e�wyl-vy{ h v �

� ��¤p�����ya Ø�§ª��¾`�`§¢�³�`�¡/��Ê°�½�½6±��`�H�`½ÈË��¨°��H§ª�`�¦¥²�`�H¡£�S ª�p¤±©³��½²�S��´±°±¥²§¢´\§ª½�¥`��ñ�Ì��"±��S��� C1 � ú�����´��
C
Ï*§¢¥��H�`�/Î�°��²°�Ï*�S¥¨��§ª½�§ª�`�������

α : [a, b] → Rd §ª� Ω
�³§ª �¥

d

dt
U(α(t)) = grad U(α(t))· •

α (t) = v(α(t))· •
α (t).

¿Ñ°�½/ú�����´³�`�H§ª�¦¥¨�S�³�¨°� jÌHÉµ�S�
C
§¢½�¥��Ê°±���

∫

C

v · dx =

∫ b

a

v(α(t))· •
α (t) dt =

∫ b

a

d

dt
U(α(t)) dt = U(α(b)) − U(α(a)).

ñ�Ì��6�S§ª���5½�¥²Ì�ÂÄ¤¦êa�S§ª½Ô�� Á°±¥�¥¨�5ú�����´��
C = C1 + · · · + CN

Ïi§�¥q���S�ýì8ÂÄ¤�������¤¦¥¨�S�
Pi
/

i = 0, . . . , N,
¡£©³ ª��¥

∫

C

v · dx =
N∑

i=1

∫

Ci

v · dx =
N∑

i=1

(U(Pi) − U(Pi−1)) = U(PN ) − U(P0) :

þM�S§������
v
�`§¢�Ô¤±©³��½²�S��´±°±¥²§¢´³�S½}ÇÈ�`¤¦¥¨©���¡£�` ¢���M¿Ñ°Q�Ê°�½}úh�H��´³�S��§ª�¦¥²�`�³�²°� µ���H�a´³©³ÏnëY�H¡�°����³½ �

�����Cì8�������H��¤¦¥Ñ°�ÉHÃÊÐ�����¥�/Ê¤�ð³�H���`�5ê�§ª�}�S§ª�H¡�°�ÂÄÃH�`�
∫

C

v · dx =

∫ x

x0

v · dx

Æ³¬



½²ÂÄÃH�²�`§¢Éµ�S�-/Êêa�S���X�H§ª�hú�����´���´³©³�
x0
�Ê°±ÂÄÃ

x
´³�`�� ÁÐ��M¡í¥"�HØ�§¢��½²�S¥²¾`�S�

U(x) :=

∫ x

x0

v · dx

�����C¾`�S§ª�³�S�-/Ê�Ê°�½�½
U
�Ê°±��¥¨§¢�` ¢ ���§¢Àµ�`���`��¾S§ª�S�²ÉÊ°���Ï*§¢¥

grad U = v
§¢½�¥"�Ê®¯½�¥

x ∈ Ω
/Ê½²©Ô��§ªÉH¥

�`½ �`§¢���lÒ/Ïi���`É����H�\´³©��
x
/���§ª���¦°��H¾Y§¢�

Ω
´��`�² ªÐ��H¡í¥`�Mñ�Ì�� ÃH§ª�����`§ªÂÄÃH�`���i¤� ¢�`§¢���

h ∈ R
§ª½�¥

�Ê°��H�Ô°��HÂÄÃ
x+hej

Ïi§�¥8���`Ï
j
� ¥¨�S�iú/©M©��²��§¢�Ê°±¥¨�S���`§¢��Ã��S§¢¥¨½�´³�S¤�¥²©³�8§ª�6��§¢�`½��`�ÈÒYÏ*�³�SÉ��������

ØÙ�`�³�S�C���S��Øä�S�³���Ê°�ÉHÃÊÐ����³§¢�³¤��S§¢¥�§¢½�¥

U(x + hej) − U(x) =

∫ x+hej

x

=

∫ h

0

v(x+ tej) · ej dt =

∫ h

0

vj(x+ tej) dt

¿l§�À��S�²�`�¦¥²§Á°±¥²§ª©³���Ê°±ÂÄÃ
h
 ¢§ª�-¡£�`��¥

∂U

∂xj
(x + hej) = vj(x + hej),

ê ©³�¨°��H½/�H���²ÂÄÃ3Ëh���`��¾SÌ�Éµ�S�²�¦°±���
h→ 0

��§¢��	a�`Ã�°����H¥²�����6¡£©³ ª��¥`� ♣

0���� ñÊ©³�²Ïp�H ª§ª�S�²���H�FÃH§ª�����`§ªÂÄÃH�`�����S�}ú��²§�¥¨�S�²§ª�S�*¡£ÌH�a��§¢�lì�óM§ª½�¥¨�`�H¾Y´³©���Î�©�¥²�`�¦¥¨§ª°� ª�S�ÔÉ$�`��ðÖ�
¥¨§¢�³�`��ê�§¢���`§ª�H§ª�³�S�»	a�`�³��§¢Àµ��¾`���1ÆaÃÊ°±�¨°�¤¦¥¨�S�²§¢½²§ª�S�²���H�6´�©³�öË��`ÉH§ª�S¥²�`���
Ý[Z]\}�+^C�+_\���`^ ��ôFaø���¾|~e h»Â d � epd t Ô {Rñ�d h d gXh6i)µ�g q�wy���sd h �A� h o�d h6i d���d h o�d�Õ)�udfe�� tq t dfk h�� öxkm��eªo z¸Ä d huh dSqsdfe h d hIÁ~gXhA�xt x0 ∈ Ω

oye ��t·z q�{ i wxqSq���e tF© d i df� Á4g�hA�xt x ∈ Ωw g �S� i epdIõ6dfk � e h6iyg�h oxqSq t kSdS� � d µ�Ä enq��S�ud h x0 g�h6i x e h Ω
l¢epdpo t�� × h q��S�Aw g l¢ep�S� � d i d g�t d ti epdSq zi wxqSq��`w h vy{x� j d hut k g � x0

w g q © d i d h[Á~gXhA�xt x ∈ Ω
I q�dS�ud h I � w huh6� |~e hßÂ d � epd t

Ω ⊂ Rd �udfe�� t dfe h�� w��S� z�Ä d huh dSq i wxq C2 ¼ i e ñ�dS{x�s{xk��u�udsû;e8l i dfe h dSqsq t dfk h�� öxkm��eªo�d hÂ d � epd t dSq�enq t��
ël�H½²ÂÄÃÊ°��H ª§ªÂÄÃ �`�¦¥²½�¥¨�SÃ¦¥Q�S§ª�%�`§¢�H¡�°�ÂÄÃ��S½QË��`ÉH§ª�S¥F°± ª½²©��H���²ÂÄÃáÞ»ÇÈ�S�²É�§¢�`�³�S�-Þ��`§¢���`½h½�¥¨�`���H¡£ð³� �
Ï*§ª�³�S�5Ëh�SÉ�§ª�-¥¨�`½S�$þM©6§ª½�¥����`���³�S½²ÂÄÃ� ¢§¢¥¨¾-¥¨�Fú��²�S§ª½²��§ª���

Ω = {(x, y) ∈ R
2 : R1 <

√

x2 + y2 < R2}\{(x, 0) ∈ R
2 : x ≥ 0}

�`§¢�ä�S§ª�H¡�°�ÂÄÃH�`½6Ë��`É�§¢�S¥`��¿l�S�
C2 ¿l§�À��S©³Ïi©��²��Ã�§¢½²Ïp�H½Fê�§¢�²�ä�H���²ÂÄÃ ��§¢�Ô���¨°��H½�¡£©³��ÏÔ°±¥²§ª©³�

x = r cosφ
/
y = r sinφ

/ÊÏ*§¢¥
(r, φ) ∈ (R1, R2) × (0, 2π)

�H�+.Ê��§¢�`��¥"�
ñ�Ì�� C1 � ÇÈ�`¤¦¥¨©���¡£�` ¢���`�;.Ê���H�S¥�Ïi°��5�����²ÂÄÃöëY�¦êa�S���������<���S½�þH°Ö¥¨¾`�S½l´³©��ö¼\�»ëQ��þMÂÄÃ¦ê}°±�²¾��§¢�Ñ¡£©³ ª�³�S�����S�5�H©�¥¯êa�S����§¢�³�`�3	a�`��§¢���³���H�³�`�<¡£Ì�����§¢�hì1óM§¢½�¥¨�S��¾F�`§ª�H�`½/Î�©�¥²�`�¦¥¨§ª°� ª½S�

∂vi

∂xk
=

∂2U

∂xk∂xi
=

∂2U

∂xi∂xk
=
∂vk

∂xi

Æ�·



Ý[Z]\}�+^C�+_\���`^ ��ôFaø�¦ù |~e h C1 ¼xõ6d �xt {xk � dfl i �udfe�� t kS{ t w t ep{ h q � kSdfe zÄ d huh
∂2U

∂xk∂xi

=
∂2U

∂xi∂xk

, i, k = 1, . . . , d

oye8l tp� �¿e t4i df� �;{ t {xk

rot v := (∇× v) =

(
∂v3

∂x2

− ∂v2

∂x3

,
∂v1

∂x3

− ∂v3

∂x1

,
∂v2

∂x1

− ∂v1

∂x2

)

� w huh dfe h kS{ t w t ep{ h q � kSdfepdSq#õ6d �xt {xk � dfl i v e8� R3 w g �S� �xg k µ e hÜi dfk   {xkm� rot v = 0o�dSq��S��kmepd � d h3Ä dfk i d h6�
	a�S§ª½²�H§ª�` 8�"îH�º6¾`�S§ª��¥�/Ê�Ê°y%*��§ª�F��©�¥Ä°Ö¥¨§ª©���½�¡£���`§ªÃH�`§¢¥}���H�Y�S§ª���F��©�¥¯ê �`���H§ª�³�D	a�`�H§ª���³�H���*¡£ÌH�
��§¢�hì1óM§¢½�¥¨�S��¾F�`§ª�H�`½/Î�©�¥²�`�¦¥¨§ª°� ª½����H�C�Ê°±Ïi§�¥����`��ØÙ�`�³�H�Ê°�É�ÃÊÐ±���³§ª��¤��`§�¥����`½�´³�S¤¦¥¨©³��§ª�` ¢ ª�S�
ú�����´��`��§¢�¦¥¨�`���¨°� ¢½/§¢½�¥`�
_?��ZD���}Z�� ��ôFa ù Ô Ö�e h k�dfep�S�ud h6i dCûCd i e h o gXh o �mÚ k�|�¶°enq t d h�µ vy{ h3Á { t d hut e�wylnd h Õ� wxq C1 ¼xõ6d �xt {xk � dfl i v q�dfe)w gm�`i df�ãdfe h�� w��S�ud hMÂ d � epd t Ω k�{ t w t ep{ h q � k�dfe �$� w huh oye ��t dSqw gm� Ω

dfe h�Á { t d hut e�wyl U ��e t v = grad U �
� ��¤p�����ya þM�S§F¾S���ÊÐ�ÂÄÃH½�¥

Ω
½�¥¨�S�²�H¡£ð³��Ïi§¢���aÇÈ©³Ï 0��`�¦¥¨����Ï

x0 ∈ Ω
¤�ð³���H�`� ê�§¢�C°± ª ª�

Î8����¤¦¥¨�
x ∈ Ω

½��`Ã��S���µþM�S¥²¾`�`�5ê�§ª�

U(x) =

∫ x

x0

v · dx,

½²©h¤Ö°����
U(x)

°��HÂÄÃÔ°� ¢½8ú�����´��`��§¢�¦¥¨�`���¨°� Ê�S��¥² Á°��H�����`�8ÇÈ�`��É�§ª�H�������³½��³�`�²°����S�-/¦��§ª���H���²ÂÄÃ
α(t) = x0 + t(x− x0)

/
t ∈ [0, 1]

�Ê°��²°�Ïi�-¥¨��§ª½²§¢�`��¥aê�§ª���-/�É$�`���`ÂÄÃ����-¥lê �`�����`���

U(x) =

∫ 1

0

v(x0 + t(x− x0)) · (x− x0) dt =

∫ 1

0

d∑

i=1

vi(x0 + t(x− x0))(xi − x0i) dt.

¿l§�À��S�²�`�¦¥²§Á°±¥²§ª©³�����S½/Î�°��²°�Ïi�-¥¨�S�²§ª�¦¥²�`�³�²°� ª½��S�²�³§¢ÉH¥

∂U

∂xk
=

∫ 1

0

d∑

i=1

∂vi

∂xk
(x0 + t(x− x0)) t(xi − x0i) dt+

∫ 1

0

vk((x0 + t(x− x0)) dt.

Î�°±��¥¨§¢�` ¢ ª�Ñ®¯�¦¥¨�S�³�¨°Ö¥¨§ª©��5�H�`½�¾Sê �`§�¥¨�`�C®¯�¦¥¨�`���¨°� ¢½�Éµ�S§ª��ÃÊ°± ¢¥¨�-¥
∫ 1

0

vk((x0 + t(x− x0)) dt = tvk(x0 + t(x− x0))
∣
∣
∣

1

0
−
∫ 1

0

t
d

dt
(vk(x0 + t(x− x0))) dt

= vk(x) −
∫ 1

0

t
d∑

i=1

∂vk

∂xi

(x0 + t(x− x0)(xi − x0i) dt

Æ±¶



ê ©³�¨°��H½��H��¥²�`��	a�S�²Ì�ÂÄ¤�½�§ªÂÄÃ¦¥¨§¢�³�����/���`�c��©�¥¨°±¥¨§¢©³��½�¡£���`§¢Ã��`§�¥µ´�©³�
v
��§¢�	a�SÃÊ°����H¥²�����

grad U(x) =
v(x)

¡£©³ ¢��¥"�

þM�S§j���H�
Ω
�S§ª�H¡�°±ÂÄÃ-/Ê���»Ã��Ê�Ê°�½1	a§ª ¢���`§¢���`½�½�¥²�`���H¡£ð³�²Ï*§ª���`�CËh�SÉ�§ª�-¥¨�S½

Ω0
É$�`¾`ÌH�³ ª§¢ÂÄÃC�S§ª���S½

C2 � ¿l§�À��S©³Ï*©³�²��ÃH§ª½²ÏQ��½ φ : Ω0 → Ω
�é¿Ñ°±���C§¢½�¥

w =
d∑

l=1

(v ◦ φ) · ∂φ
∂xl

el

°��H¡����SÏTËh�SÉ�§ª�-¥
Ω0

��©�¥Ä°±¥²§ª©³�H½�¡£�²�S§ ��®¯�C�H�`����°Ö¥/¡£©� ª�³�S��¡£Ì��

wi(y) =
d∑

m=1

vm(φ(y))
∂φm

∂yi

wk(y) =
d∑

m=1

vm(φ(y))
∂φm

∂yk

°���½����S�/úh�-¥²¥²�`�����`�³�S 

∂wi

∂yk
=

d∑

m,n=1

∂vm

∂xn

∂φn

∂yk

∂φm

∂yi
+

d∑

m=1

vm(φ(y))
∂2φ

∂yk∂yi

∂wk

∂yi
=

d∑

m,n=1

∂vm

∂xn

∂φn

∂yi

∂φm

∂yk
+

d∑

m=1

vm(φ(y))
∂2φ

∂yi∂yk
.

	a�S�²Ì�ÂÄ¤�½²§¢ÂÄÃ¦¥¨§ª�±¥QÏi°�� ��§ª�qÇÈ�`��¥Ä°��H½²ÂÄÃ�ÉÊ°���¤��`§�¥p���S�\���`Ï*§ª½²ÂÄÃ¦¥²�`�ä��°���¥²§ª�` ¢ ª�S� ëYÉ� ª�S§¢¥²�����³�S�
¡£Ì��

φ
½²©�ê�§¢�F�H§ª�h��©�¥Ä°±¥²§ª©³�H½�¡£�²�S§ªÃ��S§¢¥ ´³©³�

v
/��`��ÃÊÐ� �¥�ÏÔ°��

∂wi

∂yk
=
∂wk

∂yi
.

¿Ñ°�Ï*§¢¥YÃÊ°±¥Ñ�Ê°�½YÇÈ�S¤¦¥¨©³��¡£�` ª�
w
°��H¡È���SÏg½�¥¨�`���H¡£ð³��Ïi§¢�³�`�3Ëh�SÉ�§ª�-¥

Ω0
�`§¢�%Î�©�¥²�`�¦¥¨§ª°� 

W
�

Ø�§ª��¾S�`§¢�³�`�-/H�Ê°�½²½
U = W ◦ φ−1

�`§¢�5Î�©�¥²�`�¦¥¨§ª°� �¡£Ì��
v
§¢½�¥`� Ç °�ÂÄÃC���`�/ú��S¥�¥¨�S���²�S�³�` j�³§¢ ¢¥

∂U

∂xk
=

d∑

m=1

∂W

∂ym
(φ−1(x))

∂φ−1(x)

∂xk
=

d∑

m=1

wm(φ−1(x))
∂φ−1(x)

∂xk

�����<ê �`�³�S�
wm(y) =

d∑

n=1

vn(φ(y))
∂φn(y)

∂ym¡£©³ ¢��¥
∂U

∂xk

=
d∑

m,n=1

vn(x)
∂φn

∂ym

(φ−1(x))
∂φ−1

m (x)

∂xk

.

Æ³Æ



¿l§¢�h¿l§¢Àµ�`���`�¦¥¨§ª°±¥¨§¢©³�����`��®¯���S�¦¥¨§¢¥¨Ð±¥
x = φ(φ−1(x))

¾`�S§ª��¥�/��Ê°�½�½

δnk =

d∑

m=1

φn

∂ym
(φ−1(x))

∂φ−1
m (x)

∂xk

§ª½�¥�/Hê ©³�²°���½�������ÂÄÃ3ì8§ª��½��S¥²¾`�`�C��§ª��	 �`ÃÊ°��H�H¥¨���H�*¡£©³ ¢��¥"� ♣
� ZÑ���-÷F�fZ]¹Ó��ôFað�ÎÐ»e8k µ dfeªo�d hAzéi wxqSq

v(x, y, z) =





yexy sin z + x+ y
xexy sin z + x + y − z
exy cos z − y + z





dfe h�� { h q�dfkmvxw t e8vydSq�õ6d �xt {xk � dfl i w gm��i df� R3 enq tp��  dfk h dfk � dSq t e8���sd h�Ä e8k?dfe h�Á { t d hut e�wylvy{ h v � �Ãw h dfkS�A�yl t~iyg k��S� � e ñ�dfk�d h�µ epdfkSd h vy{ h
P = yexy sin z + x+ y

Q = xexy sin z + x+ y − z

R = exy cos z − y + z

i epd�û�d µ epdS� g�h o�d h
∂P

∂y
=
∂Q

∂x
,

∂P

∂z
=
∂R

∂x
,

∂Q

∂z
=
∂R

∂y
,

wyl2q�{�enq t v kS{ t w t ep{ h q � kSdfe �F� wxq µ�g3� dSq t e8���sd h6i d Á { t d hut e�wyl U o�d huÚ o t
∂U

∂x
= P = yexy sin z + x + y,

q�{ i wxqSq
U(x, y, z) = exy sin z +

x2

2
+ xy + λ(y, z)

��e t dfe h dfk h {��S� µ�g`� dSq t e8���sd h6i d h? -g�hA�xt ep{ h λ o�dfl t d h � g qSq �AÁ wyk t epdfl8lnd � e ñ�dfk�d hut e�w t ep{ hh w��S� y g�h6i õ6dfkpoylndfep�S�[��e t Q dfk¯oye ��t4i epd   {xk i dfk gXh o
∂λ

∂y
= y − z,

w g q i dfk i epd � wyk�q t dfl8l g�h o

λ(y, z) =
y2

2
− yz + µ(z)

��e t dfe h dfk h {��S� µ�g¿� dSq t e8���sd h6i d h� ¡g�hA�xt ep{ h µ k�dSq g l t epdfk t��®� e ñ�dfk�d h�µ epdfk t �`w h¿hug�h
U(x, y, z) = exy sin z +

x2

2
+ xy +

y2

2
− yz + µ(z)

Æ�º



�Awyk t epdfl8l h w��S� z gXh6i vydfk¯oylndfep�S� t ��e t R z q�{[dfk��A�yl t �`w h
∂µ

∂z
= z,

{ i dfk � enqDw gm� dfe h d h w i�i e t e8vyd h�� { h q t w hut d h b g ���`w h6i d h µ = z2/2 �F� wxq Á { t d hut e�wyl¡enq ti wy��e t~� enq?w gf� dfe h d�w i�i e t e8vyd � { h q t w hut d iyg k��S�

U(x, y, z) = exy sin z +
x2

2
+ xy +

y2

2
− yz +

z2

2o�dpo�d � d h6�

Æ³Í
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d

<O<O:�< Ê°EéVA@FN>AËéP�Qc�U>
=?>A@-BCBD@FECQSHCEUT4VXWRYéE1@FE
®¯ÏPñÊ©³ ª���`�����S�ÙÉ$�S¥²�¨°�ÂÄÃ¦¥²�`� ê�§ª�hÉ$�`½�ÂÄÃ��¨Ð��H¤�¥²�y/�°�É��³�S½²ÂÄÃ� ¢©³½²½��`����®¯�¦¥²�`��´±°� ¢ ª�

[ai, bi]
/
i =

1, . . . , d
�

Ý[Z]\}�+^C�+_\���`^ �é�uaø� � wxq i e8k�d �xt d Á k�{ iygô�xt I := [a1, b1]× . . .× [ad, bd]
��e t ai ≤ bi z

i = 1, . . . , d
�udfe�� t d ¼ i e8�sd h qfep{ h wylndfkon g w i dfk ��� epd j wx��l

V (I) =
d∏

i=1

(bi − ai)

�udfe�� t õ6{xl g �sd h i dSqpn g w i dfkSq � |~e h n g w i dfk��udfe�� t d hut wyk t d t·z)� wyl8l2q ai = bi �mÚ kßdfe h
i = {1, . . . , d} oye8l t { i dfkUoylndfep�S� � d i d gXt d h6ixzÄ d huh V (I) = 0 �
ì8§ª���Ñê �`½��`�¦¥¨ ¢§ªÂÄÃ��\ì8§ª�³�S��½²ÂÄÃ�°±¡í¥/���`½�ÇÈ©³ ª�HÏi�S��½}�`§¢���`½ � �Ê°��H�`�²½�§¢½�¥���§¢�����²°���½² ª°±¥¨§¢©³��½�§ª�M�
´±°��²§ª°���¾¨/����»Ã��

V (I + c) = V (I)
¡£Ì��~±��S���`� ���²°���½� Á°±¥²§ª©³��½�´³�S¤�¥²©³�

c = (c1, . . . , cd)
�cþM§¢�

¡£©³ ¢��¥��`§¢�H¡�°�ÂÄÃ�ê �`�³�S�
I + c = [a1 + c1, b1 + c1] × . . .× [ad + cd, bd + cd] .

Ý[Z]\}�+^C�+_\���`^ �é�uaªç´b-dfepd h I1, . . . , IN ⊂ Rd � {x�C�Aw �xt dJn g w i dfk ��� w huh oye ��t dSq� {x�C�Aw �xt dHn g w i dfk J1, . . . , JM ⊂ Rd ��e t �Aw�wyk Ä dfenq�d i enq ©mgXhA�xt df�ãr huh dfk�d hAz q�{ i wxqSq© d i dSq Ii wyl2q3õ6dfk�dfe h eªo gXh oDo�dSdfeªo h d t dfk Jk i wyk¯o�dSq t dfl8l tOÄ dfk i d h�� w huh¿g�h6i
◦
J i ∩

◦
J j= ∅ �mÚ k i 6= j gXh6i

N⋃

i=1

Ii =

M⋃

j=1

Jj .

J1, . . . , JM
�udfe�� t �¸wxq t dfk g�h o i dfk I1, . . . , IN �

r h × ��� e8l iyg�h o ������� qfe h6i�µ�Ä dfe j dfkmlndpo g�h o�d h3i dfk[õ6dfkSdfe h eªo g�h o µ�Ä dfepdfk � {x�C�Aw �xt dfkqn g wy¼i dfk;e h R2 e h ��d h o�d h Jj
��e t �Aw�wyk Ä dfenq�d i enq ©mgXhA�xt d h r huh dfk�df� i wyk¯o�dSq t dfl8l t·z�i dfk�d h õ6dfkm¼dfe h eªo g�h o ⋃j Jj = I1 ∪ I2
enq t�� ù g k²dfe h d i dfk j dfkmlndpo gXh o�d h q t dfl8l t dfe h dC�¸wxq t dfk g�h o i wyk �

Ý[Z]\}�+^C�+_\���`^ �é�uan�´b-dfe
I ⊂ Rd i epd õ6dfk�dfe h eªo gXh o � {x�C�Aw �xt dfkJn g w i dfk Ii, i =

1, . . . , N ��  dfk h dfkUq�dfe χIi
i epd²�S�Awyk�w �xt dfkfenq t enq��S�ud  ¡g�hA�xt ep{ hIi dfk���d h o�d Ii z wyl2q�{

χIi
(x) =

{
1 �mÚ k x ∈ Ii
0 �mÚ k x /∈ Ii

.

Æ��



I1

I2

J1 J2

J3 J4 J5

J6 J7

J∗
1

J∗
2

J∗
3

ëlÉHÉ�§ª ¢�������q�³���¢�°,³úY©³Ï*�Ê°�¤¦¥¨� � �Ê°±���`�
I1, I2 ⊂ R2 ���H�*�S§ª���/�/°�½�¥²�`������� J1, . . . , J6

´�©³�
I1, I2

�u	 �"°�ÂÄÃ¦¥¨�¨/é�Ê°�½²½
J∗

1 , J
∗
2 , J

∗
3

¤��`§¢���\�Y°�½�¥¨�S�²�����q´�©³�
I1, I2

§ª½�¥"�

� w huh �udfe�� t ϕ : I → R
��e t (c1 . . . , cN) ∈ RN gXh6i

ϕ(x) =

N∑

i=1

ciχIi
(x)

� k�d����ud h��mg�hA�xt ep{ h w gf� I � r�q t~i wxq1r huh dfk�d i dfk Ii �Aw�wyk Ä dfenq�d iyg k��S��q��S� h e t¯t q � k�df� ixz �udfe�� ti epd � wyk�q t dfl8l gXh o`vy{ h ϕ i enq ©mg�hA�xt��
Ý[Z]\}�+^C�+_\���`^ �é�ua�ù j Ä dfe � k�d����ud h��mgXhA�xt ep{ h d h ϕ, ψ �udfe��d h#� wxq tÓÚ&� dfk�wyl8l1oylndfep�S� zÄ d huh qfepd?qfep�S�3�uö��S��q t d h q�w gf� n g w i dfkmk�� h6i dfk h`© d i dfk µ�g lª�xqSqfeªo�d h �)wxq t dfk gXh o»vy{ h I =
⋃N

i=1 Ii g�hut dfk�q��S�udfe i d h6�
�lÀ��S��½²§¢ÂÄÃ¦¥¨ ª§¢ÂÄÃ��³§¢ÉH¥a�S½a¡£Ì��-±��`���l�����`���$�`�H¡£�H��¤¦¥¨§ª©��

ϕ : I → R
�S§ª���Y��§ª½8±�����¤¦¥¨�l¿Ñ°��²½�¥¨�S ��

 ª�H���6§ª�<���`��ñÊ©³��Ï

ϕ(x) =

M∑

j=1

djχJj
(x)

¡£ÌH�}¡�°�½�¥Y°� ¢ ª�
x ∈ I

ê ©³Éµ�S§
J1, . . . , JM

�S§ª���h�/°�½�¥²�`�������6´³©³�
I
§ª½�¥"�

¹OZ]�ò�¾Ù �é�uaø� j g�© d µ�Ä dfe � kSd����ud h��mg�hA�xt ep{ h d h ϕ, ψ : I → R
oye ��t dSqsdfe h d��¸wxq t df¼k gXh o J1, . . . , JM

vy{ h I z q�{ i wxqSq���e t o�dSdfeªo h d t d h (c1, . . . , cM), (d1, . . . , dM)

ϕ(x) =
M∑

j=1

cjχJj
(x), ψ(x) =

M∑

j=1

djχJj
(x) �mÚ k � wxq t wyl8lnd x ∈ I

oye8l tp�
Ý[Z]\}�+^C�+_\���`^ �é�uaªè´b-dfe

ϕ
dfe h d � k�d����ud h��mg�hA�xt ep{ h w gm� I e hsi enq ©mg�hA�xt dfk � wyk�q t dfl8l g�h o

ϕ(x) =
∑N

k=1 ckχIk
(x) z ◦

I i ∩
◦
Ij= ∅ �mÚ k i 6= j gXh6i��mÚ k`wyl8lnd i, j ∈ {1, . . . , N} � Ð»e8ki d·Ò h epdfk�d h

∫

I

ϕ(x)dx :=
N∑

k=1

ckV (Ik) .

Æ�Å



� ���ÊàÖáµ���"� ∫
I
ϕ(x)dx

ÃÊÐ����±¥1��§¢ÂÄÃ�¥�´³©³�q���S�1½²�$�`¾S§ª�S ª ª�S�p��§¢½·±�����¤¦¥²�`�6¿Ñ°���½�¥²�` ª ¢������°±É���ñ�Ì��±��`�H�`� � ��°����`�
J ⊂ I

�³§ª �¥
∫

J

ϕ(x)dx =

∫

I

ϕ(x)χJ(x)dx .

®¯Ï
R2 ½�¥²�` ¢ ¢¥/�`§¢�C¤±©³Ïi��°�¤¦¥¨�`� � �Ê°����S� Ik �S§ª�X�/�SÂÄÃ�¥²�`ÂÄ¤5�Ê°��/�����C�Ê°�½�ÇÈ©³ ª��Ï*�`� V (Ik)��§¢�p���`ÂÄÃ¦¥¨�SÂÄ¤ôÊÐ�ÂÄÃ�����¿Ñ°�½�®¯�¦¥²�`�³�²°� �Ì�É$�`�l�`§ª�H�p�����`���$�`�M¡£����¤¦¥¨§¢©³�

ϕ : I → R
§ª½�¥Ñ�Ê°����

°� ¢½QÇÈ©³ ª�HÏi�S� ���`½*°��H½ � ��°����`���
Ik × [0, ck](ck > 0)

¾`�H½¨°�Ï*Ïi�S���³�S½²�S¥²¾S¥²�`�ýú/ð³�²�$�`��½
§ª�¦¥²�`�²�H�²�S¥²§ª�S�²ÉÊ°���5í´��³  ��ëYÉ�É��j�³���×¬°7I�

c1
c2

I1
I2

ëlÉHÉ�§ª ¢�������%�³�³�¬X,�®¯�¦¥²�`�³�²°� È�`§ª�H�`�����²�`�H�µ�S�H¡£����¤¦¥¨§¢©³�ä§¢Ï
R2 °� ¢½ÑÇÈ©³ ª�HÏi�S� ¾S��½¨°±ÏiÏ*�`�M��³�S½²�S¥²¾S¥²�`� � ��°����`�

Ø�§ª��½�¥²�` ª ¢�`�q�����6�`§¢��§ª���a ª�S§ªÂÄÃ¦¥8Ì�É$�`�����²ÌM¡£ÉÊ°��²��ì8§¢�³�`��½�ÂÄÃÊ°±¡í¥²�`�6���`½8®¯�¦¥²�`�³�²°� ª½1¾S��½¨°±ÏiÏ*�`�-,
Z��£�é�M���"àÖá��AØ �����ò�����3�S�µ�����é�Ö��ß¯��r�æ8����_a�
�s)t)8����Ø¯â���!������$�c�M� �Êâ�Ø������öåF���Ö�������e"
�$â��c�«!é�$ãu)��&!�������v6â��u�c���
�³�YþM�S§ª�S�

α, β ∈ R
�H���

ϕ, ψ
�����`���$�`�H¡£�H��¤¦¥¨§ª©��QÌ�É$�`�����`�cÇÈ�`���`§¢��§ª�³�H���

I
¤�©³Ï*�Ê°�¤¦¥²�`�� �Ê°��H�`�`�é¿l°����5�³§ª �¥

∫

I

(αϕ+ βψ) dx = α

∫

I

ϕdx+ β

∫

I

ψ dx (
òj§ª���`°��²§�¥ÄÐ±¥

).

¬M��ëY��½
ϕ(x) ≥ 0

¡£Ì���¡�°�½�¥/°� ª ¢�
x ∈ I

¡£©³ ¢��¥
∫

I

ϕdx ≥ 0 (
Î�©³½�§¢¥²§¢´�§¢¥¨Ð±¥

).

·H��ëY��½
ϕ(x) = ψ(x)

¡£Ì���¡�°�½�¥/°� ¢ ª�
x ∈ I

¡£©� ª��¥
∫

I

ϕdx =

∫

I

ψ dx.

º³î



¶��YË�§ª �¥
ϕ(x) ≤ ψ(x)

¡£Ì��}¡�°�½�¥Y°� ¢ ª�
x ∈ I

/�½�©*¡£©³ ¢��¥
∫

I

ϕdx ≤
∫

I

ψ dx (
ïC©³��©�¥²©³��§¢�`�`§¢�³�`�H½²ÂÄÃÊ°±¡í¥

).

ÆM�
∣
∣
∣
∣

∫

I

ϕ(x)dx

∣
∣
∣
∣
≤ ‖ϕ‖V (I) (

þ�¥²�S¥²§ª�³¤±�`§¢¥
).

®¯Ï^þM�$�`¾`§ª°� ¢¡�°± ª �´�©³� ¤�©�Ïi�Ê°±¤�¥²�`� � �Ê°±���`��� ¤Ö°���� ��§¢�i®¯�¦¥²�`�³�²°±¥¨§¢©³�ä§¢�äÃ�ð³ÃH�`�²�H§ªÏ*�`��½�§ª©±�
�Ê°� ¢�`�i�YÐ±��Ïi�S�*°��H¡��H§ª��®¯�¦¥¨�`���¨°±¥²§ª©³�*§ª�6��§¢�`���S�²��§¢Ïi�S��½²§¢©³�Ê°� ¢�`�6�/Ð���Ï*�`�*¾`����Ì�ÂÄ¤��³�S¡£Ì�ÃH��¥
ê �`�²�H�`����¿Ñ°±¾`�6½²�S§ª�`�

I ⊂ R
p ���H� J ⊂ R

q ¤�©�Ïi�Ê°±¤�¥²� � �Ê°����S�`� � �S���`�1ÇÈ�S¤¦¥¨©³� z ∈ R
p+qê �`�²�H�\§¢�5�H�`�/ñÊ©³�²Ï

z = (x1, . . . , xp, y1, . . . , yq) = (x, y)
�³�S½²ÂÄÃ���§ª�`É$�`���

_?��ZD���}Z�� �é�ua�� Ô b gô��µ dSqSqfe8vyd;r hut dpoyk�w t ep{ h Õ OÚ k © d i d � k�d����ud h��mg�hA�xt ep{ h ϕ w gf� I × J
oye8l t�ÛwfÕ  OÚ k © d i dSq � dSq t d x ∈ I

enq t y 7→ ϕ(x, y)
dfe h d � k�d����ud h��mgXhA�xt ep{ h w gm� J �

� Õ x 7→ ψ(x) =
∫

J
ϕ(x, y)dy

enq t dfe h d � k�d����ud h��mgXhA�xt ep{ h w gm� I ���Õ ∫
I×J

ϕ(z)dz =
∫

I
ψ(x)dx =

∫

I

(∫

J
ϕ(x, y)dy

)
dx.

� ��¤p�����ya ¿l§¢�������`���$�`�M¡£����¤¦¥¨§¢©³�
ϕ : I × J → R

É$�`½�§¢¥²¾S¥��`§¢���h��§ª½8±�����¤¦¥¨�F¿Ñ°±�²½�¥²�` ¢ ª�����A/
��§¢��°��H¡��`§¢���`�}�Y°�½�¥¨�S�²�����p´�©³�

I × J
§ª�

Rp+q ÉÊ°�½²§¢�`��¥"��¿Y§ª��Î8�²©â±��`¤¦¥¨§¢©³���`�<���S���`�¦¥¨½����²�I�ÂÄÃ��S�����`� � �Ê°±���`�l°��H¡1�H�`�
Rp É�¾-êh� Rq ÉH§ª ª�H�`�5�`§ª�H�p�/°�½�¥²�`�²�H���i´�©³� I É�¾-êh� J �µ¿l°����§ª½�¥

I =
⋃M

i=1 Ii w J =
⋃N

j=1 Jj
�����

ϕ(x, y) =
M∑

i=1

N∑

j=1

aijχIi×Jj
(x, y)

¡�°�½�¥lÌ�É$�`�²°� ª ø��Øä�S�³�`�
χIi×Jj

(x, y) = χIi
(x) · χJj

(y)
���H�

V (Ii × Jj) = V (Ii) · V (Jj)¡£©³ ¢��¥
ϕ(x, y) =

N∑

j=1

(
M∑

i=1

aijχIi
(x)

)

χJj
(y)

ê ©³�¨°��H½Y°°7}¡£©� ª��¥`�
∫

J

ϕ(x, y)dy =

N∑

j=1

(
M∑

i=1

aijχIi
(x)

)

V (Jj) =

M∑

i=1

(
N∑

j=1

aijV (Jj)

)

χIi
(x)

ê ©³�¨°��H½/Éu7}¡£©� ª��¥`�
∫

I

(∫

J

ϕ(x, y)dy

)

dx =
M∑

i=1

(
N∑

j=1

aijV (Jj)

)

V (Ii) =

∫

I×J

ϕ(z)dz

ºH�



ê ©³�¨°��H½/Â�7a¡£©³ ª��¥`� ♣

_?��ZD���}Z�� �é�ua¢ç Ô × i�i e t e8v�e t � t4i dSq1r hut dpoyk�wyl2q�Õ
 OÚ k © d i d j dfkmlndpo gXh o»dfe h dSqDn g w i dfk�q I =

⋃N
i=1 Ii

��e t ◦
I i ∩

◦
J j= ∅ � dfe j 6= i

oye8l t
∫

I

ϕ(x)dx =
N∑

i=1

∫

Ii

ϕ(x)dx .

<O<O:�É Ê°EéVA@FN>AËVXWRYOEãêôVX@¡VXWRNé@->xNUHCEUT4VXWRYéE1@FE;� D@->�TOYy� BCËT4VX@{z#H1Ë�G
JC@->

Ë��²�����H ª�`���`��� ¡£Ì�����§¢�öì8��ê �`§�¥¨�`������� ���`½<®¯�¦¥¨�S�³�¨°± ªÉ$�`�³��§¢Àµ�`½Ô´�©³�«���²�S���$�`�H¡£���H¤�¥²§ª©³�H�`�
°��H¡���§ª�Yú� Á°�½�½²�/���`� ½�¥¨�-¥¨§¢�³�`��ñÊ���H¤�¥²§ª©³�H�`�Ô§¢½�¥ ��§ª�lïCð³�� ª§ªÂÄÃH¤��`§�¥�/¦½�¥¨�S¥²§ª�³�YñÊ����¤¦¥¨§¢©³���S��°� ª½
�³ ¢�`§ªÂÄÃHÏÔÐy%�§ª�³�S��Ë��²�S��¾Sê �`��¥�´³©³�<���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S�5¾S�<°�������©"óH§¢Ïi§¢�`���`���M¿l§ª�l���SÂÄÃ���§ª¤
���S�Xì8��ê �`§�¥¨�S�²����� �`��Ïið��³ ª§¢ÂÄÃ�¥<�H§ªÂÄÃ¦¥5���H�C��§¢� ìÈ��êa�S§¢¥²�`�²�H����°±�H¡p½�¥¨�S¥²§ª�³� ñÊ����¤¦¥²§ª©³���S�
½²©������`���û°��H¡��H§ª�iúh ª°�½²½��`�ä°� ª ¢�`�FñÊ����¤¦¥¨§¢©³���`�¡/���§¢�i½�§ªÂÄÃä°� ª½F�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�³�`�FË��²�S��¾Sê �`��¥
´³©��C���²�S���µ�S�H¡£����¤¦¥²§ª©³���S�X�S�²�³�SÉµ�S���
_?��ZD���}Z�� �é�ua½�ÏrSq t f w gm�Ui df� � {x�C�Aw �xt d h n g w i dfk I q t d t eªo z q�{Uoye ��t dSq µ�g)© d i df�
ε > 0

dfe h d � k�d����ud h��mg�hA�xt ep{ h ϕ w gm� I ��e t ‖f − ϕ‖ < ε zéÄ { � dfe ‖Φ‖ = supx∈I |Φ(x)|oye8l tp�
� ��¤p�����ya 0��H��Éµ�S½²½²�S�²�S� ÇÈ�S�¨°���½�ÂÄÃÊ°��� ¢§ªÂÄÃ������<¡£Ì�Ã����`�öê�§ª���H�`��	a�Sê �`§¢½h§ªÏ ñ$°± ª 

d = 2
�

¿l§¢�6ñé�H��¤¦¥¨§ª©��
f
§ª½�¥Ñ Á°��H¥lÇÈ©³�¨°��H½²½��S¥¨¾S�����5½�¥²�S¥¨§¢�������%½²©�Ïi§�¥�§ª½�¥

f
°��H¡

I
�� ª�`§¢ÂÄÃ�ÏiÐy%³§ª�

½�¥²�S¥²§ª���éþ�©³Ïi§�¥��³§¢ ¢¥
∀ε > 0 ∃ δ(ε) > 0, ∀x, y ∈ I

Ï*§¢¥ |x− y| < δ(ε) ⇒ |f(x) − f(y)| < ε.

Ø�§ª��½��S¥¨¾S�`�
h1 := (b1 − a1)/N

�����
h2 := (b2 − a2)/N

�ÊØÙ�`���
N
Ã�§¢���²�S§ªÂÄÃ��S���3�³��©°%

§ª½�¥�/È�Ê°��H���³§¢ ¢¥ √
h2

1 + h2
2 < δ(ε).

Ø�§¢�*�H�+.Ê��§¢�`���`�ý�����ý�H§ª�5�����`���$�`�H¡£�H��¤¦¥¨§ª©��ò5£´��³ ø�
ëlÉHÉ��j�³�³�¸·�7-�

ϕN(x, y) =







f(a1 + ih1, a2 + jh2)
¡�°� ¢ ª½

a1 + ih1 ≤ x < a1 + (i+ 1)h1

a2 + jh2 ≤ y < a2 + (j + 1)h2

f(a1 + ih1, h2)
¡�°� ¢ ª½

y = b2, a1 + ih1 ≤ x < a1 + (i + 1)h1

f(b1, a2 + jh2)
¡�°� ¢ ª½

x = b1, a2 + jh2 ≤ y < a2 + (j + 1)h2

f(b1, b2)
¡�°� ¢ ª½

x = b1, y = b2

.

¿Ñ°��H�C�³§¢ ¢¥ ‖f − ϕN‖ < ε
� ♣

º¦¬



y

z

y

x

z

x

Im
k ∈ Km

Im+1
j ∈ Km+1

ëlÉHÉ�§ª ¢�������*�³�³�¸·A,MËh ¢�`§¢ÂÄÃ�ÏÔÐ¨%³§ª�³�aël������©"óH§¢ÏÔ°Ö¥¨§ª©��*�S§ª���S�a½�¥¨�S¥²§ª�³�S��ñÊ����¤¦¥²§ª©³�i�����²ÂÄÃÔ�`§ª�H�
ñÊ©³ ª���l´³©³�5���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S���
õI���[��¹~¹éÙ}� �$�ua�� j g»© d i dfk3w gm�3i df� � {x�C�Aw �xt d h n g w i dfk I q t d t eªo�d hM ¡gXhA�xt ep{ h
f
oye ��t dSq3dfe h d   {xl¬o�dsvy{ h´� kSd����ud h��mg�hA�xt ep{ h d h ϕn zDi epd�oylndfep�S���`����eªoàw gm� I o�dpo�d h f� { h vydfk¯oyepdfk t��

� ��¤p�����ya 0��
ε = 1/n

�IóM§¢¥¨§¢�`��¥��`§ª�
ϕn

Ï*§¢¥ ‖f − ϕn‖ < 1/n . ♣

Ý[Z]\}�+^C�+_\���`^ �é�uanæ´b-dfe
f : I → R Â k�d h�µ�Ä dfk t dfe h dfk   {xl¬o�d²oylndfep�S���`���®eªoÃw gm� I� { h vydfk¯oyepdfk�d h6i dfk � k�d����ud h��mg�hA�xt ep{ h d h ϕn � Ð»e8k i d·Ò h epdfk�d h

∫

I

f(x) dx := lim
n→∞

∫

I

ϕn(x) dx .

¿Ñ°�Ï*§¢¥a��§ª�h¿Y�+.Ê��§�¥¨§¢©³�5þM§ª�H�5Ïi°�ÂÄÃ¦¥�/H§ª½�¥}�`§ª�H�`�²½��`§�¥¨½���§¢�hì1óM§¢½�¥¨�S��¾h���`½YË��²�S��¾Sê �`��¥¨�`½/���S�0�°�Ã� ¢�`�H¡£©� ª�³�
(∫

I

ϕn(x) dx

)

n≥1�����Ô°������S�²�S�²½²�S§¢¥²½a��§¢�lÒ/�Ê°�É�ÃÊÐ±���³§ª��¤��`§�¥e���`½}Ëh���`��¾-êa�S��¥¨�S½a´³©������`�eël�H½�êa°�Ã� $���`�
f
°����

����©�óM§¢Ïi§¢�`�²�S�����S�CñÊ©³ ¢�³�l´�©³�C���²�S���$�`�H¡£���H¤�¥²§ª©³�H�`�X¾S�C½�§ªÂÄÃ��S�²���

Z(|c���S�������������}���
�����°¤Q���������y�
ØÙ�`�³�S�Ù���S�h�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�³�`�öú/©³�¦´³�S�²�³�S��¾Ô���S�Fñé©� ª�³�

(ϕn)n≥1
�³�S�³�`�

f
ÃÊ°�É$�`�%ê�§ª��¾`���

�ÊÐ�ÂÄÃH½�¥
∀ε > 0 ∃no(ε) : ∀n,m > n0(ε)

º³·



‖ϕn − ϕm‖ = ‖ϕn − f + f − ϕm‖ ≤ ‖f − ϕn‖ + ‖f − ϕm‖ < 2ε .òj§ª���`°��²§�¥ÄÐ±¥a�����3þ�¥¨�-¥¨§ª��¤��`§�¥����S½Y®¯�¦¥¨�S�³�¨°± ª½�Ì�É$�`�����²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S�X�`���³§ªÉM¥
∣
∣
∣
∣

∫

I

ϕn(x)dx−
∫

I

ϕm(x)dx

∣
∣
∣
∣

=

∣
∣
∣
∣

∫

I

(ϕn − ϕm)(x)dx

∣
∣
∣
∣

≤ ||ϕn − ϕm|| V (I)

< 2εV (I) < ε? .ël ¢½²©6§ª½�¥���§ª��0�°±Ã� ª�S�H¡£©³ ª���
(∫

I

ϕn(x)dx

)

n≥1Æ}°���ÂÄÃ¦Ú�¡£©³ ¢�³�h§ª�
R
�����C�Ê°�Ï*§¢¥a¤�©³�¦´³�S�²�³�S�¦¥"�

º<���Hæ�á��Ê�c�µ�£�"!é�M�í�Ó�����}���
�����°¤Q���
�"�X�p÷$�$�������i�P)t)��
�6|c��ã �£���Ö���������
\j�$ß£�$�"�
þM�S§ª�`�

(ϕn)n≥1
�����

(ψ)n≥1
¾Sê �`§é��§ª��ñÊ���H¤�¥²§ª©³�

f
°��H¡

I
�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�Ñ°����H�²©"óM§ªÏ*§ª�`���`���H�

ñÊ©³ ª���`��´³©��C���²�S���µ�S�H¡£����¤¦¥²§ª©³���S���ÊØ�§ª��É$�S¥²�¨°�ÂÄÃ¦¥¨�S�
‖ϕn − ψn‖ ≤ ‖ϕn − f‖ + ‖f − ψn‖ < 2ε ∀n > n0(ε) .¿Ñ°��²°���½�¡£©³ ¢��¥

∣
∣
∣
∣

∫

I

ϕn(x) dx−
∫

I

ψn(x) dx

∣
∣
∣
∣
=

∣
∣
∣
∣

∫

I

(ϕn − ψn)(x) dx

∣
∣
∣
∣
≤ V (I)‖ϕn − ψn‖ < 2εV (I) ,

½²©%�Ê°±½²½6��§ª�<¿Y§¢Àµ�`�²�S��¾<���`�qëY������©�óM§¢ÏÔ°±¥²§ª©³�H�`� ¡£Ì��
n → ∞ �³�`���`� Ç �� ¢ }½�¥²�²�SÉH¥"�È¿l§¢�0�°�Ã� ¢�`�H¡£©� ª�³�S�

(∫

I

ϕn(x)dx

)

n≥1

(∫

I

ψn(x)dx

)

n≥1¤�©���´��`���³§ª�S�²�`�C½²©³Ï*§¢¥}�³�`�³�S�C�H�`�5�³ ª�S§ªÂÄÃ��S�XË��²�S��¾Sê �`��¥"� ♣

ÈYÉH ª§ªÂÄÃH�FþMÂÄÃ��²�S§ªÉ¦ê �`§ª½��`�X¡£ÌH�
d = 2, 3

½²§¢���
b1∫

a1

b2∫

a2

f(x, y) dydx =

∫

I

f(z) dz I = [a1, b1] × [a2, b2]

½²©�ê�§¢�
b1∫

a1

b2∫

a2

b3∫

a3

f(x, y, z) dzdydx =

∫

I

f(z) dzI = [a1, b1] × [a2, b2] × [a3, b3].

ì8§ª��§¢�³��ì8§¢�³�`��½�ÂÄÃÊ°±¡í¥²�`� ���S½q®¯��¥²�`�³�²°� ª½QÌ�Éµ�S�p���²�`�H�µ�S�H¡£����¤¦¥¨§¢©³���S�  ª°�½²½��`� ½�§ªÂÄÃû°��H¡��H�`�
ñé°� ª $´³©³�5½�¥²�S¥²§ª�³�S�C®¯�¦¥¨�S�³�¨°±�����`�CÌ�É$�`��¥²�¨°����`���

º�¶



Z��£�é�M���"àÖá��AØ �����
�c�X�6�S�µ�����é�Ö��ß¯�Drcæ8���}�S���¦�
�£�$���á\�â���!��
�£�µ�c���é�
5ø°°7CþM�S§ª�S�

α, β ∈ R
É�¾Sêh�

C
�H���

f, g ∈ C(I)
��¿Ñ°����5�³§ª �¥

∫

I

(αf + βg)(x) dx = α

∫

I

f(x) dx+ β

∫

I

g(x) dx
5øòj§¢���"°���§¢¥¨Ð±¥m7

.

5�Éu7<®¯½�¥
f(x) ≤ g(x)

¡£Ì���°� ª ¢�
x ∈ I

/Ê½�©i��§ª ¢¥
∫

I

f(x) dx ≤
∫

I

g(x) dx
5 ïC©���©�¥¨©���§ª�S�`§ª���`��½�ÂÄÃÊ°±¡í¥m7

.

5�Â�7à5øþ�¥¨�-¥¨§ª��¤��`§�¥¨½��`§ª���`��½�ÂÄÃÊ°±¡í¥m7
∣
∣
∣
∣

∫

I

f(x) dx

∣
∣
∣
∣
≤
∫

I

|f(x)| dx ≤ ‖f‖V (I) .

5��u7à5�¿l�+.Ê�H§¢¥¨ÃH�`§¢¥S7
∫

I

|f(x)|dx = 0 =⇒ f(x) ≡ 0 ∀x ∈ I .

_?��ZD���}Z�� �é�ua ù Ô Á wyk�wy�sd t dfkme hut dpoyk�wylnd�Õb-dfe�r²dfe h�� {x�C�Aw �xt dfkDn g w i dfk]e8� Rd gXh6i J dfe h k�dSdfl8lndSq1r hut dfkmvxwyl8l ��� w huh oye8l tpÛÔ wfÕ�r�q t f : I × J → R
q t d t eªo z q�{`enq t

t 7→ F (t) :=

∫

I

f(x, t) dx

q t d t eªose h J �Ô � Õß|�¶°enq t epdfk t�µ�g q�� tðµ l¢ep�S�
∂f

∂t
: I × J → R

g�h6i enq t$i epdSq�d  -g�hA�xt ep{ h q t d t eªo z$i w huh enq t F dfe h d C1 ¼  -g�hA�xt ep{ h w gf� J gXh6i dSq4oye8l t
F ′(t) =

∫

I

∂f

∂t
(x, t) dx.

� ��¤p�����ya �ÑÃ�����	a�S½²ÂÄÃ��²Ð���¤������5���S�lël ¢ ª�³�SÏi�S§ª��ÃH�`§¢¥�¤±ð³�����S�öê�§ª�
J
°� ª½Y¤�©³Ï*�Ê°�¤¦¥Y´³©³� �

°���½�½²�-¥¨¾`�S���

º¦Æ



5ø°°7
f
§¢½�¥}°��H¡

I × J
�³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�F½�¥¨�-¥¨§ª�A/H����Ã��M¡£ÌH�}°� ¢ ª�

ε > 0
�-óM§ª½�¥¨§¢�`��¥a�`§¢�

δ(ε) > 0
/

∀x ∈ I, s, t ∈ J
Ïi§�¥ |t− s| < δ(ε) ⇒ |f(x, s) − f(x, t)| < ε .

ñ�ÌH� |t− s| < δ
�³§¢ ¢¥}°� ª½�©

|F (s) − F (t)| =

∣
∣
∣
∣

∫

I

(f(x, s) − f(x, t))dx

∣
∣
∣
∣

≤
∫

I

|f(x, s) − f(x, t)|
︸ ︷︷ ︸

<ε

dx < εV (I) .

ëY ª½²©6§¢½�¥
F (t)

½�©³�¦°����³ ¢�`§¢ÂÄÃ�ÏÔÐ¨%³§ª�p½�¥¨�-¥¨§ª�*°��M¡
J
�

5�Éu7�Ø�§¢�¸.HóM§ª�`���`�
t ∈ J

�����5Éµ�-¥¨�¨°±ÂÄÃ�¥²�`�-,
∣
∣
∣
∣

F (s) − F (t)

s− t
−
∫

I

∂f

∂t
(x, t) dx

∣
∣
∣
∣

=

∣
∣
∣
∣

∫

I

f(x, s) − f(x, t)

s− t
− ∂f

∂t
(x, t) dx

∣
∣
∣
∣

≤
∫

I

∣
∣
∣
∣

f(x, s) − f(x, t)

s− t
− ∂f

∂t
(x, t)

∣
∣
∣
∣
dx .

¿l�S�YïC§¢¥�¥¨�` �êa�S��¥²½¨°±¥²¾F ¢§ª�-¡£�`��¥
f(x, s) − f(x, t)

s− t
=
∂f

∂t
(x, t + ϑ(s− t)) ϑ ∈ (0, 1)

���H�CÏ*§¢¥��H�`���³ ª�S§ªÂÄÃ�ÏiÐy%³§¢�³�`��þ�¥¨�-¥¨§¢�³¤��S§¢¥�´³©�� ∂f

∂t

°±�H¡
I × J

¡£©³ ¢��¥
∣
∣
∣
∣

∂f

∂t
(x, t + ϑ(s− t)) − ∂f

∂t
(x, t)

∣
∣
∣
∣
< ε

¡£Ì���°± ª ª�
s, t

Ï*§¢¥ |s− t| < δ(ε)
��¿Ñ°��¨°±��½�¡£©³ ª��¥

∣
∣
∣
∣

F (s) − F (t)

s− t
−
∫

I

∂f

∂t
(x, t) dx

∣
∣
∣
∣
≤ εV (I) .

Ë��`Ã��S�5ê�§¢��¾`��ÏKËh���`��¾-êa�S��¥
s→ t

Ì�É$�`�+/Ê½²©q¡£©³ ª�±¥���§ª��	 �`ÃÊ°��H�H¥¨���H��� ♣
_?��ZD���}Z�� �é�ua¢è Ô b gô��µ dSqSqfe8vyd;r hut dpoyk�w t ep{ h ÕÔ wfÕ  OÚ k²dfe h dDw gm� dfe h df� �;dS�S� t dS� � [a1, b1] × [a2, b2]

q t d t eªo�d  -g�hA�xt ep{ h f oye8l tpÛ
b1∫

a1

b2∫

a2

f(x, y) dydx =

b1∫

a1





b2∫

a2

f(x, y) dy



dx =

b2∫

a2





b1∫

a1

f(x, y) dx



dy .

� w � dfeAqfe h6i x 7→ F (x) =
∫ b2

a2
f(x, y) dy g�h6i y 7→ F (y) =

∫ b1
a1
f(x, y) dx

q t d t eªo�d
 ¡gXhA�xt ep{ h d h w gm� [a1, b1] �Sµ�Äé� [a2, b2] �

º³º



0��` ¢ ª�l´�©³�
K1

0��S ª ¢�l´³©³�
K2

ëlÉHÉ�§ª ¢���������³���¸¶&, � ��°����`��¾`�S�² ª�S�³�����*©�Àµ�`���S�YïC�`�����`�
Ô � Õ  OÚ k²dfe h d h n g w i dfk I × J gXh6i}i epd?w gm� I × J

q t d t eªo�d  ¡g�hA�xt ep{ h f oye8l t�Û
∫

I×J

f(x, y) dxdy =

∫

I

(∫

J

f(x, y) dy

)

dx =

∫

J

(∫

I

f(x, y) dx

)

dy

Ä { � dfe I ⊂ Rp g�h6i J ∈ Rq � {x�C�Aw �xt dEn g w i dfk]qfe h6i��
� ��¤p�����ya ël�H½²���H¥¨¾S�����û���S�iëY�����²©"óM§ªÏ*§ª�S�²ÉÊ°±�²¤��S§¢¥*½�¥²�S¥²§ª�³�S�ÔñÊ����¤¦¥²§ª©³���S�����H�²ÂÄÃ ���²�`���
�$�`�H¡£���H¤�¥²§ª©³�H�`�

<O<O:¯Ý Ê°EéVA@FN>AËéPOÌOYOEcê�VX@¡VAWRNO@FERNUHCEUT4VXWRYéE1@FER��?@->ÓYí?@FE1@FEB? @FE1Né@FE
_?��ZD���}Z�� �é�ua½æ9}~v*âc�u�c���â�¦���Öß����$â����Ù�éÞÈ���c���[�A�M�c�é�����ßb-dfepd h ∅ 6= Ω ⊂ Rd

g�h6i Ω
{Rñ�d h6��� w huh d�¶°enq t epdfk t dfe h d   {xl¬o�d � {x�C�Aw �xt dfkDn g w i dfk {Ij}∞j=1

��e t �Aw�wyk Ä dfenq�d
i enq ©mg�hA�xt df� r huh dfk hAz~i�� � � ◦Ij ∩

◦
Ik= ∅ ∀j, k : j 6= k,

q�{ i wxqSq
Ô e2Õ

Ω =

∞⋃

j=1

Ij z
Ô e8e2Õ © d i d � {x�C�Aw �xt d � dfe8l¢�sd h o�d�vy{ h Ω � dfkSdfe t q iyg k��S�#d h6i l¢ep�S��v�epdflnd i epdSq�dfk�n g w i dfkÚA� dfk i dS� �xtéÄ e8k i��
� ��¤p�����ya
5�§87»0�����ÇÈ�S�²�`§¢�H¡�°�ÂÄÃ������i���`�/¿Ñ°±�²½�¥²�` ¢ ª�����6É$�S¥²�¨°�ÂÄÃ¦¥¨�S�Xê�§ª�����������S�3ñé°� ª 

d = 2
��Ø�§¢�

Ì�É$�`��¾`§¢�`Ã��S�
R2 Ïi§�¥*�`§ª�H�`Ï Ç �-¥¨¾5´³©³� � �Ê°±���¨°±¥²�`��� ¿Ñ°�É$�`§�§¢½�¥i�Ê°�½ Ç �S¥²¾ 0

� ¥¨�S�
þ�¥²�H¡£�h������ÂÄÃX��§¢�QË�§¢¥�¥¨�S�² ª§¢��§ª�S�

x = k
/
y = l

/
k, l ∈ Z

���f.Ê��§¢�`��¥`�é¿Ñ°�½ Ç �-¥¨¾
1
� ¥²�`�

þ�¥²�H¡£�pÃÊ°Ö¥���§ª�pËh§�¥²¥²�`�² ¢§ª��§¢�`�
x = k/2

/
y = l/2

/
k, l ∈ Z

/��Ê°±½ Ç �-¥¨¾
2
� ¥¨�S�hþ�¥²�H¡£�

��§¢�CËh§�¥²¥¨�S�² ¢§ª��§¢�`�
x = k/22 / y = l/22 / k, l ∈ Z

/È°� ª ¢�³�`Ï*�`§¢� �Ê°�½ Ç �-¥¨¾
m
� ¥¨�S�

º¦Í



þ�¥²�H¡£�F��§ª�QËh§�¥²¥²�`�² ¢§ª��§¢�`�
x = k/2m / y = l/2m / k, l ∈ Z

�$Ø�§¢�/É$�`¾S�`§¢ÂÄÃ����`�ö�H���²ÂÄÃ
K0

��§ª�QÇÈ�S�²�S§ª��§¢�³������°± ª ª�S�l¤±©³Ïi��°�¤¦¥¨�`�ÙË�§¢¥�¥¨�`��¾`�S ª ª�S�X���S�
0
� ¥¨�`� þ�¥¨�H¡£�¨/���§¢�p§ª�

Ω�S��¥²ÃÊ°� �¥¨�`�<½�§ª������Øä�S§¢¥²�`�}½��`§
K1

��§¢�lÇÈ�`���`§¢��§ª�³�H���q°� ¢ ª�`� ¤�©³Ï*�Ê°�¤¦¥²�`�CËh§�¥²¥²�`�²¾S�` ¢ ª�`�
���S�

1
� ¥²�`�Cþ�¥²�H¡£�y/��H§ª��§ª�

Ω
°�Éµ�S����§ªÂÄÃ¦¥�§¢�

K0
�S��¥²ÃÊ°� �¥¨�`�<½�§ª���-/�°� ª ¢�³�`Ï*�`§¢��½²�S§

Ki
/

i ∈ N
/$�H§ª�\ÇÈ�S�²�S§ª��§¢�³�����i°� ª ¢�`��¤�©�Ïi�Ê°±¤�¥²�`�%Ë�§¢¥�¥¨�S�²¾`�S ª ¢�`�5���`�

i
� ¥²�`�3þ�¥¨�H¡£�¨/���§¢�\§¢�

Ω
°�É$�`�p��§¢ÂÄÃ¦¥6§ª� ���S�pÇÈ�`�²�S§ª��§¢�³�����X���`�

Kj
/
j = 0, . . . , i − 1

/��S�¦¥¨ÃÊ°� �¥¨�S� ½�§ª���5í´M��  ��ëYÉ�É��j�³�³�»¶ô7I� Ç °�ÂÄÃCúY©���½�¥²�²��¤¦¥¨§¢©³�<�³§ª �¥��Ê°��H�

Ω ⊂
∞⋃

j=0

Kj.

þM�S§h���H�
x0 ∈ Ω

Éµ�S ª§ª�SÉ�§ª�A/�°�É$�`�<¡£�`½�¥`�/¿Ñ°
Ω
©�Àµ�`�«§ª½�¥�/��³§¢ÉH¥5�`½X�S§ª���Ùú����³�S 

K(x0, r) ⊂ Ω
�aØ�§ª�iÉµ�-¥¨�²°�ÂÄÃ¦¥¨�`���Ê°±½ � �Ê°����²°±¥

m
� ¥¨�`��þ�¥¨�H¡£�¨/a�Ê°±½

x0
�S��¥²ÃÊÐ� �¥5£§ªÏPñé°� ª ¯/��Ê°�½�½

x0
¾S� Ïi�SÃ��²�S�²�S� � �Ê°����²°±¥¨�S�

m
� ¥²�`�qþ�¥¨�H¡£�i�³�`Ã�ð���¥�/cêaÐ�Ã� ª�S�äê�§ª�

�S§ª�%Éµ�S ª§¢�`É�§¢�³�`½Y��§ª�S½²�`� � �Ê°��H�¨°±¥²��7-��ñ�Ì���Ã�§¢���²�S§ªÂÄÃ��S���Ù���²©°%³�S½
m
§¢½�¥

2−m
√

2 < r���H���Ê°�Ï*§¢¥e�Ê°�½ � �Ê°±���¨°±¥e´³©� ª ª½�¥ÄÐ��H��§ª�\§ª�
K(x0, r)

�S�¦¥¨ÃÊ°� �¥¨�S���ÊþM©�Ïi§�¥é.������`��ê�§¢�
¾S��±��S���`Ï

x0 ∈ Ω
�`§ª�

m = m(x0)
Ï*§¢¥

x0 ∈
m(x0)
⋃

i=0

Ki ⊂
∞⋃

i=0

Ki.

¿l§¢�`½/Éµ�S���`�M¥¨�S¥�/µ��°�½²½
Ω
���`§ª ¢Ïi�S���³�h���S�/ÇÈ�S�²�`§¢��§ª�������*°� ª ¢�`�

Ki
/
i = 0, 1, . . .

§ª½�¥`�0���½²°�Ï*Ïi�S��Ïi§�¥����`�/ú/©³��½�¥²�²��¤¦¥²§ª©³�5���`�
Ki

Éµ�S���`�H¥²�S¥Y��§ª�S½�/Ê�Ê°±½²½

Ω =
∞⋃

i=0

Ki.

¿l§¢�iÇÈ�S�²�`§¢��§ª�������3���S�
Ki
Þ¸½Q�`�¦¥¨ÃÊÐ± ¢¥6°�ÉH¾"Ð�Ã� ¢ÉÊ°��F´M§¢�` ¢� � �Ê°����²°±¥¨�

Ik
5£¤�©³Ï*�Ê°�¤¦¥²�� �Ê°��H�`�S7m/Ê���`�H�

• ��§ª�* ª§¢��¤��S�Ù���¦¥²�`�²�S� ì8ÂÄ¤��S� ���`� � �Ê°����²°±¥¨�*ÃÊ°�É$�`�Ù�¨°±¥²§ª©³��°� ª�qú/©M©��²��§¢�Ê°±¥¨�S�
�H���

• ��§ª�aÇÈ�S�²�S§ª��§¢�³�����������8�S���� ª§¢ÂÄÃp´�§ª�` ¢�`��¤�©³Ï*�Ê°�¤¦¥¨�S� � �Ê°����S�
Ik
êaÐ��²��¤±©³Ïi��°�¤¦¥

�H���X��§¢ÂÄÃ¦¥�©�À��S���
¿l§¢�`½�É$�Sê �`§ª½�¥/��§ª���S�²½�¥²�?	 �`ÃÊ°��H�H¥¨���H�i���S½ÑþM°±¥¨¾S�`½`�

5�§¢§87�þM�S§
Ω = R

2 / K ⊂ Ω
�����

K
� ¤�©³Ï*�Ê°�¤¦¥"�M®¯����§ª�S½²�SÏÛñé°� ª $Ì�É$�`�����`ÂÄ¤±�`�XÉ$�`���`§�¥¨½}��§¢�

�S���� ª§¢ÂÄÃä´�§ª�S ª�`� Ë�§¢¥�¥¨�S�²¾`�S ª ¢�`�ä�H�`�p���� ¢ ¢¥¨�S�ûþ�¥²�H¡£�y/1�H§ª�ÔÏ*§¢¥
K
�`§¢���`� ��§¢ÂÄÃ¦¥¨ ª�S�`���`�

¿l�H�²ÂÄÃ�½�ÂÄÃ���§¢¥�¥FÃÊ°�É$�`�-/
K
�F	a�S¥²�¨°�ÂÄÃ¦¥²�`�%ê�§ª�l�����%���S� ñ$°± ª p/é�Ê°±½²½

Ω 6= R2 ��¿l°�����³§¢ÉH¥/�`½��/°����H������¤¦¥¨�\´³©³�
Ω
��þM�S§

r =
�H§ª½�¥

(K, ∂Ω)/2
���S�lÃÊ°± ªÉ$�\ëYÉ�½�¥¨°����X´�©³�

K
¾S��ÏO�Y°��H�

∂Ω
��¿Ñ°±����§ª½�¥a��§¢�Ñú����³�S 

K(x, r)
¡£ÌH�}°� ¢ ª�

x ∈ K
§¢�

Ω
�S��¥²ÃÊ°� �¥¨�`�

���H�qÉ�§ª½�¾`���Èþ�¥¨�H¡£�
m
/Öêa©�Éµ�S§

2−m
√

2 < r
/Ö§ª½�¥

K
´³©³ ¢ ª½�¥ÄÐ����H§ª�/�����²ÂÄÃiË�§¢¥�¥¨�`��¾`�S ª ª�S�

Ì�É$�`�����`ÂÄ¤¦¥`� ♣

º³�



Ý[Z]\}�+^C�+_\���`^ �é�ua8�òb-dfepd h Ω ⊂ Rd {Rñ�d h�g�h6i f : Ω → R
q t d t eªo �®� epd�× ��� e8l iygXh o

f
�udfe�� t~ÚA� dfk Ω

e hut dpoykfepdfk � wyk zOÄ d huh dSq?dfe h d j wx��l M ≥ 0
oye ��t·z q�{ i wxqSq

N∑

k=1

∫

Ik

|f(x)| dx ≤M

�mÚ k © d�d h6i l¢ep�S��v�epdflnd � {x�C�Aw �xt d0n g w i dfk I1 z¸�����fz IN e h Ω
��e t �Aw�wyk Ä dfenq�d i enq ©mgXhA�xt df�r huh dfk�d h oye ��t��� OÚ k�e hut dpoykmepdfk � wyk�d1× ��� e8l iyg�h o�d h f enq t4i wxq1r hut dpoyk�wyl iyg k��S�

∫

Ω

f(x) dx =

∞∑

k=1

∫

Ik

f(x) dx

i d·Ò h epdfk t·zÄ { � dfe {Ik}∞k=1

dfe h dEn g w i dfk µ dfkmlndpo gXh oÓvy{ h Ω
enq t��

� Z]�ÏZ���õ�º»^I� �é�ua�� Ô e2Õ � epdD�Udfen�ud²enq t w � q�{xl gXt¸� { h vydfk¯o�d hutp�$� dfk��Udfen�ud huÄ dfk tenq tégXh w � �A� h oyeªo�vy{ h�i dfkUo�d Ä �x��l t d h n g w i dfk µ dfkmlndpo gXh o�vy{ h Ω �Ô e8e2Õ�r�q t"� w gf�Di dfk�õ6dfk�dfe h eªo g�h o � {x�C�Aw �xt dfkDn g w i dfk I q t d t eªo z q�{�enq t6� w g �S� ÚA� dfk i wxqr huh dfkSd1vy{ h I wyl2q�{ Ω :=
◦
I
e8� b"e huh d i dfkD{ � eªo�dfk � d·Ò h e t ep{ h e hut dpoykmepdfk � wyk gXh6i dSqoye8l t ∫

◦

I

f(x) dx =

∫

I

f(x) dx.

Z��£�é�M���"àÖá��AØ �����À�����%�`�$�����$�
�Êß�� �ø�µ�"���é�Ö�£���
æ����
���ßÙ�æ�æ���ß���â����é����rcæ8��� �éÞÈ���c����A�����é��� �
�³��®¯�¦¥¨�S�³�²§¢�`��ÉÊ°��²¤±�`§�¥������Còc§¢���"°±�²§¢¥¨Ð±¥
þM§¢���

f
���H�

g
§¢�¦¥¨�`���²§ª�S�²ÉÊ°±�jÌ�Éµ�S�

Ω
�����

α, β ∈ R
/��Ê°����\§ª½�¥

αf+βg
§ª�¦¥²�`�³��§ª�`��ÉÊ°��

Ì�É$�`�
Ω
�ÊñÊ�`�²�H�`���³§ª �¥�,

∫

Ω

(αf + βg) dx = α

∫

Ω

f dx+ β

∫

Ω

g dx.

¬M�YïC©���©�¥¨©���§ª�
þM§¢���

f
�����

g
§¢��¥²�`�³��§ª�S�²ÉÊ°��aÌ�Éµ�S�

Ω
Ï*§¢¥

f ≤ g
¡�°�½�¥/Ì�É$�`�²°� ª �§ª�

Ω
/Ê½²©*�³§¢ ¢¥

∫

Ω

f dx ≤
∫

Ω

g dx.

·H��®¯�¦¥¨�S�³�²§¢�`��ÉÊ°��²¤±�`§�¥������5®¯��¥²�`�³�²°� Á°±É�½²ÂÄÃÊÐÖ¥¨¾`�H���
¿l§¢�QëYÉ�É�§ª ¢�������

f
§¢½�¥Ñ§¢�¦¥¨�`���²§¢�`�²É�°��YÌHÉµ�S�

Ω
�³�S�Ê°��ö�Ê°��H�-/$ê �`�H�ö��§ª�\ëlÉ�É�§¢ ª���H���

|f | §¢��¥²�`�³��§ª�S�²ÉÊ°���ÌHÉµ�S� Ω
§ª½�¥"�Êì8½��³§ª �¥}��§¢��ëlÉ�½�ÂÄÃÊÐ±¥²¾`�����A,
∣
∣
∣
∣

∫

Ω

f(x) dx

∣
∣
∣
∣
≤
∫

Ω

|f(x)| dx.

º³Å



¶��YïX°�±�©³�¨°��¦¥²�`��½²°±¥¨¾	a�S½²§�¥¨¾S¥h�H§ª�q½�¥²�S¥²§ª�³�qëYÉ�É�§ª ¢�������
f : Ω → R

�S§ª���q§¢��¥²�`�³��§ª�S�²ÉÊ°����6ïX°â±�©��¨°��¦¥¨�¨/j½²©
§¢½�¥

f
Ì�É$�`�

Ω
§¢�¦¥¨�`���²§ª�S�²ÉÊ°±�`�

ÆM�10��S�² ª�S�³�����6§¢�����`�C�µ©³½�§¢¥²§¢´³�S�<�����5���`�¦°Ö¥¨§¢´��`�5ël�¦¥¨�S§ª 
¿l§¢�l½�¥¨�S¥²§ª�³�YëlÉ�ÉH§ª ª�H�����

f : Ω → R
§¢½�¥}���`�Ê°��Ô�Ê°�����§¢�¦¥¨�`���²§ª�S�²ÉÊ°±� Ì�É$�`�

Ω
/Mê �`���

���S���µ©³½�§¢¥²§¢´³���H���C�H�`�¦°±¥²§¢´���ël�¦¥¨�S§ª �´³©��
f
/Ê���¸Ã��

f+(x) =
1

2
(|f(x)| + f(x))

�H���
f−(x) =

1

2
(|f(x)| − f(x)),

Ì�É$�`�
Ω
§ª�¦¥¨�S�³�²§¢�`�²É�°��}½²§¢������®¯�H½²É$�`½²©������`���Q�³§¢ ¢¥

∫

Ω

f(x) dx =

∫

Ω

f+(x) dx−
∫

Ω

f−(x) dx.

� ��¤p�����ya ¿l�f.Ê��§¢¥²§ª©³������� ì8§ª�³�S��½²ÂÄÃÊ°Ö¡í¥¨�`� ���`½C®¯��¥²�`�³�²°� ª½<½�¥¨�S¥²§ª�³�S�XñÊ���H¤�¥²§ª©³�H�`� ÌHÉµ�S�
¤�©�Ïi�Ê°±¤�¥²� � ��°����`�S� ♣
_?��ZD���}Z�� �é�uað�k}��S�µ�����é�±�£���
æ����â!é���£���Ã³ud i d4w gf� dfe h dfk � dSq��S��k�� hA�xt d h {Rñ�d h d h ��d h ¼o�d

Ω � dSq��S��k�� hA�xt d z q t d t eªo�d  ¡gXhA�xt ep{ h f : Ω → R
enq t~ÚA� dfk Ω

e hut dpoykfepdfk � wyk �
� ��¤p�����ya ñÊ©³ ¢�³�`�������6°���½����SÏWïX°â±�©��¨°��¦¥¨�S��½¨°Ö¥¨¾�� ♣
_?��ZD���}Z�� �é�ua¢�9}�Ù�ß�ß��é��ãä���ø�c���Ó���H����rcæ8���[�"â�!-�¦�����"�í÷$�X�S�µ�����é�Ö�M�
���$�a��b-dfepd h
Ω0 ⊂ Rd dfe h d�{Rñ�d h d)��d h o�d z g z h : Ω0 → R

q t d t eªo²��e t g(x) < h(x) �mÚ k]wyl8lnd x ∈ Ω0g�h6i f : Ω → R
q t d t eªo[w gf�
Ω := {(x, y) ∈ R

d+1 : g(x) < y < h(x), x ∈ Ω0}.

 OÚ kDwyl8lnd � {x�C�Aw �xt d há� dfe8l¢�sd h o�d h I ⊂ Ω0
d�¶°enq t epdfk�d²dfe h d � { h q t w hut d CI z q�{ i wxqSq

|f(x, y)| ≤ CI ∀(x, y) ∈ {(x, y) ∈ R
2 : g(x) < y < h(x), x ∈ I}.

� w huh qfe h6i

F (x) :=

h(x)∫

g(x)

f(x, y) dy, G(x) :=

h(x)∫

g(x)

|f(x, y)| dy

w gm� Ω0
q t d t eªo � r�q t G ÚA� dfk Ω0

e hut dpoykfepdfk � wyk z q�{}enq t w g �S� f Ú&� dfk Ω
e hut dpoykmepdfk � wyk gXh6idSqCoye8l t ��e t¸i dfk�û�d µ dfep�S� hug�h o z = (x, y)

∫

Ω

f(z) dz =

∫

Ω0

F (x) dx =

∫

Ω0

h(x)∫

g(x)

f(x, y) dydx.

Í�î



ìÜËOê
d
GâJCW�� @FECê�WRYéE1ËOP�@B�¿YOPRH�� @FELYOíD@FEC@->J? @FE1Né@FE

®¯ÏK¡£©³ ª���`�����S�X���f.Ê��§¢�`�²�S�Xê�§ª��¡£Ì��/©�Àµ�`���pïC�`�H�³�`�ö�Ê°±½
d
� ��§ªÏ*�`��½�§ª©³��°� ª�lÇÈ©� ª��Ï*�`�5�����

¾`�S§ª�³�S�-/1�Ê°±½²½6Éµ�S½²ÂÄÃ��²Ð���¤¦¥¨�5©�Àµ�`���5ï5�`���³�S�ÿ�S§ª�û�`�H�� ª§¢ÂÄÃ��`½pÇÈ©³ ¢��Ï*�`� É$�`½²§�¥¨¾S�`���Èþ��`§
Ω

�`§¢���5©�À��S���XïC�`�����X�����
Ω =

∞⋃

k=1

Ik
�`§ª�H�¿0��S�² ª�S�³����� §ª� ¤�©�Ïi�Ê°±¤�¥²� � �Ê°±���`�S� ¿l°����

½²�-¥¨¾S�`�Cê�§¢�
V (Ω) =

∫

Ω

1 dx =
∞∑

k=1

V (Ik)

¡�°� ¢ ª½h��§ª�*���`§¢Ã��i¤±©³�¦´³�S�²�³§¢�`��¥�/1°��H���`���H¡�°� ª ¢½
V (Ω) = ∞.

	a�S½²ÂÄÃ��²Ð���¤¦¥¨��©�Àµ�`�H��ïC�S���³�`�
ÃÊ°�É$�`�5½²©�Ïi§�¥��`§¢�5�S���� ¢§ªÂÄÃ��S½�ÇÈ©� ª��Ï*�`���

<O<O:�ç ìÜ@->
=?>AËOECê�QSYO>P� Ë$VAWRYOECê�ê�ËVXë
®¯Ïn�`§¢����§ªÏ*�`�H½²§ª©��Ê°� ª�S�Ôñé°� ¢ Ê������½�¥¨�S¥²§ª�³�SÏn®¯��¥²�`�³�²°������S��¤Ö°�����¾S���a���¨°��H½�¡£©³��ÏÔ°±¥²§ª©³�*��§¢�
þM��ÉH½�¥¨§�¥¨�H¥²§ª©³�H½²�²�S�³�` 

g(b)∫

g(a)

f(y) dy =

b∫

a

f(g(x))g′(x) dx g′(x) 6= 0 ∀x ∈ (a, b)

Ã��S�¨°������`¾`©��³�`� ê �`�����`���1¿l�`�p���¨°±��½�¡£©³��ÏÔ°Ö¥¨§ª©���½²½²°±¥¨¾6´³�S�¨°� ¢ ª�³�SÏi�S§ª���S��¥F��§ª�S½²�����`���`  °��H¡
É$�` ª§¢�`É�§¢�³���/°���Ï*��§ªÏ*�`�H½²§ª©����`���
_?��ZD���}Z�� �é�ua¢Ü9}�_a�
�Ê����Ø �é�Öãä�H�
�£�$�®���`�H���=��b-dfepd h Ω g�h6i Ω′ {Rñ�d h d)�àd h o�d h e8�
Rd z g : Ω → Ω′ dfe h C1 ¼ � e ñ�dS{x�s{xk��u��enqf� g q �O� w huh enq t�i epd�q t d t eªo�d  -g�hA�xt ep{ h f w gf�
Ω′ = g(Ω)

o�d h w gßi w huh«Ú&� dfk Ω′ e hut dpoykfepdfk � wyk zUÄ d huh (f ◦ g) · | det g′| ÚA� dfk Ω
e hut df¼oykmepdfk � wyk]enq t���� wyk ÚA� dfkC��e h w g qCoye8l t

∫

Ω′

f(y) dy =

∫

Ω

f(g(x))| det g′(x)| dx.

� ��¤p�����ya þM§ª�SÃ��pëlÉH½²ÂÄÃ���§�¥²¥FÅH�¬Ô§ª�3úYð³��§¢�³½²É$�`���³�`�+/�úq�ª, × h wyl¢ø�qfenq²ý /�þM���²§¢���³�S�p��Å³Å³ÅX/�þµ�¬�Å³·
��¬�Å³�M� ♣¿l�S�i���¨°��H½�¡£©³��ÏÔ°±¥²§ª©³�H½²½¨°Ö¥¨¾}.Ê���H�S¥iÃÊÐ��A.Ê� ël�¦ê �`���H����� É$�`§����S�*���¨°±��½�¡£©³��ÏÔ°Ö¥¨§ª©��û°��H¡
���S���Ñú/©M©³����§ª��°±¥¨�S��½�Ú�½�¥²�`Ï*�y/�¾��Å	l��Î�©� Á°�� �S/ô0µÚ� ª§¢�����S���������Ôú����³�` ¢¤�©�©³�²�H§ª�Ê°±¥²�`����¿l°�½¸0�§¢�` 
�`§¢���`�\½²©³ ¢ÂÄÃ��`�ûú/©M©��²��§¢�Ê°±¥¨�S�¦¥¨�¨°±��½�¡£©³��ÏÔ°Ö¥¨§ª©�� §¢½�¥\�`½+/��Ê°�½qËh�SÉ�§ª�-¥Q©����`���±����� �H�`� ®¯�¦¥¨�I�
�³�²°������S�ä¾`� ´³�S�²�`§¢�H¡�°�ÂÄÃ��S�-/�½²©X��°�½²½F��§ª�`	a�S�²�SÂÄÃ��������ö���S½\Ï*�`Ã���¡�°�ÂÄÃ��S�ä®¯�¦¥¨�S�³�¨°� ¢½�´³�`� �
�`§¢�H¡�°�ÂÄÃ¦¥�ê�§ª�����

ÍM�



÷Ñ�$ß£���â!$���$�x���ø�c�H�����
Î�©� Á°���¤�©�©³�²��§¢�Ê°±¥²�`�XÉ$�`½�ÂÄÃ��²�S§ªÉ$�`�%��§¢�qòc°��³�Q�S§ª���S½�Î8����¤¦¥¨�S½

(y1, y2) = (x, y)
�����²ÂÄÃö�H§ª�

ël�H�¦°�É$�h´�©³�
(x1, x2) = (r, ϕ)

/�ê ©³Éµ�S§j��§ª��ëYÉ�É�§¢ ª�����H�
g
�³�S�³�`É$�`�C§ª½�¥��H���²ÂÄÃ

x = r cosϕ, y = r sinϕ, r > 0, ϕ ∈ (−π,+π)

5£´��³ ø��ëYÉ�É��8�³�³�Æ°7I��¿l�S�hØ�§¢��¤��S ªÉ$�`���`§ªÂÄÃ%¤Ö°���� °��HÂÄÃÙ���H�²ÂÄÃÙ°������S�²�
2π

 Á°±���³�p®¯�¦¥¨�S��´±°�  �
 ª�¨/��-¥¯ê}°

(0, 2π)
�`�²½��S¥²¾S¥qê �`�²�H�`���8¿Y�`��	a�-¥¨�²°��3���S�p¿l�-¥¨�`��Ïi§¢�Ê°±¥²�Ô���S� � °�Â`©�É�§�� ïX°±¥¨��§�ó

É$�`�²�SÂÄÃ����-¥l½�§ªÂÄÃ5¾`� | det g′| = r
�

x

y

ϕ

r

P (x, y)

ëYÉ�É�§ª ¢�����������³�×Æ�,ÊÎ�©³ ª°��²¤±©M©��²��§¢�Ê°±¥¨�S���

� ZÑ���-÷F�fZ]¹Ó�é�ua�� Â dSq g �S� t q�dfe i wxq?r hut dpoyk�wyl$vy{ h f(x, y) = x + 3y Ú&� dfk i d h |~e h ¼�udfe t q � kSdfenq �¡� wxq¸r hut dpoyk�wyl enq t oylndfep�S� i df� r hut dpoyk�wyl ÚA� dfk i d h o�dSq��S��l¢e tðµ�t d h |4e h �udfe t q � k�dfenq
Ω′ = {(x, y) : x2 + y2 < 1, }\{(x, 0) : x ∈ (−1, 0]} z¸i dfk i wxq�û;e8l i»i dSq Ô {Rñ�d h d h Õ�;dS�S� t dS� � o�d � epd t dSq Ω = {(r, ϕ) : r ∈ (0, 1), ϕ ∈ (−π,+π)} enq t Ô vfoyl � × ������������� Õ �b-{x��e t oye8l t

∫

Ω′

(x + 3y) dxdy =

1∫

0

π∫

−π

(r cosϕ+ 3r sinϕ) · r dϕdr = 0.

Ω′
Ω

ϕ

+π

−π
1 rx

y

ëlÉHÉ�§ª ¢�����������³�ºX,ÊË��`½²ÂÄÃH ª§¢¥²¾S¥²�`��ì8§ª�HÃ��`§�¥¨½²¤����`§ª½
Ω′ 5£ ª§¢��¤�½S7 °± ª½)	a§¢ ª���H�`½�§ª�<Î�©³ Á°±�²¤�©�©³����§���Ê°±¥²�`�5�³�`���`É$�`���S�3���`ÂÄÃ¦¥¨�SÂÄ¤�½

Ω
5£�²�`ÂÄÃ¦¥²½S7-�
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� 'jßø���®�c���â!$���$�x���ø�c�H�����
0µÚ� ª§¢�����`��¤�©�©³�²�H§ª�Ê°±¥²�`� Éµ�S½²ÂÄÃ����`§¢Éµ�S� ��§ª�Còc°��³�5�`§ª�H�`½�Î8���H¤�¥²�`½

(y1, y2, y3) = (x, y, z)������ÂÄÃ3��§¢�\ëY���¦°�É$�F´�©³�
(x1, x2, x3) = (r, ϕ, z)

/Êê ©³Éµ�S§��H§ª�FëlÉ�É�§¢ ª���H���
g
�³�`���`É$�`�3§¢½�¥

������ÂÄÃ
x = r cosϕ, y = r sinϕ, z = z, r > 0, ϕ ∈ (−π,+π), z ∈ R

5£´��³ ø�MëYÉ�É��µ�³�³�ÍX/M ¢§ª��¤�½�7-��¿l�`�;	 �S¥¨�²°��p���S��¿l�-¥¨�`��Ïi§¢�Ê°±¥²�l���S� � °�ÂS©³É�§�� ïX°±¥²�²§�ó*É$�`���`ÂÄÃ��H�S¥
½²§¢ÂÄÃC¾S� | det g′| = r

�

r

z

z

ϕ

P (x, y, z)

x

y

r
z
ϕ

P (x, y, z)

x
y

x

y

z

z

P ′(x, y, 0)

P (x, y, z)

ϕ

ϑ
r

ëYÉ�É�§¢ ª�����H���³�³�ÍX,"0µÚ� ª§¢�����`��¤�©�©³�²�H§ª�Ê°±¥²�`�����H�Xú����³�S ª¤±©M©³����§Á°±��¥²�`�

õXâc�é��ß�!é���é�x�����c�H�����
ú����³�S ª¤�©�©³����§ª�Ê°Ö¥¨�`�FÉ$�`½²ÂÄÃH�²�`§¢Éµ�S�6��§ª� òc°��³�e�`§ª�H�`½1Î8���H¤�¥²�`½

(y1, y2, y3) = (x, y, z)
�����²ÂÄÃ

��§¢��ël���¦°±Éµ��´³©��
(x1, x2, x3) = (r, ϕ, ϑ)

/�êa©³É$�`§j�H§ª��ëlÉHÉ�§ª ¢�������
g
�³�`�³�SÉµ�S�C§¢½�¥����H�²ÂÄÃ

x = r cosϕ sinϑ, y = r sinϕ sinϑ, z = r cosϑ,

r > 0, ϕ ∈ (−π,+π), ϑ ∈ (0, π)5£´��³ ø�±ëYÉ�É����³�³�ÍX/Ö�²�`ÂÄÃ¦¥²½S7-�³¿l�`�	 �S¥¨�²°��Ñ���S�8¿l�-¥¨�`��Ïi§¢�Ê°±¥²�a���S� � °�Â`©�É�§�� ïX°±¥¨��§�óhÉ$�`���`ÂÄÃ��H�S¥
½²§¢ÂÄÃC¾S� | det g′| = r2 sin ϑ.

� ZÑ���-÷F�fZ]¹Ó�é�ua¢ç¾|éqCq�{xl8l i wxq�õ6{xl g �sd h dfe h dfk ��g o�dfl-��e t4i df� �¸w i e g q R � dSq t e8��� tÄ dfk i d h6� Ð[e8k]lndpo�d hIi d h �3e t�t dfl � g�hA�xt¸i dfk ��g o�dfl-e hÃi d h
£ kSq��6k g�h o ��� wxq�õ6{xl g �sd h enq toylndfep�S� i df� õ6{xl g �sd hIi dfk1o�dSq��S��l¢e tnµ�t d h	��g o�dfl
Ω′ = {(x, y, z) : x2 + y2 + z2 < R2, }\{(x, 0, z) : x ∈ [0, R)},

i epd i wxq]û;e8l isi dSq�Ð Ú k � dfl2q
Ω = {(r, ϕ, ϑ) : r ∈ (0, R), ϕ ∈ (0, 2π), ϑ ∈ (0, π) }
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e hj��g o�dfl � {�{xk i e h w t d h enq tp��� dfk � k�w h q � {xkm�`w t ep{ h qSq�w tðµ oye ��t"� {xl¬o�d h6i d��;dS�S� hugXh o

V =

∫

Ω′

1 dxdydz =

∫

Ω

r2 sinϑ drdϕdϑ =

R∫

0

2π∫

0

π∫

0

r2 sinϑdϑdϕdr

=

R∫

0

2π∫

0

(
−r2 cosϑ

) ∣
∣
π

0
dϕdr = 4π

R∫

0

r2 dr =
4π

3
R3.
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X � � 4ö{}|t�	�F�8u�{�t<�Stqxc{)(F|�vFw-{

<®É¸:�< NsP@�Oî&ï1@FECê�V=�1îATO@òWRE
R3

Ý[Z]\}�+^C�+_\���`^ ��ç-aø� £�hut dfkÃdfe h dfk   lª���S�ud h �Awyk�wy�sd t kmenqfepdfk g�h oÃvydfkSq t dS�ud h�Ä e8k¿dfe h de h�© d �xt e8vyd Cr ¼�× ��� e8l iygXh o (r ≥ 1)
w gm� dfe h df� Â d � epd t U ⊂ R2 z Φ : U → R3 z]i dfk�d h�Awyk t epdfl8lndU× � lndfe t¯g�h o ∂1Φ(u) z ∂2Φ(u)
w h?© d i dfk�b t dfl8lnd u ∈ U

l¢e h d�wyk g�h w � �A� h oyeªo�qfe h6i��
ñ�Ì����S§ª����¡£�S½�¥¨�\þ�¥²�` ¢ ª�

u = (u1, u2)
�H�`½YÎ�°��²°�Ïi�-¥¨�S�²É$�`�²�S§ªÂÄÃ��S½lÒ¹½�§ª���

s 7→ Φ(u1 + s, u2)
���H�

t 7→ Φ(u1, u2 + t)
¡£Ì�� Ã�§ª�����`§¢ÂÄÃ��`����¤� ¢�`§ª�H� |s|, |t| � 1

�³ Á°±¥�¥¨�
C1 � ú�����´³�S�<°��H¡c���S�)	a§ª ¢��Ï*�`���³� Φ(U)

��¿l§¢�
��°����³�S��¥²�`�¦´³�S¤¦¥¨©³���`�ö°����H§ª�`½��`�5úY©�©³����§ª�Ê°Ö¥¨�`�H ª§ª�H§ª�`�*§ªÏ Î8����¤¦¥

u = (u1, u2)
½²§ª�H�ß5í´��³  �

ëlÉHÉ��j�
¬M���â7
∂1Φ(u) =

d

ds
Φ(u1 + s, u2)|s=0 , ∂2Φ(u) =

d

dt
Φ(u1, u2 + t)|t=0 .

x

y

z

u1

u2

u

δ2Φ(u)
δ1Φ(u)

Φ(u)

Φ

ëlÉHÉ�§ª ¢���������
¬��¢�°,�ñ� ÁÐ�ÂÄÃH�`���Ê°±�¨°�Ï*�S¥²�²§ª½�§ª�S�²�����
Φ : U → R3 �

� ZÑ���-÷F�fZ]¹Ó��ç-a�� |4e h d iyg k��S� i epd Á~gXhA�xt d Pi = (xi, yi, zi), i = 1, 2, 3
o�dS�ud h6i d)| � df¼h d � w huh�iyg k��S� i epd   lª���S�ud h �Awyk�wy�sd t kmenqfepdfk g�h o Φ : R2 → R3 ��e t

Φ(u1, u2) = P1 + u1(P2 − P1) + u2(P3 − P1)

� dSq��S��kmepd � d hMÄ dfk i d h6�;� epd   {xk i dfk gXh o i dfk�l¢e h d�wyk�d hÀ£�h w � �A� h oyeªo � dfe t vy{ h ∂1Φ(u) =
P2 − P1 gXh6i ∂2Φ(u) = P3 − P1 � d i d g�t d t8z�i wxqSq i epd i k�dfe Á4g�hA�xt d t w t q����S��l¢ep�S�üdfe h d| � d h dDw gm� q��Aw huh d h¿gXh6i`h ep�S� t w gm� dfe h dfk Â dfk�w i d h l¢epdpo�d h6�
� ZÑ���-÷F�fZ]¹Ó��ç-a¢ç � epd}{ � dfk�d�ÖDdf��enq��u�A�yk�d}dfe h dfk ��g o�dflvy{x�Î�¸w i e g q 1

��e t �¿e t�t dfl¢¼� g�hA�xt e8� £ k�q��6k gXh o � w huhÜiyg k��S� i epd   lª���S�ud h �Awyk�wy�sd t kfenqfepdfk g�h o Φ : U → R3 ��e t
U = {(u1, u2) ∈ R2 : u2

1 + u2
2 < 1}

Φ(u1, u2) =





u1

u2√

1 − u2
1 − u2

2
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� dSq��S��kmepd � d h3Ä dfk i d h6�
� ZÑ���-÷F�fZ]¹Ó��ç-a½�¾|4e h d   lª���S�ud h �Awyk�wy�sd t kmenqfepdfk g�h o i dfkàb°�u�A�ykSdádfe h dfk ��g o�dfl²vy{x��¸w i e g q 1

��e t �¿e t�t dfl � gXhA�xt e8� £ k�q��6k g�h o}Ò h6i d t �`w h�iyg kS�S�#|~e h��mÚ ��k g�h o«vy{ h9��g ¼o�dfl � {�{xk i e h w t d h x = r cosϕ sinϑ, y = r sinϕ sinϑ, z = r cosϑ Ä epd � {xl¬o t�� Ð[e8k�q�d tðµ d h
r = 1, ϕ = u1, ϑ = u2

q�{ Ä epd U = {(u1, u2) ∈ R2 : 0 < u1 < 2π, 0 < u2 < π}

Φ(u1, u2) =





cos u1 sin u2

sin u1 sin u2

cos u2





û�d�w��S� t d z�i wxqSq i epdSq�d   lª���S�ud h �Awyk�wy�sd t kfenqfepdfk g�h o i d h ù g l8l¢�sdfkme i e�w h dfe h q��S��l¢epd���l¢ep�S� i dSqù�{xk i ¼ g�h6i b ÚAi �u{xl2q h ep�S� t d hut �A�yl t Ô vfoyl � × �����a� ý � ý z l¢e hA� q�Õ �

x

y

z

x

y

z

ëlÉHÉ�§ª ¢�������û�
¬M�¬X,Èþ���ÃÊÐ����5©�Ã���� Ç �� ¢ ªÏ*�`��§ª��§ª°���5£ ª§ª�H¤�½�7Q����� �³�`½�ÂÄÃ� ª§�¥¨¾-¥¨�`�*ú��²�S§ª½�¤��`���` ��
Ïi°��¦¥¨�` 5��²�SÂÄÃ¦¥¨½S7I�
� ZÑ���-÷F�fZ]¹Ó��ç-a ù £ � dfe h d   lª���S�ud h �Awyk�wy�sd t kfenqfepdfk g�h o i dSqUo�dSq��S��l¢e tnµ�t d hT� k�dfenq � dpo�dfl¢¼�`w hut dfl2q Ô vfoyl � × �����q� ý � ý z k�dS�S� t q�Õ µ�g Ò h6i d hAz o�dS�ud h�Ä e8k¿vy{ h j ø¨l¢e h6i dfk � {�{xk i e h w t d h
x = r cosϑ, y = r sin ϑ, z = z

w g q gXh6i q�d tnµ d h r = z = u1 gXh6i ϑ = u2 z q�{ i wxqSq
U = {(u1, u2) ∈ R2 : u1 > 0, 0 < u2 < 2π} g�h6i Φ : U → R3 iyg k��S�

Φ(u) =





u1 cos u2

u1 sin u2

u1





o�dpo�d � d h enq tp��� epd�l¢e h d�wyk�d £�h w � �A� h oyeªo � dfe téi dfk � dfe i d há� w h o�d hut d h vyd �xt {xkSd h
∂1Φ(u) = (cos u2, sin u2, 1), ∂2Φ(u) = u1(− sin u2, cos u2, 0)

enq téÄ dpo�d h

∂1Φ(u) × ∂2Φ(u) = u1

∣
∣
∣
∣
∣
∣

i j k
cos u2 sin u2 1
− sin u2 cos u2 0

∣
∣
∣
∣
∣
∣

= u1(− cos u2,− sin u2, 1)

Í�º



‖∂1Φ(u) × ∂2Φ(u)‖ = u1

√

cos2 u2 + sin2 u2 + 1 = u1 > 0

�mÚ k © d i dSq u ∈ U
o�dpo�d � d h6�

Ý[Z]\}�+^C�+_\���`^ ��ç-aªç¾|~e h d)��d h o�d M ⊂ R3 �udfe�� t Cr ¼   lª���S�ud h q t�Ú � ��z�Ä d huh qfepd i wxqû;e8l i dfe h dfk Cr ¼   lª���S�ud h �Awyk�wy�sd t kmenqfepdfk g�h o Φ : U ⊂ R2 → R3 ��e t q t d t eªo�dfk £ � � dS��km¼w ��� e8l iyg�h oÓenq t Ô r ≥ 1
Õ � |~e h d]q�{xln�S�ud Á wyk�wy�sd t kmenqfepdfk g�h o h d huh d h3Ä e8k µ�g lª�xqSqfeªo �

� Z]�ÏZ���õ�º»^I� ��ç-a��   lª���S�ud h q t�Ú � � d»qfe h6i�µ�Ä dfe i e8�sd h qfep{ h wylndÓ× h wyln{�o�w µ�g:��g km¼vyd h q t�Ú � � d h6� Ð��x��k�d h6i�Ä e8k � dfe i dfk Á wyk�wy�sd t kmenqfepdfk gXh o�vy{ hC��g kmvyd h q t�Ú � � d h dfe h d h� {x�C�Aw �xt d h[Á wyk�wy�sd t dfk � dfk�dfep�S�Óvy{xk�w g q�o�dSq�d tnµ�t �Aw � d hAz$� d t k�w��S� t d h�Ä e8k i d h[Á wyk�wy�sd t dfkm¼� dfk�dfep�S� U ⊂ R2 � dfe i dfk Á wyk�wy�sd t kmenqfepdfk gXh o}vy{ hÃ  lª���S�ud h q t�Ú � � d h wyl2q Â d � epd t Ô {Rñ�d h dg�h6iÓµ�g q�wy���sd h �A� h o�d h6i d]�àd h o�d�Õ �®� epdSq�d�û�d t k�w��S� t¯g�h oxq Ä dfenq�dDvydfkm�sdfe i d t b-�S� Ä epdfkmeªoy¼� dfe t d hI� dfe i dfk � e ñ�dfk�d h�µ epdfk � wyk � dfe t wy� �)w h6i d �
Ø�§ª�F§ªÏÛñ$°± ª �´³©��öú�����´��`��½�¥¨Ì�ÂÄ¤±�`�% Á°�½�½²�S�3½²§¢ÂÄÃC´³�S�²½�ÂÄÃ�§ª�S���`���6Î�°��¨°±Ïi�-¥¨�²§¢½²§¢�`�²�H���³�`�5�`§¢�
�����5���S½²½²�S ªÉ$�`�Xñ� ÁÐ�ÂÄÃH�`��½�¥¨Ì�ÂÄ¤±�`½l§¢���`§¢�Ê°����H�`�y� �HÏi���`ÂÄÃ����S�6�Ä�

_?��ZD���}Z�� ��ç-a�� j gé© d µ�Ä dfe µ�g lª�xqSqfeªo�d h Cr ¼ Á wyk�wy�sd t kfenqfepdfk g�h o�d h Φ : U → R3,Ψ :
V → R3 dfe h dSq Cr ¼   lª���S�ud h q t�Ú � � dSq M ⊂ R3 oye ��t dSq�dfe h d h Cr ¼ � e ñ�dS{x�s{xk��u��enqf� g q
h : U → V

��e t
Φ = Ψ ◦ h .

� dfk Cr ¼ � e ñ�dS{x�s{xk��u��enqf� g q h �udfe�� tD� k�w h q � {xkm�`w t ep{ h}µ�Ä enq��S�ud h Ψ gXh6i Φ �
<®É¸:�É �à@FWRêôB�WR@FP
ë H1>�8MB1BC>&Y*S;W�� Ë$VXW�YOE JC@Fê�NsP@�Oî&ïC@FE1WRECïCËOP�VX@FêÑNO@ G

T¸>=�����cVX@->9NsP@�Oî&ï1@FE
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� ZÑ���-÷F�fZ]¹Ó��ç-a¢èÏ×¸���6k�{+¶°e8�`w t ep{ hòi dfk3�Iw hut dfl F ���S�ud�dfe h dSq j ø¨l¢e h6i dfk�q iyg k��S�Ïdfe h d  {xl¬o�d]vy{ h3Á {xl¢øôd i dfk F ���S�ud h6�
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√
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(
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2n
.

5 ¬y7
Ø�§ª�/½²�SÃ��`�¡/��Ê°�½�½Ñ¾Sêa°��

limn,m→∞A∆ = 0
/�±��S��©�ÂÄÃö§ª½�¥l���`�ÑËh���`��¾-êa�S��¥h���S�ÑÎ�©³ ¢Ú��`���S���éÐ�ÂÄÃH�

Ap
´�©³Ï ÇÈ�`��ÃÊÐ� �¥¨��§¢½

m
¾`�

n2 °�É�Ã�Ð����³§¢���

Ø�§ª�}¡£©��²Ï*�`�à5 ¬°7a�HÏÛ�����5�`��ÃÊ°� ¢¥²�`�

AP = 2πRH
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R = [u1, u1 +∆u1]× [u2, u2 +∆u2]
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u1u1

u2

u2

u2 + ∆u2

u1 + ∆u1

∂2Φ(u)

Φ(u)

∂1Φ(u)
Φ
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Φ(u+h) ≈ Φ(u)+∂1Φ(u)h1+∂2Φ(u)h2 =: Ψ(u+h) ∀(h1, h2) ∈ (0,∆u1)×(0,∆u2) .
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∂1Φ(u)∆u1
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∂2Φ(u)∆u2
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Ae ≈ ‖∂1Φ(u) × ∂2Φ(u)‖∆u1∆u2 .

þM�-¥¨¾`�S�Cê�§¢�
gi,k(u) := (∂iΦ(u), ∂kΦ(u))

�H���C�H§ª�FË��¨°�Ï*½²ÂÄÃ��F¿l�-¥¨�S�²Ï*§ª�Ê°��¦¥²�h´�©³�
Φ

g(u) = det(gi,k) =

∣
∣
∣
∣

g11 g12

g21 g22

∣
∣
∣
∣

,

½²©*¤�ð������`�5ê�§ª��½�ÂÄÃ��²�S§ªÉ$�`�ß5
ϕ
½²�`§j�H�`��Ø�§ª��¤±�` j¾-ê�§ª½²ÂÄÃH�`�

∂1Φ(u)
�H���

∂2Φ(u)
7

‖∂1Φ(u) × ∂2Φ(u)‖2 = ‖∂1Φ(u)‖2 ‖∂2Φ(u)‖2 sin2 ϕ

= ‖∂1Φ(u)‖2 ‖∂2Φ(u)‖2 (1 − cos2 ϕ)

= ‖∂1Φ(u)‖2 ‖∂2Φ(u)‖2 − (∂1Φ(u), ∂2Φ(u))2 = g(u) .
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√

g(u)∆u1∆u2 ,

�����5É$�`§�0��`�� ª�S�³�����6���S½Yñ� ÁÐ�ÂÄÃ��S��½�¥²Ì�ÂÄ¤��S½l§¢�
N
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√
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�³�SÉµ�S���`��ñ� ªÐ�ÂÄÃ��`�H½�¥¨ÌHÂÄ¤��`½

M
´³�S��ê �`�����S�«ê ©³ ª ¢�`��� ¿l§¢�ö¿l�+.���§¢¥²§ª©³�ýÏi°�ÂÄÃ¦¥��������Ê°±���

þM§¢���-/cêa�S��� ���`�Qñ� ÁÐ±ÂÄÃ��`��§¢��ÃÊ°� �¥
A(M)

��§¢ÂÄÃ�¥\´³©³� �H�`�Q���SêaÐ�Ã� ¢¥²�`� Î�°��¨°±Ïi�-¥¨�²§¢½²§¢�`�²�H���
°�É�Ã�Ð�����¥`�
¹OZ]�ò�¾Ù ��ç-aø� � epd j g {xk iyhugXh o M 7→ A(M)

enq t vy{ hMi dfk²o�d Ä �x��l t d h«Á wyk�wy�sd t kme8¼qfepdfk gXh o`vy{ h M gXh w � �A� h oyeªo �
� ��¤p�����y� þM�S§ª�`�

Φ : U ⊂ R2 → R3 ���H� Ψ : V ⊂ R2 → R3 ¾Sê �`§µÎ�°��²°�Ïi�-¥¨��§ª½²§¢�`�������³�S����S½
Cr � ñ� ªÐ�ÂÄÃ��`�H½�¥¨ÌHÂÄ¤��`½ M ⊂ R3 ���H� g(u) É�¾-êh� g∗(v) �H§ª�}¾S���³�`©��²�����-¥¨�S��Ë��¨°�Ï*½²ÂÄÃH�`�¿l�-¥¨�`��Ïi§¢�Ê°��¦¥¨�S����¿l°������³§¢ÉH¥}�S½��`§ª�H�`�

Cr �¯¿l§¢Àµ�`©³Ï*©³����Ã�§ª½�Ïp��½ h Ï*§¢¥ Φ = Ψ ◦ h � Ç °�ÂÄÃ���S�Yú��-¥²¥¨�S���²�S�³�` j��§ª ¢¥
∂1Φ(u) = ∂1Ψ(h(u))∂1h1 + ∂2Ψ(h(u))∂1h2 ,

∂2Φ(u) = ∂1Ψ(h(u))∂2h1 + ∂2Ψ(h(u))∂2h2 .¼Y§¢�`�²°���½}¡£©³ ¢��¥
∂1Φ(u) × ∂2Φ(u) = (∂1Ψ(h(u)) × ∂2Ψ(h(u)))(∂1h1∂2h2 − ∂1h2∂2h1)

= (∂1Ψ(h(u)) × ∂2Ψ(h(u))) detD(h) ,

°� ¢½²©
√

g(u) = ‖∂1Φ(u) × ∂2Φ(u)‖ = | detD(h)|‖(∂1Ψ × ∂2Ψ)(h(u))‖
√

g(u) = | detD(h)|
√

g∗(h(u)) .

ïC§�¥����`ÏÛ���¨°±��½�¡£©³��ÏÔ°Ö¥¨§ª©���½²½²°±¥¨¾Ñ¡£Ì���®¯�¦¥²�`�³�²°� ª�h�`��ÃÊ°� �¥¨�`��ê�§¢�}¡£©³ ª�³ ¢§ªÂÄÃ
∫ ∫

V

√

g∗(v)dv1dv2 =
∫ ∫

U

√

g∗(h(u))| detD(h)|du1du2

=
∫ ∫

U

√

g(u)du1du2 = A(M) .

�³·



� Z]�ÏZ���õ�º»^I� ��ç-a¢ç � wxq�b"øx� � {xl √g(u)du1du2 Ä e8k i q � wylªwyk�dSqE� � dfk F ���S�ud h dflndf¼�sd hut o�d h w huhutég�h6i e h�i dfk � e t dfk�w t�g kD��e t4i { z~i × { i dfk i b � d µ dfep�S� h d t��
� Z]�ÏZ���õ�º»^I� ��ç-a½� r h´i d h vy{ h����(�������=�¡  ¢�£¥¤=¦=¢�§@¨¡©Pª¬«@¢c¤OZ¢c®¯¢�£�°�©P¤±�¡¤6¦=¢c¤
E, F,G §@¨¡ª g11, g12 = g21, g22 ² �=�P«�¢³«y´s£�¢q�Zª���µE¶.°�©·¢(¸%¢¹«@¢cªºµ0£»¤d��¤±«@¢

g(u) =

∣
∣
∣
∣

g11 g12

g21 g22

∣
∣
∣
∣
=

∣
∣
∣
∣

E F
F G

∣
∣
∣
∣

�¡¤·´�´6��¶�¼¾½=¢cªÀ¿�Ás°�©·¢c¤±¢ ² ¢�µÂ¢�¤±«
do =

√
EG− F 2du1du2 .

� Z]�ÏZ���õ�º»^I� ��ç-a ùÃ�~� h d3dfe h d h d�¶+�6l¢e µ e t d h û�d Ä dfenq i w �mÚ k»w h�µ�g o�d � d hAz vydfk�dfe h ¼� wyk�d h�Ä e8k z]i wxqSq�q t�Ú � �xÄ dfenq�d�oylªw t�t d hÄ��g kmvyd h�gXh6i d h6i l¢ep�S��v�epdflnd hßÁ~g�hA�xt d hái dfk   lª�y¼�S�ud h e h �Awyl t ù g l8l µ�g o�dSq��S��kfepd � d h�Ä e8k i��
� ZÑ���-÷F�fZ]¹Ó��ç-a½æ Ð»e8k � dSq t e8���sd h�i d h}  lª���S�ud h e h �Awyl t®i dfk;b°�u�A�yk�d SR = {(x, y, z) :
√

x2 + y2 + z2 = R} �²e t R > 0 �� OÚ k i epd]û�dfk�dS�S� hug�h o h dS���sd hÃÄ e8k i d h ù g l8l¢�sdfkme8¼i e�w h �udfk�w g q z4� d t k�w��S� t d h wyl2q�{
S ′

R = SR\NM
��e t NM = {(cosϑ, 0, sinϑ), 0 ≤ ϑ ≤ π} .

Ð[e8k�vydfk Ä d h6i d hÂ��g o�dfl � {�{xk i e h w t d hAzg �Îdfe h d Á wyk�wy�sd t kmenqfepdfk gXh oÓvy{ h S ′
R

w h�µ�g o�d � d h6Û

Φ : U → R
3 : (ϕ, ϑ) →





R sin ϑ cosϕ
R sinϑ sinϕ
R cosϑ





��e t
U = {(ϕ, ϑ) : 0 < ϕ < 2π, 0 < ϑ < π} .

� w huh dfk��Awyl t d h¿Ä e8k µ�gXh ���S��q t

∂ϕΦ =





−R sinϑ sinϕ
R sinϑ cosϕ

0





g�h6i
∂ϑΦ =





R cosϑ cosϕ
R cosϑ sinϕ
−R sinϑ



 .

� w huh enq t
gϕϕ = (∂ϕΦ, ∂ϕΦ) = R2 sin2 ϑ

gϕϑ = gϑ,ϕ = (∂ϕΦ, ∂ϑΦ) = 0

gϑϑ = (∂ϑΦ, ∂ϑΦ) = R2

��¶



g�h6i q�{x��e t
g(u) =

∣
∣
∣
∣

R2 sin2 ϑ 0
0 R2

∣
∣
∣
∣
= R4 sin2 ϑ .

 OÚ k i d h�  lª���S�ud h e h �Awyl téi dfk]b°�u�A�yk�d � {xl¬o t~i wy��e t

A(Sr) = A(Sr\NM) =

∫

U

√

g(u)dϕdϑ = R2

π∫

0

2π∫

0

sin ϑdϕdϑ = 2πR2

π∫

0

sin ϑdϑ = 4πR2 .

<®É¸:�ç i¸T®ËOPRËO>A@ÆÅÄD@->=Ç(�éîAïC@FECWRE~VX@FN>&ËOPR@
þM�S§

M ⊂ R
3 �`§¢�Qñ� ªÐ�ÂÄÃ��S��½�¥²Ì�ÂÄ¤h����� f : M → R

�S§ª���e½�¥²�S¥²§ª�³�ÈëlÉHÉ�§ª ¢���������
ì8§¢�\½�¤±°± Á°����`½�ÑÉµ�S��éÐ±ÂÄÃ��`��§¢�¦¥¨�`���¨°� $5�©����`�;�ÑÉ$�`��éÐ�ÂÄÃ��S��§ª�¦¥¨�S�³�¨°± ��³��ël��¥m7e´�©³�
f
Ì�É$�`�

M
§¢½�¥a���+.Ê�H§ª�`��¥

������ÂÄÃ
∫

M

f(x)do :=

∫

U

f(Φ(u))
√

g(u)du1du2 ,

ê ©³Éµ�S§
Φ : U ⊂ R2 → R3 �S§ª����¾S�� ÁÐ±½²½²§¢�³�iÎ�°��²°�Ïi�-¥¨��§ª½²§¢�`�������C´�©³� M �����

g(u)
��§¢�

Ë��¨°�Ï*½²ÂÄÃ��F¿l�-¥¨�S�²Ï*§ª�Ê°±¥²�Ñ´³©³�
Φ
§¢½�¥�/Ê°� ª½�©

g(u) =

∣
∣
∣
∣

g11 g12

g21 g22

∣
∣
∣
∣
=

∣
∣
∣
∣

E F
F G

∣
∣
∣
∣
= EG− F 2

�����
Φ(u) = Φ(u1, u2)

/
E = (∂1Φ, ∂2Φ)

/
G = (∂2Φ, ∂2Φ)

�����
F = (∂1Φ, ∂2Φ)

�é¿l§¢�
¿l�f.Ê��§¢¥²§ª©³�<§¢½�¥�´³©��C���S���³�SêaÐ�Ã� �¥¨�`�CÎ�°±�¨°�Ï*�S¥²�²§ª½�§ª�S�²�����p´�©³�

M
����°�É�ÃÊÐ��H�³§ª���

� ZÑ���-÷F�fZ]¹Ó��ç-að� Ô j Ä epd � dfl Ä dfenq�d;r hut dpoyk�w t ep{ h Õb-dfepd h KR
dfe h d ��g o�dfl���e t;i df� �)w i e g q R g�h6i»i df� �¿e t�t dfl � gXhA�xt e8� £ k�q��6k g�h o gXh6i

f
q t d t eªo[w gm� KR ��� w huh oye8l tpÛ

∫

KR

f(x)dx =

R∫

0





∫

Sr

f(x)do



 dr .

� ��¤p�����y� þM�S§
N = {(x, 0, z) : x ≥ 0, z ∈ R} ����� K ′

R = KR\N
��§¢�< ÁÐ�����½*�H�`½

ïC�S�²§ª�H§Á°���½
N
�³�`½�ÂÄÃ� ª§�¥¨¾S¥²�Ôú������`  �jØ�§¢�F¡£Ì�ÃH�²�`� úh�H�³�` ¢¤�©�©³�²��§¢�Ê°±¥²�`�

x = r cosϕ sinϑ
/

y = r sinϕ sinϑ
�����

z = r cosϑ
½²©�ê�§ª�

Ω = {(r, ϑ, ϕ) : 0 < r < R, 0 < ϑ < π, 0 <
ϕ < 2π} �`§¢���M¿l§ª�Y�³�`½�ÂÄÃ� ª§�¥¨¾S¥²�Ñú����³�S µ§¢½�¥ �Ê°�½ ��§¢Àµ�`©³Ï*©³����Ã��1	a§ª ¢�i���S½ � �Ê°����S�²½ Ω

/M°� ¢½²©

∫

KR

f(x)dx =

R∫

0

π∫

0

2π∫

0

f(r cosϕ sinϑ, r sinϕ sinϑ, r cos ϑ) · r2 sinϑdϕdϑdr .

�¦Æ



Ø�§ª��É$�`���`ÂÄÃ��H�`�X�����5¡£Ì����`§¢��¡£�`½�¥²�`½
r ∈ (0, R)

∫

Sr

f(x)do .

¿l§¢��ëlÉ�É�§¢ ª���H���
Φ

(ϑ, ϕ) 7→





r cosϕ sinϑ
r sinϕ sinϑ
r cosϑ



 , (ϑ, ϕ) ∈ (0, π) × (0, 2π)

§ª½�¥j¡£Ì��A±��`���S½j¡£�`½�¥²�
r ∈ (0, R)

�`§¢���È¾`�� ªÐ�½²½�§ª�³�ÈÎ�°��¨°±Ïi�-¥¨�²§¢½²§¢�`�²�H�������`�c�³�S½²ÂÄÃ� ¢§¢¥²¾`�`�QþM��Ã�Ð��²�
S ′

r = Sr\N
Ï*§¢¥

N = {(cosϑ, 0, sinϑ) : 0 ≤ ϑ ≤ π} .

ØÙ�`�³�S�
∂ϑΦ = (r cosϕ cosϑ, r sinϕ sinϑ,−r sinϑ)

�����
∂ϕΦ = (−r sinϕ sinϑ, r cosϕ sinϑ, 0)§ª½�¥���§ª�FË��¨°±Ïi½�ÂÄÃ��F¿l�S¥²�`�²Ï*§ª��°��¦¥¨�

g(ϑ, ϕ) =

∣
∣
∣
∣

r2 0
0 r2 sin2 ϑ

∣
∣
∣
∣
= r4 sin2 ϑ

�����<¡£©³ ¢�³ ª§¢ÂÄÃ
do =

√

g(u)du1du2 = r2 sinϑdϑdϕ .Ø�§ª��Ã�°�Éµ�S�C½�©³Ï*§¢¥
∫

Sr

f(x)do =
∫

S′

r

f(x)do

=
π∫

0

2π∫

0

f(r cosϕ sinϑ, r sinϕ sinϑ, r cosϑ)r2 sinϑdϕdϑ ,

½²©*�Ê°�½�½
∫

KR

f(x)dx =

R∫

0

∫

Sr

f(x)dodr

¡£©³ ¢��¥"�

<®É¸:�ó Å�>AW�@FEéVAWR@->�VA@HNÓP��Oî&ï1@FECê�V6�CîATO@IHCE1J�ÌO@-T~VAY>AW�@FPRPR@ÄÅÄ?@->6Ç��Oî&ï1@FE;G
WRE~VX@FN>&ËOPR@

®¯�p���S�pël�¦ê �`���H�����³�S�i§¢½�¥��`½�Ïi°���ÂÄÃHÏÔ°� ��S��¡£©³�����`�� ª§ªÂÄÃ\��§ª�4�ÑÉµ�S����É�¾Sêh��ÒY�¦¥¨�S�²½��`§¢¥²�a�S§ª���S�
ñ� ªÐ�ÂÄÃ��q¾`�%���¦¥²�`�²½�ÂÄÃ��`§¢���`����ïC°±¥¨Ã��SÏÔ°Ö¥¨§ª½�ÂÄÃöê�§ª�²�%��§¢�`½����H�²ÂÄÃ ���`�à	a�`���²§¢Àä©³�²§¢�`�¦¥¨§¢�`��¥¨�`�
ñ� ªÐ�ÂÄÃ��`�H½�¥¨ÌHÂÄ¤��Q���S¡�°y%�¥`�

�³º



Ý[Z]\}�+^C�+_\���`^ ��ç-an�
M ⊂ R3 q�dfe;dfe h�  lª���S�ud h q t�Ú � �y� j Ä dfe µ�g lª�xqSqfeªo�d Á wyk�wy�sd t kme8¼qfepdfk gXh o�d h �udfe��d h oylndfep�S�u{xkmepd hut epdfk t8z�Ä d huhC�mÚ k i epd µ�g o�dS�uöxkfeªo�d Á wyk�wy�sd t dfk t k�w h q � {xkm�`wy¼

t ep{ h h
det |Dh| > 0oye8l t�È w h6i dfk h�� wyl8l2q1�udfe��Od h qfepd�d hut o�dpo�d h o�dSq�d tnµ�t {xkmepd hut epdfk tp�

� Z]�ÏZ���õ�º»^I� ��ç-a¢è rSq t Φ : U ⊂ R2 → R3 dfe h d µ�g lª�xqSqfeªo�d Á wyk�wy�sd t kfenqfepdfk g�h ovy{ h M ⊂ R3 z q�{ �mÚ ��k t¸i epd Á wyk�wy�sd t dfk t k�w h q � {xkm�`w t ep{ h
(u1, u2) 7→ h(u1, u2) = (u2, u1) ,

i epd hug k i epd��;dfen�ud h�� {xl¬o�d i dfk Á wyk�wy�sd t dfk�vydfk t w g q��S� t·zéÄ dpo�d h detDh < 0 µ�g dfe h dfk Φd hut o�dpo�d h o�dSq�d tðµ�t d h�Á wyk�wy�sd t kmenqfepdfk g�h o Ψ � Ð`dpo�d h
∂1Φ(u) × ∂2Φ(u) = −∂2Φ(u) × ∂1Φ(u)

qfe h6i}i epd i dfk Á wyk�wy�sd t kmenqfepdfk g�h o µ�g o�dS{xk iyh d t d h�  lª���S�ud huh {xkm�`wylnd h d hut o�dpo�d h o�dSq�d tnµ�t��
ïX°��q�S�²ÃÊÐ± ¢¥��`§ª�Q©³�²§¢�`�¦¥¨§¢�`��¥²�`½8ñ� ÁÐ�ÂÄÃ��S��½�¥²Ì�ÂÄ¤

M
/�ê �`���6�`§¢���a�H�`�1É$�`§¢���`���Ñ��§ª�`�¦¥²§ª�`�������³�S�

°���½��³�`¾S�`§¢ÂÄÃ����S¥aê�§ª�²���M¿Y§ª�`½e¤Ö°������-¥¯ê}°\�����²ÂÄÃ�ëY���¦°�É$�/���`�añ� ÁÐ�ÂÄÃH�`����©��²Ïi°� ª�S�*©����S�a���S�
�Ê°�¾S�C���`Ã�ð³���`���H�`�X�$©³½�§¢¥¨§�´³�S�CÎ�°��¨°±Ïi�-¥¨�²§¢½²§¢�`�²�H���q�³�`½�ÂÄÃ��`ÃH�`�#5í´M��  ��ëYÉ�É��j�
¬M�¸Å�7I�

n

∂1Φ
∂2Φ

ëYÉ�É�§ª ¢�������<�
¬��ÅA,�ñ� ÁÐ�ÂÄÃH�`����©��²Ïi°� ª�Y�����5�µ©³½�§¢¥²§¢´³�hÎ�°��¨°±Ïi�-¥¨�²§¢½²§¢�`�²�H�����
Ý[Z]\}�+^C�+_\���`^ ��ç-a�ù

M
q�dfeCdfe h {xkmepd hut epdfk t dSq   lª���S�ud h q t¯Ú � �»g�h6i ~f : M ⊂ R3 →

R3 q�dfe�q t d t eªo ��� w huhÃi d·Ò h epdfkSd h3Ä e8k i wxq�vyd �xt {xkmepdfl8lndD� � dfk F ���S�ud h e hut dpoyk�wyl iyg k��S�
∫

M

~f · d~o :=

∫

U

(~f(Φ(u)), ∂u1
Φ × ∂u2

Φ)du1du2 ,

Ä { � dfe Φ : U ⊂ R2 → R3 i epd µ�g o�dS�uöxkmeªo�d��u{�qfe t e8vyd Á wyk�wy�sd t kmenqfepdfk g�h o�vy{ h Menq tp� ÖCepdfk � dfe�q t dS� t (., .) �mÚ k i wxq�b � wylªwyk��6k�{ iyg��xt²i dfk � dfe i d h õ6d �xt {xk�d h ~f(Φ(u)) gXh6i
∂1Φ(u) × ∂2Φ(u) �®� wxq�b"øx� � {xl d~o = ∂1Φ × ∂2Φ du1du2 Ä e8k i vyd �xt {xkmepdfl8lndSql� � dfk F �y¼�S�ud h dflndf�sd hut o�d h w huhutp�

�¦Í



¿Ñ°�½È´³�S¤¦¥¨©³��§ª�` ¢ ª�1�ÑÉµ�S��éÐ±ÂÄÃ��`��§¢�¦¥¨�`���¨°� é¤Ö°����Ô°��H¡��S§ª�*½²¤Ö°� ª°��²�S½¸�ÑÉ$�`��ÊÐ�ÂÄÃ��`�H§ª�¦¥¨�S�³�¨°� Êê�§¢�
¡£©³ ¢��¥h¾`����Ì�ÂÄ¤��³�S¡£ÌHÃ���¥\êa�S�²���S����¿Y�`�Q¾S���h�µ©�½²§¢¥²§¢´��`�ÙÎ�°��²°�Ïi�-¥¨��§ª½²§¢�`�������5�³�`Ã�ð��²�`�H���Ôñ� ÁÐÖ�
ÂÄÃ��S���`§¢��Ã��`§�¥¨½���©³�²Ïi°� ¢�`�¦´³�S¤�¥²©³�/Éµ�S�²�`ÂÄÃH���S¥Y½²§¢ÂÄÃC¾S�

~n =
∂1Φ(u) × ∂2Φ(u)

‖∂1Φ(u) × ∂2Φ(u)‖ .

ØÙ�`�³�S�
do =

√

g(u)du1du2 = ‖∂1Φ(u) × ∂2Φ(u)‖du1du2
§¢½�¥/°� ¢½²©

∫

M

~f · d~o =

∫

U

~f(Φ(u)) · ~n(u)‖∂1Φ(u) × ∂2Φ(u)‖du1du2

∫

M

~f · d~o =

∫

M

~f · ~ndo .

� Z]�ÏZ���õ�º»^I� ��ç-a½æ � wxq?w gm�²i dfk�k�dS�S� t d h b-dfe t d]q t dS�ud h6i dCr hut dpoyk�wyl"o�dSq t w t�t d t dfe8¼h d�dfe h�� w��S�ud4�u��ø�qfe � wyl¢enq��S�udUr hut dfk��6k�d t w t ep{ h6� r�q t ~f dfe h#Â dSq��S� Ä e h6i eªo � dfe t q � dfl ixz q�{�q t dfl8l tdSq i d h»  l g qSq iyg kS�S� i wxq   lª���S�ud h q t�Ú � � M Ô ~f · ~n enq t~i epd Â dSq��S� Ä e h6i eªo � dfe t e h ùD{xkm�`wy¼lnd h kmep�S� t¯g�h ofÕ i wyk �
� Z]�ÏZ���õ�º»^I� ��ç-að� Â dflndpo�d hut l¢ep�S�sÒ h6i d t �`w h e8�   wyl8l ~f = (P,Q,R) �mÚ k i wxqvyd �xt {xkfepdfl8lndD� � dfk F ���S�ud h e hut dpoyk�wyl-w g �S� i epd � wyk�q t dfl8l g�h o

∫

M

~f · d~o =

∫ ∫

M

Pdydz +Qdzdx +Rdxdy .

� ZÑ���-÷F�fZ]¹Ó��ç-a¢� Â dpo�d � d h q�dfepd h ~v = (0, 0, x2y2z) g�h6i M i epd g�hut dfkSd}b-dfe t d i dfkÖ�df��enqSq��u�A�ykSd z wyl2q�{ x2 + y2 + z2 = R2 ��e t z > 0 � j g�h ���S��q t�Ä e8k iài epd   lª���S�ud M�Awyk�wy�sd t kmenqfepdfk tp� Ö�epdfk �mÚ k � epd t d h qfep�S� ��g o�dfl � {�{xk i e h w t d h w hAz wyl2q�{ x = R cosϕ sinϑ z
y = R sinϕ sinϑ g�h6i z = R cosϑ z4Ä { � dfe 0 < ϕ < 2π g�h6i 0 < ϑ < π

2

enq tp�]£ � i epdµ�g kEÉ g�hut dfkSd h b-dfe t d�Ê~o�dS�uöxkfeªo�d~�u{�qfe t e8vyd Á wyk�wy�sd t kmenqfepdfk g�h o µ�g Ò h6i d hAz~� dfk�dS�S� h d h¿Ä e8k
∂ϕΦ = (−R sinϕ sinϑ,R cosϕ sinϑ, 0)

g�h6i
∂ϑΦ = (R cosϕ cosϑ,R sinϕ sinϑ,−R sinϑ) .

� wxq � k�d gyµ �6k�{ iygô�xt dfk¯oye ��t

�³�



∂ϕΦ × ∂ϑΦ =

∣
∣
∣
∣
∣
∣

i j k
−R sinϕ sinϑ R cosϕ sinϑ 0
R cosϕ cosϑ R sinϕ cosϑ −R sinϑ

∣
∣
∣
∣
∣
∣

= R2 sinϑ

∣
∣
∣
∣
∣
∣

i j k
− sinϕ cosϕ 0

cosϕ cosϑ sinϕ cosϑ − sinϑ

∣
∣
∣
∣
∣
∣

= R2 sinϑ





− sinϑ cosϕ
− sinϕ sinϑ

− cos ϑ



 ,

wyl2q�{»dfe h d h dpo�w t e8vyd µ ¼ � {x�C�u{ h d hut d�vy{ h ∂ϕΦ × ∂ϑΦ ��� epd)�u{�qfe t e8vyd Á wyk�wy�sd t kfenqfepdfk g�h ovy{ h M enq t4i df� µ�gf� {xl¬o�d
(ϕ, ϑ) 7→ Φ(ϕ, ϑ) = (R cosϕ sinϑ,R sinϕ sinϑ,R cosϑ) ,

∫

M

~v · d~o =
2π∫

0

π
2∫

0

R2 cos2 ϕ · sin2 ϑ ·R2 sin2 ϕ · sin2 ϑ ·R · cosϑ ·R2 sinϑ(− cos ϑ)dϑdϕ

= −R7
2π∫

0

cos2 ϕ sin2 ϕ
∫ π

2

0
sin5 ϑ cos2 ϑdϑdϕ

= −R7
2π∫

0

cos2 ϕ sin2 ϕdϕ ·
∫ π

2

0
sin5 ϑ cos2 ϑdϑ .

û�d t k�w��S� t d hüÄ e8k hug�h�i wxq�dfk�q t d�r hut dpoyk�wyl~��e t�i df� õ6{xk � w �xt {xk � |Oq`oye8l t sinϕ cosϕ =
1
2
sin 2ϕ g�h6i q�{x��e t

sin2 ϕ cos2 ϕ =
1

4
sin2 2ϕ =

1

8
(1 − cos 4ϕ) ,

Ä wxq Ä dpo�d h
2π∫

0

cos 4ϕdϕ = 0

�mÚ k i wxq?dfkSq t dCr hut dpoyk�wyl

−R7

2π∫

0

cos2 ϕ sin2 ϕdϕ = −π
4
R7

dfk¯oye ��t��
�³Å



ù gXh�µ�g � µ�Ä dfe t d h r hut dpoyk�wyl � Ð»e8k�q gA� q t e t�g epdfk�d h cosϑ = λ z4i�� � �
− sinϑdϑ = dλ

g�h6i ��e t¸i dfkCû�d i e h o g�h o sin4 ϑ = (1 − cos2 ϑ)2 � {xl¬o t
π
2∫

0

sin5 ϑ cos2 ϑdϑ = −
0∫

1

(1−λ2)2λ2dλ =

1∫

0

(1−2λ+λ4)λ2dλ =
1

3
λ3−2

5
λ5+

1

7
λ7|10 =

8

105
.

r h q�o�dSq�wy� t dfk¯oye ��t qfep�S�
∫

M

~v · d~o = −R7π

4
· 8

105
= −2πR7

105
.

Å³î



XZË s$t6xc{)(h|1vhwSyÌ��xc~}{ z?*Qt Í v�/TÎ /<tÂÏ Ð6x�*%ÑQ{�y

¿l§¢�}®¯�¦¥¨�`���¨°� ¢½¨Ð±¥²¾`�}´³©��ÔËh°��&%��H���iþ�¥¨©³¤±�`½8½�§ª���6Ï*�`Ã�����§ªÏ*�`��½�§ª©³��°� ª�ÈÇÈ�`�²°� ª ¢�³�`Ï*�`§¢���`�����M�
�³�S�C���S½�Éµ�S¤±°±���¦¥¨�`�X¼l°��H�H¥¨½²°±¥¨¾S�`½/���`�/¿l§�À��S�²�`�¦¥²§Á°�  �8�����5®¯�¦¥¨�S�³�¨°� ¢�²�SÂÄÃ��������

b∫

a

F ′(x) = F (b) − F (a).

	a�S§ª½²�H§ª�` ¢½�ê �`§¢½²�ÑÃÊ°±Éµ�S��ê�§ª�a¡£Ì��a�Ê°�½�ú�����´³�`�H§ª�¦¥¨�S�³�¨°� j¬M�HëY��¥�5íÇÈ�`¤¦¥¨©³��§ª�S ª ª�S½aú�����´³�S��§ª�¦¥¨�I�
�³�²°� 87 �S�¦¥¨ Á°±���6�`§ª�H�`½���§ª�hÎ8���H¤�¥²�

P1
�H���

P2
´��`��É�§ª���H�`�����S�3ú�����´³�`�H½�¥¨ÌHÂÄ¤��`½

γ

∫

γ

∇U · d~x = U(P2) − U(P1).

0����öñÊ©³��Ïp�� ¢§ª�`�������ÿ���`�3®¯�¦¥²�`�³�²°� ª½²Ð±¥¨¾S� ´³�`��êa�S�����S�(ê�§ª�X��§ª� §¢�¹���S�%ÎÈÃ¦Ú�½²§¢¤ Ì�ÉH ª§ªÂÄÃH�
þMÂÄÃ����`§¢É�ê �`§¢½²�F���`��¤� Á°±½²½²§¢½²ÂÄÃ��S�CÇÈ�S¤�¥²©³�¨°±�Ê°� ¢Ú�½�§ª½`�

ì8§ª���S��0���½²°�Ï*Ïi�S��ÃÊ°����C¾Sê�§¢½²ÂÄÃ��S� ���`Ï ´³�S¤¦¥¨©³��§ª�` ¢ ª�S�«�ÑÉ$�`��ÊÐ�ÂÄÃ��`�H§ª�¦¥¨�S�³�¨°� eÌ�É$�`�\�`§ª�H�
©³��§ª�`�¦¥²§ª�`��¥¨�C�ÑÉµ�S��éÐ�ÂÄÃH�

S
�H�������`Ïn´³�S¤¦¥¨©³��§ª�` ¢ ª�S��ú�����´��`��§¢��¥²�`�³�²°� $Ì�Éµ�S�}��§¢�Ñ�/°�����¤���� �

´³�
∂S

½�¥¨�` ¢ ¢¥��H�`��®¯�¦¥¨�`���¨°� ¢½¨°±¥²¾h´�©³�Xþ�¥¨©³¤±�`½/Ã��`�S�

�S�µ�����é�Ö��ß¯�`�M����÷µ�$� �µ���"!é�X�¨�
∫

S

rot~v · d~o =

∫

∂S

~v · d~x

ïX°��qÉ$�"°±ÂÄÃ�¥²�y/³��°�½²½1É$�`§¢���a®¯�¦¥²�`�³�²°� ª�e´³©³�q���S�O�Ñ�²§¢�`�¦¥¨§¢�`�²�H���l´³©��
S
ÉH¾Sêh�

∂S
°�É�ÃÊÐ±���³�`���

¿l�S�*þH°±¥¨¾Ô�³§ª �¥Q§¢� ���`Ï ñ$°± ª p/j��°�½²½*°���½��³�`ÃH�`��� ´³©�� �H�`�q������ÂÄÃû��§ª��ñ� ÁÐ�ÂÄÃ��S����©³��ÏÔ°± ª�`�
´³©��

S
�³�`�³�SÉµ�S���`�
�Ñ�²§ª�S�¦¥¨§ª�S�²���H� �H§ª�<�/°�����¤�����´³�

∂S
�`�¦¥¨���`�³�S�����SÏüÒYÃ���¾`�S§ª�³�S�²½²§¢���

������ÂÄÃ� Á°±�H¡£�`�<ê�§ª���ß5í´��³  ��ëYÉ�É��j��·M�¢�â7I�

S

n

∂S

ëlÉHÉ�§ª ¢�������%��·H���°,��Ñ��§ª�`�¦¥²§ª�`��¥¨�S½hñ� ÁÐ�ÂÄÃH�`��½�¥¨Ì�ÂÄ¤
S
�����Ù¿l���²ÂÄÃH Á°��H¡£�H���³½²½�§ª���Ù���`�F�/°����M�

¤�����´��
∂S
�

ÅH�



¿l§¢�h�/©�¥¨°±¥¨§¢©³�����S½/ÇÈ�S¤�¥²©³��¡£�S ª���S½
~v
§¢½�¥�������ÂÄÃ

rot~v = ∇× ~v =

∣
∣
∣
∣
∣
∣
∣

i j k

∂
∂x

∂
∂y

∂
∂z

v1 v2 v3

∣
∣
∣
∣
∣
∣
∣

=

(
∂v3

∂y
− ∂v2

∂z
,
∂v1

∂z
− ∂v3

∂x
,
∂v2

∂x
− ∂v1

∂y

)

�³�S�³�`É$�`���

ì8§ª���S�ü0���½¨°±ÏiÏ*�`��Ã�°����3¾-ê�§ª½²ÂÄÃH�`� ���`Ï^Ïi�SÃ���¡�°�ÂÄÃH�`� ®¯�¦¥¨�S�³�¨°� ]5£ÇÈ©³ ¢��Ïi�S�M�lÉ�¾Sêh�8ñ� ÁÐÖ�
ÂÄÃ��S��§ª�¦¥¨�S�³�¨°± 87q�������H�`Ï ½²¤Ö°� ª°��²�S�
�ÑÉ$�`��ÊÐ�ÂÄÃ��`�H§ª�¦¥¨�S�³�¨°� /½�¥²�` ¢ ¢¥*���`�*®¯�¦¥¨�S�³�¨°� ¢½¨°±¥²¾5´�©³�
Ëh°��&%6Ã��`�S�
�S�µ�����é�Ö��ß¯�`�M����÷µ�$� ���Êâ����

∫

Ω

div~v dx =

∫

∂Ω

~v · ~n dγ

¼Y§¢�`��Éµ�S§�½�§ª���
~n = (n1, . . . , nd)

���`�Ñ��°�ÂÄÃö°��&%��`�ö�³�S�²§ªÂÄÃ¦¥²�S¥¨� Ç ©³��ÏÔ°� ¢�`���S§ª��ÃH�`§¢¥²½�´��`¤¦¥¨©³�
°��H¡F���S�

Ω
Éµ�S�³�²�S��¾`�S�����`�c�ÑÉµ�S��éÐ±ÂÄÃ��

∂Ω
�H������§ª�X¿l§¢´��`�²���`��¾%���S½�ÇÈ�`¤¦¥¨©³��¡£�` ¢���`½

~v������ÂÄÃ
div ~v =

d∑

i=1

∂vi

∂xi���f.Ê��§ª�S��¥`�
¿l�S�YëY�H¡íê}°±���X¾S��Ï 	a�Sê �`§¢½l���S��Éµ�S§ª���S�X®¯�¦¥¨�S�³�¨°� ¢½¨Ð±¥²¾`�h§ª½�¥Y°�É�ÃÊÐ��H�³§ª�q´³©�ÏKël ª ¢�³�`Ï*�`§¢�M�
Ã��S§¢¥¨½��³�¨°±�����`�a¾`��É$�S¥²�¨°�ÂÄÃ¦¥¨�S�����S�3Ë��`É�§¢�S¥²�l�������ÑÉ$�`��éÐ�ÂÄÃ��S����½�êh��®¯Ïn¡£©³ ¢�³�`���H�`�iê �`� �
���S�6ê�§¢�1����½È�Ê°±�¨°��H¡$É$�`½�ÂÄÃ��¨Ð��H¤��`�¡/��H§ª��úY©��²�²�S¤¦¥¨Ã��S§¢¥8���S�8Éµ�S§ª���S�iþHÐ±¥¨¾S��§ª�*þM�$�`¾S§Á°� �¡�Ð� ª ¢�`�
¾`�5¾`�S§ª�³�S���

<�Ý;:�< �à@Ò7�@FWRê J1@Fê´Ê°EéVA@FN>AËéPRê�êXË$VXë¡@Fê´ÌOYéE i~VXYOTO@Fê Qc�1>ÀKá@Fî&ï~VX@FîAT~G
NO@Ò�WR@¡VX@

þM�S§
S = [a, b] × [c, d]

�`§ª��©³��§ª�S��¥²§ª�S��¥¨�S½<ñ� ÁÐ±ÂÄÃ��`��½�¥¨Ì�ÂÄ¤�§ª�����`�
x, y

�¯ìÈÉ$�`�H�öÏi§�¥����`�
ñ� ªÐ�ÂÄÃ��`�H��©³�²Ïi°� ¢�`�

~n = (0, 0, 1)
��¿l�`�h¾`� ��§¢�`½²�S���Ñ�²§ª�S�¦¥¨§ª�S�²���H�5���`Ã�ð³���`���H�i¿Y���²ÂÄÃ� ª°��M�

¡£������½²½²§¢���5���`�/�/°�����¤�����´³�F§ª½�¥�§¢�<ëlÉ�É�§¢ ª���H������·H�¬p�³�`¾S�`§ª�±¥"�
Ø�§ª�6���SÃ�Ï*�`�ý°±�-/8�Ê°�½�½

~v
�S§ª�

C1 � ÇÈ�`¤¦¥¨©³��¡£�` ¢�ÿ°±�H¡��`§¢���`�*Ò/Ïi�³�SÉ������%´³©�� S
½²�S§������

ê �`�²�H�`�3���S�X®¯�¦¥¨�S�³�¨°± ª½¨°Ö¥¨¾h´³©³�3þ�¥¨©³¤±�`½Y�����²ÂÄÃX��§ª���`¤¦¥¨�S½YëY��½²���`ÂÄÃ����S�ö���`�/®¯�¦¥¨�S�³�¨°� ¢�F°��H¡
É$�`§ª�H�`�XþM�`§�¥¨�`�<���S�YËh ¢�`§ªÂÄÃ����H�*��°�ÂÄÃ¦êa�S§ª½²�S���

Å¦¬



x

y

a b

c

d

P1 P2

P3P4

ëlÉHÉ�§ª ¢������� �"·H�×¬�,1¿l����ÂÄÃ� Á°±�H¡£�����³½�½²§¢��� ���`½*�/°������S½p���S�q©³�²§¢�`�¦¥¨§¢�`��¥²�`� ���`ÂÄÃ¦¥²�`ÂÄ¤�éÐ�ÂÄÃ��
S
�

ì8§ª���6ñ� ÁÐ�ÂÄÃ��S���Ê°��²°�Ï*�S¥¨��§ª½�§ª�`��������´�©³�
S
§ª½�¥h�����²ÂÄÃ

(x, y) 7→ Φ(x, y) = (x, y, 0)
/
a <

x < b
�����

c < y < d
/c�³�`���`É$�`����¿Ñ°��H�Ù¡£©³ ¢��¥

∂xΦ = (1, 0, 0)
/
∂yΦ = (0, 1, 0)

���H�
½²©�Ïi§�¥

∂xΦ × ∂yΦ = (0, 0, 1) = ~n
�µ¿Ñ°�½�®¯�¦¥²�`�³�²°� �Ì�É$�`�l��§ª�\©³�²§¢�`�¦¥¨§¢�`��¥²���ÑÉ$�`��ÊÐ�ÂÄÃ��

SÉ$�`�²�SÂÄÃ����-¥l½�§ªÂÄÃ5�Ê°�Ï*§¢¥}ê�§¢�Ñ¡£©³ ª��¥
∫

S

rot~v · d~o =

∫ b

a

∫ d

c

rot~v · ∂xΦ × ∂yΦ dydx =

∫ b

a

∫ d

c

(
∂v2

∂x
− ∂v1

∂y

)

dydx

=

∫ d

c

∫ b

a

∂v2

∂x
dxdy −

∫ b

a

∫ d

c

∂v1

∂y
dydx

=

∫ d

c

(v2(b, y) − v2(a, y))dy −
∫ b

a

(v1(x, d) − v1(x, c)) dx

ÒYÏ �Ê°±½�´³�S¤�¥²©³�²§¢�` ¢ ª� úh�H��´³�S��§ª�¦¥²�`�³�²°� MÌHÉµ�S�1��§ª� ú��S¥�¥¨� ´�©³�6ú�����´��`��½�¥¨Ì�ÂÄ¤±�`�
P1P2

/
P2P3

/
P3P4

/
P4P1

¾`��É$�`���`ÂÄÃ��H�`�-/eÉµ�S��ð�¥²§ª�³�S�ûê�§¢�q¾`����Ð�ÂÄÃ�½�¥�Î�°��²°�Ï*�S¥¨��§ª½�§ª�`�������³�S�û���`�q´�§ª�S�
ú�����´��`��½�¥¨Ì�ÂÄ¤±�y,

P1P2 : α1(t) = (t, c, 0), t ∈ [a, b],
•
α1= (1, 0, 0)

P2P3 : α2(t) = (b, t, 0), t ∈ [c, d]
•
α2= (0, 1, 0)

P3P4 : α3(t) = (b− t, c, 0), t ∈ [0, b− a]
•
α3= (−1, 0, 0)

P4P1 : α4(t) = (a, d− t, 0), t ∈ [0, d− c]
•
α4= (0,−1, 0)

¿l§¢��	a�`���`ÂÄÃ���������½�¡£©³��Ïi�S �¡£Ì����S§ª��´³�S¤¦¥¨©³��§ª�` ¢ ª�S½�úh�H��´³�S��§ª�¦¥²�`�³�²°� j ª§¢�S¡£�`��¥��Ê°����
∫

∂S

~v·d~x =

∫ b

a

v1(t, c, 0)dt+

∫ d

c

v2(b, t, 0)dt−
∫ b−a

0

v1(b−t, d, 0)dt−
∫ d−c

0

v2(a, d−t, 0)dt.

ØÙ�`�³�S�

−
∫ b−a

0

v1(b− t, d, 0)dt =

∫ a

b

v1(s, d, 0)ds = −
∫ b

a

v1(s, d, 0)ds

Å³·



�����
−
∫ d−c

0

v2(a, d− t, 0)dt =

∫ c

d

v2(a, s, 0)ds = −
∫ d

c

v2(a, s, 0)ds

¡£©³ ¢��¥�������ÂÄÃ¿0��H½¨°�Ï*Ïi�S�H¡�°�½�½²�����
∫

∂S

~v · d~x =

∫ b

a

(v1(t, c, 0) − v1(t, d, 0))dt+

∫ d

c

(v2(b, t, 0) − v2(a, t, 0)) dt,

êa°�½�¾`�`§¢��¥�/Ê��°�½²½
∫

S

rot~v · d~o =

∫

∂S

~v · d~x
�³§¢ ¢¥"� ♣

<�Ý;:�É Ê°EéVA@FN>AËéPRê�Ë$VAë�ÌOYOEÓi4VXYTO@Fê«Qc�U>#ë·7�@FWRJCW�� @FECê�WRYéE1ËOP�@W��Ç�ËOê�VX@->
¿l§¢�Qêa�S½²�S��¥² ª§¢ÂÄÃ��6®¯���`�6���S½�§ªÏT ª�S¥²¾S¥²�`�öëlÉH½²ÂÄÃ���§�¥²¥h�³�-¡£Ì�Ã���¥¨�`��	a�-êa�S§ª½��`½h���`½h®¯�¦¥¨�S�³�¨°± ª½��
½¨°Ö¥¨¾`�S½�´�©³�6þ�¥²©³¤��S½�ÉÊ°�½�§ª�S��¥�°��H¡Ê�H�`��®¯��¥²�`�³�²°±¥¨§¢©³�Q�S�¦¥¨ Á°±���/´�©³�pú/©M©��²��§¢�Ê°±¥¨�S�� ª§¢��§ª�S���"¿Y§ª�`½��
®¯���S�F ªÐy%�¥a½²§ªÂÄÃ<���H�²ÂÄÃ5�³ Á°±¥�¥¨�Ñ���¨°±��½�¡£©³��ÏÔ°Ö¥¨§ª©����`�Ô´�©³�C�/�SÂÄÃ�¥²�`ÂÄ¤��³�SÉ�§ª�-¥¨�`�X°��H¡�°� ª ¢�³�`Ï*�`§ �
���S�²�h©³�²§¢�`�¦¥¨§¢�`��¥¨�hñ� ªÐ�ÂÄÃ��`�H½�¥¨ÌHÂÄ¤��

S
�`��êa�S§¢¥¨�S�²�ß5£´��³ ø��ëlÉ�É��j��·H�¸·�7-�

ëlÉHÉ�§ª ¢������� ��·M�·A,����²°���½�¡£©³�²Ïi°±¥¨§¢©³�ä�S§ª���S½6�/�SÂÄÃ¦¥¨�`ÂÄ¤��³�SÉ�§ª�-¥¨�S½�°��H¡Y°� ¢ ª�³�SÏi�S§ª���S�²�*©³�²§¢�`�M�
¥¨§¢�`��¥¨�hñ� ªÐ�ÂÄÃ��`�H½�¥¨ÌHÂÄ¤����
ël ¢½È�/�-¡£�`���`��¾S�³�`É�§¢�S¥eÉ$�S¥¨�²°�ÂÄÃ¦¥¨�S�iê�§ª�8§¢Ï ñÊ©³ ¢�³�`���H�`�q�Ê°�½eì8§ª�HÃ��`§�¥¨½�§��Ê°±���¨°±¥

[0, 1]× [0, 1]Ï*§¢¥<���S� 5��S��¥²�³�`���`� �H�`Ï ÒYÃ���¾`�S§ª�³�S�²½²§¢���"7�©³�²§¢�`�¦¥¨§¢�`��¥¨�`�«úh°��¦¥¨�S���Ê°��²°�Ïi�-¥¨��§ª½²§¢�`�������³�S�
σi : [0, 1] → R2 / i = 1, . . . , 4

/Hê�§ª��§¢�5ëYÉ�É��j��·M�¸¶*°������`�³�SÉµ�S���
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ëlÉHÉ�§ª ¢����������·M�¸¶&,��/�-¡£�`�²�S��¾�§��Ê°±���¨°±¥Y¾`�H�Y¿Y�+.Ê��§�¥¨§¢©³�<¾Sê �`§ª�H§ªÏ*�`��½�§ª©³�Ê°± ª�`�aÎ$é°�½�¥²�`�S�
Ý[Z]\}�+^C�+_\���`^ ���-aø� |~e h {xkmepd hut epdfk t dSq   lª���S�ud h q t¯Ú � � S ⊂ R

3 �udfe�� t µ�Ä dfe i e8�sd h qfep{x¼h wylndSq Á±F wxq t dfk z�Ä d huh dSq]dfe h d C2 ¼�× ��� e8l iygXh o Φ : U ⊂ R2 → R3 w gm� dfe h dfk £ ��o�d ��g�h o
U
vy{ h [0, 1]2

��e tu� {xl¬o�d h6i d h |~eªo�d h q��S�Aw �mt d h oye ��t�ÛÔ wfÕ i epd)|~e h q��S��k�� hA�xgXh o�vy{ h Φ
w gm� (0, 1)× (0, 1)

enq t dfe h d�u{�qfe t e8vyd   lª���S�ud h �Awyk�wy�sdf¼t kmenqfepdfk g�h osvy{ h S zÔ � Õ i wxq1r huh dfk�d i dfk � ¼ t d hj� w hut d�vy{ h Φ z k = 1, 2, 3, 4 z
ϕk := Φ ◦ σk : (0, 1) → R

3

enq t d hut¯Ä d i dfk � { h q t w hut Ô d hut wyk t d t Õ[{ i dfk�e h�© d �xt e8v g�h6i kSdpo g lª�yk zÔ ��Õ��sdS��kéwyl2q µ�Ä dfe h ep�S� t d hut wyk t d t d � w hut d hD� ö huh d h qfep�S� h ep�S� t6t k�d·ñ�d hAz6t kme ñ t qfep�S� i epd© ¼ t dé��e t-i dfk � ¼ t d hq� w hut d Ô j 6= k
Õ z q�{]d�¶°enq t epdfk t dfe h d C1 ¼ Á wyk�wy�sd t dfk t k�w h q � {xkm�`w t ep{ h

h : [0, 1] → [0, 1]
��e t ϕj = ϕk◦h

��e t •h< 0. Φ
�udfe�� t¡Á·F wxq t dfk��Awyk�wy�sd t kmenqfepdfk g�h ovy{ h S �

Ø�§ª�}ê ©³ ¢ ª�`�������C�`§¢��§ª�³��	a�`§¢½²��§¢�` ª�Ñ´�©³�5¾Sê �`§ª�H§ªÏ*�`��½�§ª©³�Ê°± ª�`�<Î$é°±½�¥¨�S�²�5Éµ�-¥¨�²°�ÂÄÃ¦¥¨�`���
� ZÑ���-÷F�fZ]¹Ó���-a��cb-dfe µ�gXh ���S��q t Φ : [0, 1]2 ⊂ U → R

3 ��e t

Φ(u) =





u1

u1u2

0



 .

� w huh enq t Φ dfe h d Á±F wxq t dfk��Awyk�wy�sd t kmenqfepdfk g�h o i dSq4e h`i dfk x, y ¼p| � d h dél¢epdpo�d h6i d hD� k�dfepdS� � q
S
Ô vfoyl � × �����a���ô��Ô Õ �r h q � dSq�{ h6i dfk�d�qfe h6ißi epd � w hut d h ϕk = Φ ◦ σk z k = 1, . . . , 3 z e h�© d �xt e8v g�h6i k�dpo g lª�yk zÄ {���e h o�dpo�d h�i epd � w hut d ϕ4

d hut wyk t d t enq tp� |4e h d�sö�oyl¢ep�S�ud Á wyk�wy�sd t kmenqfepdfk gXh o i dfk � w hut d h
σk �Sµ�Äé� ϕk z k = 1, . . . , 4 z enq t~i epd � {xl¬o�d h6i d Û

σ1(t) = (t, 0), ϕ1 = (t, 0, 0) t ∈ [0, 1]

σ2(t) = (1, t), ϕ2 = (1, t, 0) t ∈ [0, 1]

σ3(t) = (1 − t, 1), ϕ3 = (1 − t, 1 − t, 0) t ∈ [0, 1]

σ4(t) = (0, 1 − t), ϕ4 = (0, 0, 0) t ∈ [0, 1]
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ëlÉHÉ�§ª ¢�������<��·H�ÆX,Êì8É$�`���S½l¿Y�²�`§¢�`ÂÄ¤<°� ¢½}¾Sê �`§¢��§ªÏ*�`�H½²§ª©��Ê°� ª�S½�Î$é°�½�¥²�`�S�
� ZÑ���-÷F�fZ]¹Ó���-a¢ç¾ù g�h[� d t k�w��S� t d h�Ä e8k �mÚ kUdfe h o�dpo�d � d h dSq Θ ∈ (0, 2π] i epd× ��� e8l iygXh o
Φ : [0, 1]2 ⊂ U → R3 ��e t

(u1, u2) 7→ Φ(u1, u2) =





cos(Θu1)
sin(Θu1)

u2



 .

ÖCepdfk]enq t S dfe h d � dfe8l¢�sd h o�d i dfkC�Ãw hut dfl F ���S�udDdfe h dSq � k�dfenq µ ø¨l¢e h6i dfk�q]��e t �3e t¯t dfl � g�hA�xte8� £ k�q��6k gXh o z �¸w i e g q g�h6i Ö�ö��ud`oylndfep�S�I|~e h q � rm�   wyl8l Θ = 2π
enq t�i epd � dfe8l F ���S�udi dSq j øxl¢e h6i dfkm�`w hut dfl2q;o�dSq��S��ln{�qSq�d h6�- Ú k i epd1qfep�S�3dfk¯o�d � d h d h�Á wyk�wy�sd t kmenqfepdfk g�h o�d h¿i dfk

� w hut d h oye8l t Ô vfoyl � × ���������ô��� Õ Û
ϕ1(t) = (cos Θt, sin Θt, 0) t ∈ [0, 1]

ϕ2(t) = (cos Θ, sinΘ, t) t ∈ [0, 1]

ϕ3(t) = (cos Θ(1 − t), sin Θ(1 − t), 1) t ∈ [0, 1]

ϕ4(t) = (1, 0, 1 − t) t ∈ [0, 1]

� dfe h d � w hut déenq t d hut wyk t d t8z wyl8lndfk i e h oxq t k�d·ñ�d h qfep�S��e8�   wyl8l Θ = 2π i epd � w hut d h ϕ2 g�h6i
ϕ4 z¡Ä { � dfe �mÚ k i epd Á wyk�wy�sd t dfk t k�w h q � {xkm�`w t ep{ h s = h(t) = 1−t zFi epd ϕ4(t) = (ϕ2◦h)(t)qfep�S�udfk t·z •

h= −1 < 0
oye8l tp�

_?��ZD���}Z�� ���-a��Ä}m�µ���"!$�����`à±ác���Ô�S�µ�����é�Ö��ß¯�`�M���»Ø�r��s÷����u�S�����Ô�øã
R3 ��r�q t ~v : Ω ⊂

R3 → R3 dfe h C1 ¼xõ6d �xt {xk � dfl iÓg�h6i S dfe h[µ�Ä dfe i e8�sd h qfep{ h wylndSq Á±F wxq t dfk���e t S̄ ⊂ Ω z q�{oye8l t ∫

S

rot~v · d~o =

∫

∂S

~v · d~x.

� ��¤p�����"�¯�c���"a ï5§¢¥�¼/§ª �¡£�Y�S§ª���S�}Î$é°�½�¥¨�`���Ê°��²°�Ïi�-¥¨��§ª½²§¢�`�������
Φ
ê�§ª�����Ê°�½aÇÈ�S¤¦¥¨©³��¡£�` ª��°��H¡

�Ê°�½�ì8§¢��Ã��`§�¥¨½�§���°����¨°Ö¥�¾`����Ì�ÂÄ¤��³�`Ã�©� ¢¥"�éñ�Ì��}�Ê°�½�¾S���²ÌHÂÄ¤����`Ã�©³ �¥¨��ÇÈ�`¤¦¥²©³��¡£�S ª��êa�S�����S�Cê�§ª�
���S�C®¯�¦¥¨�S�³�¨°± ª½¨°Ö¥¨¾�´³©³�Xþ�¥²©³¤��S½/¡£Ì������`ÂÄÃ¦¥²�`ÂÄ¤��³�`ÉH§ª�S¥²�p°���� ♣
� ZÑ���-÷F�fZ]¹Ó���-a½� Ð»e8k Ä {xl8lnd hIi wxq�vyd �xt {xkmepdfl8lnd ��g kfvyd h e hut dpoyk�wyl

∫

C

~v · d~x

Å³º
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ëlÉHÉ�§ª ¢����������·H�¸ºA,����`§¢ ��`§ª�H�`�CïX°��¦¥¨�S ½éÐ±ÂÄÃ��Ù�S§ª���S½¿0µÚ� ¢§ª�����S�²½5°� ¢½�¾Sê �`§ª�H§ªÏ*�`��½�§ª©³�Ê°± ª�`½
Î$é°�½�¥¨�`�S�
��e t ~v = (x2y3, 1, z) g�h6i]i dfke8� £ ��k µ dfeªo�dfk�qfe huh�iyg kS�S��lªw gm� d h d h%��g kmvyd C = {(x, y, z) ∈
R3 : x2 + y2 = R2, z = 0} w gm��gXhut dfk�q��S��epd i l¢ep�S�ud�Ð`dfenq�d � dfk�dS�S� h d h6�
åF���Ö�����µ���Ù�"� Ô i e8k�d �xt d]û�dfk�dS�S� hugXh oÓwyl2q ��g kmvyd h e hut dpoyk�wyl Õ|~e h d Á wyk�wy�sd t kmenqfepdfk gXh o i dfk�{xkmepd hut epdfk t d h	��g kmvyd�enq t¸iyg k��S�

α(t) = (R cos t,−R sin t, 0), t ∈ [0, 2π]

o�dpo�d � d h6� Ð`dpo�d h •
α (t) = −R(sin t, cos t, 0) � {xl¬o t

∫

C

~v · d~x = −R
∫ 2π

0

(R5 cos2 t sin3 t, 1, 0) · (sin t, cos t, 0) dt

=

∫ 2π

0

(R6 cos2 t sin4 t− R cos t+ 0) dt.

� wxq�r hut dpoyk�wyl�vy{ h 0 � enq 2π ÚA� dfk cos t
vydfk�q��S� Ä e h6i d t8z¡i dfk�r hut dpoyk�w h6i®�mÚ k i wxq~vydfk � lndfe � d h ¼i d�r hut dpoyk�wyl � w huhßg�hut dfk²ù gXtnµ�gXh o t kmeªo�{ h {x�sd t kfenq��S�udfk   {xkm�sdfl h�Ä epd � {xl¬o t;g ��o�d � {xkm� tÄ dfk i d h

cos2 t sin4 t = sin2 t

(
1

2
sin 2t

)2

=
1

2
(1 − cos 2t)

1

8
(1 − cos 4t)

=
1

16
(1 − cos 2t− cos 4t+ cos 2t cos 4t)

=
1

16

(

1 − cos 2t− cos 4t+
1

2
(cos 3t+ cos t)

)

.

Å¦Í



� w � dfe®�Aw � d h3Ä e8k]e8�Ñlnd tðµ d h b-�S��kme t�t
cosα cos β =

1

2

(

cos
α + β

2
+ cos

α− β

2

)

� d hug�tðµ�tp� r h q�o�dSq�wy� t dfk¯oye ��t qfep�S�
∫

C

~v · d~x =
πR6

8
.

åF���Ö�����µ��� ç-� Ô þ®� dfk �mÚ ��k g�h o i dSq#vyd �xt {xkmepdfl8lnd hO��g kmvyd h e hut dpoyk�wyl2q«e h dfe h vyd �xt {xkmepdfl8lndSq� � dfk F ���S�ud h e hut dpoyk�wyl g�hut dfk�ù gXtnµ�g�h o i dSqUr hut dpoyk�wyl2qSq�w tnµ dSq�vy{ h b t { � dSq�Õ|OqOoye ��t v�epdflndU{xkmepd hut epdfk t d   lª���S�ud h q t�Ú � � d S z-i epd i epd ��g kmvyd C wyl2q~�¸w h6ix�xg kmvyd ∂S � dSqfe t ¼µ d h6� Ð»e8k Ä �x��lnd hsi epdC{ � dfk�déÖDdf��enq��u�A�yk�dUdfe h dfk ��g o�dflAvy{x�Ï�¸w i e g q R ��e t �3e t�t dfl � g�hA�xte8� £ k�q��6k gXh o � | hut q��6k�dS�S�ud h6i�i dfkl�¸kmepd hut epdfk g�h o�vy{ h C enq t;i epd   lª���S�ud huh {xkf�`wylnd?w gm�
S µ�g � £ k�q��6k gXh o`��e h o�dfkmep�S� t d t�� |éqCoye8l t4i w huh

∫

C

~v · d~x =

∫

S

rot~v · d~o.

j g kDû�dfk�dS�S� hugXh o i dSqÂ� � dfk F ���S�ud h e hut dpoyk�wyl2q�q g �S�ud hàÄ e8kÓdfe h d Á wyk�wy�sd t kmenqfepdfk gXh o»vy{ h
S z4i epd�lndfep�S� t ��e t ÖCe8l � d�vy{ h	��g o�dfl � {�{xk i e h w t d h o�d �mg�h6i d h3Ä dfk i d h�� w huh6� |éq�enq t
(ϕ, ϑ) 7→ Φ(ϕ, ϑ) = (R cosϕ sinϑ,R sinϕ sinϑ,R cosϑ), (ϕ, ϑ) ∈ (0, 2π)×(0,

π

2
)

i epd»{ � dfk�d`Ö�df��enq��u�A�yk�d»{�� h d�ù g l8l¢�sdfkme i e�w hüg�h6i ùD{xk i �u{xl � b-d tðµ�t �`w h u1 = ϕ/(2π)g�h6i u2 = 2ϑ/π z q�{�q t dfl8l t Φ∗(u1, u2) = Φ(2πu1,
π
2
u2)
dfe h d Á±F wxq t dfk��Awyk�wy�sd t kfenqfepdfk g�h ovy{ h S i wyk z4� dfe i dfk i epd � w hut d ϕ1

Ô i�� � � u1 = t z u2 = 0
Õ µ�g � ùD{xk i �u{xl�d hut wyk t d t~gXh6ii epd � w hut d h ϕ2

Ô i�� � � u1 = 1 z u2 = t
Õ g�h6i ϕ4

Ô i�� � � u1 = 1 z u2 = 1− t Õ�qfep�S�sw gf�1i df�ù g l8l¢�sdfkme i e�w h«t k�d·ñ�d h6�é� epdD× � lndfe t�gXh o i dfk Á wyk�wy�sd t dfk t k�w h q � {xkf�`w t ep{ h h(t) = 1 − t z�mÚ k i epd ϕ4(t) = (ϕ2 ◦ h)(t)
oye8l t·z enq téh dpo�w t e8v �Ð[e8k)� Ú qSq�d hÓh {��S�C�6k Úf� d hAz { ��i epd Á wyk�wy�sd t kfenqfepdfk g�h o µ�g k)kmep�S� t eªo�d h �¸kfepd hut epdfk gXh o�vy{ h

S �mÚ ��k tp� |Oq�enq t
∂ϕΦ = (−R sinϕ sinϑ,R cosϕ sinϑ, 0),

∂ϑΦ = (R cosϕ cosϑ,R sinϕ cosϑ,−R sin ϑ),

Ä {xk�w g q �mÚ k i epd z ¼ � {x�C�u{ h d hut d i dSq � k�d gyµ �6kS{ iyg��xt dSq � dfe i dfk�õ6d �xt {xk�d h

∂ϕΦ × ∂ϑΦ =

∣
∣
∣
∣
∣
∣

i j k
−R sinϕ sinϑ R cosϕ sinϑ 0
R cosϕ cosϑ R sinϕ cosϑ −R sinϑ

∣
∣
∣
∣
∣
∣

= (. . . , . . . ,−R2 sinϑ cos ϑ)

Å³�
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x3

ëYÉ�É�§ª ¢���������"·H�×Í�,Êì8§ª��Ã��S§¢¥²½�ê�Ì���¡£�` j§ªÏ
R3 Ï*§¢¥�ñ� ªÐ�ÂÄÃ��S����©³��ÏÔ°� ¢�`��¾S� S1, S2, S3

�

� {xl¬o tp� rf� û�dfk�dfep�S� ϕ ∈ (0, 2π) z ϑ ∈ (0, π
2
)
enq t?i epd µ ¼ � {x�C�u{ h d hut d i dfk[ù�{xkm�`wylnd hh dpo�w t e8v z~i epd�ù�{xkf�`wylnd�wyl2q�{ µ�g � £ k�q��6k g�h o�o�dfkfep�S� t d t8zOÄ epd²dSq i dfk   wyl8l6q�dfe h q�{xl8l � Ð»e8k� dfk�dS�S� h d h3h {��S� i epd��;{ t w t ep{ h�i dSq�õ6d �xt {xk � dfl i dSq ~v

rot~v = ∇× ~v =

∣
∣
∣
∣
∣
∣
∣

i j k

∂
∂x

∂
∂y

∂
∂z

x2y3 1 z

∣
∣
∣
∣
∣
∣
∣

=





0
0

−3x2y2



 .

|~e h o�dSq�d tðµ�t dfk��Awyl t d hÃÄ e8k
∫

S

rot~v · d~o =

∫ 2π

0

∫ π
2

0

3R6 cos2 ϕ sin2 ϕ sin5 ϑ cosϑdϑdϕ

= 3R6

∫ 2π

0

cos2 ϕ sin2 ϕ dϕ

∫ π
2

0

sin5 ϑ cos ϑ dϑ.

� wxq[dfk�q t d�r hut dpoyk�wyl � w huh�Ä epd i dfk iyg k��S� t kmeªo�{ h {x�sd t kmenq��S�ud £ � � {xkm� gXh o�d hü� dfk�dS�S� h d t
Ä dfk i d h

∫ 2π

0

cos2 ϕ sin2 ϕ dϕ =
1

4

∫ 2π

0

sin2 2ϕ dϕ =
1

8

∫ 2π

0

(1 − cos 4ϕ) dϕ =
π

4
.

� epd]b gA� q t e t¯g�t ep{ h sin ϑ = t �mÚ ��k t$µ�g
∫ π

2

0

sin5 ϑ cosϑ dϑ =

∫ 1

0

t5dt =
1

6
t6
∣
∣
1

0
=

1

6
.

r h q�o�dSq�wy� t&� {xl¬o t4i wy��e t
∫

S

rot ~v · d~o = 3R6 π

4

1

6
=
πR6

8
.
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R3

¿l����ÂÄÃX��§¢�²�S¤�¥²�`½�ël�H½²�²�SÂÄÃ����S�Xêa©� ª ª�S��ê�§ª�����S�C®¯�¦¥¨�S�³�¨°± ª½²½²°±¥¨¾�´�©³�3Ëh°��&%
∫

Ω

div ~vdx =

∫

∂Ω

~v · ~n do

¡£Ì��j���S�Qì8§¢��Ã��`§�¥¨½�ê�Ì���¡£�S 
Ω = (0, 1)3 §¢Ï R3 É$�Sê �`§¢½²�S���"Ø�§ª�j½��S¥¨¾S�`� U = (0, 1)×(0, 1) ⊂

R2 ���H�C�Ê°±�¨°�Ï*�S¥²�²§ª½�§ª�S�²�`���H§ª��½²�SÂÄÃ�½�þ��`§¢¥²�`�AÊÐ�ÂÄÃ��`� Si
/
i = 1, . . . , 6,

ê�§ª�Ñ¡£©³ ¢��¥�,
S1 : Φ1(u) = (1, u1, u2) n = (1, 0, 0) S4 : Φ4(u) = (0, u1, u2) n = (−1, 0, 0)

S2 : Φ2(u) = (u1, 1, u2) n = (0, 1, 0) S5 : Φ5(u) = (u1, 0, u2) n = (0,−1, 0)

S3 : Φ3(u) = (u1, u2, 1) n = (0, 0, 1) S6 : Φ6(u) = (u1, u2, 0) n = (0, 0,−1)

¿Ñ°��H��Ã�°�Éµ�S�ýê�§ª��°±�H¡¸±��`���S�<þM�`§�¥¨�S�AéÐ�ÂÄÃ�� ‖∂1Φ(u) × ∂2Φ(u)‖ = 1
����� Ï*§¢¥

~v =
(v1, v2, v3)

∫

∂Ω

~v · ~n do =
6∑

i=1

∫

Si

~v · ~n do

=

∫ 1

0

∫ 1

0

(v1(1, u1, u2) − v1(0, u1, u2)) du1du2

+

∫ 1

0

∫ 1

0

(v2(u1, 1, u2) − v1(u1, 0, u2)) du1du2

+

∫ 1

0

∫ 1

0

(v3(u1, u2, 1) − v3(u1, u2, 0)) du1du2.

ël�H���`���`�²½��`§�¥¨½h�³§ª �¥l�H���²ÂÄÃ%�`§¢���p�³�S�`§¢�³���S¥²�6�/�S§ªÃ��S�H¡£©³ ¢�³�Q���S��®¯�¦¥¨�`���¨°±¥²§ª©³�3�H�`���`§¢��¾`�S ª���S�
þM��Ï*Ïi°������S�

∫

Ω

div ~vdx =

∫ 1

0

∫ 1

0

∫ 1

0

(
∂v1

∂x1

+
∂v2

∂x2

+
∂v3

∂x3

)

dx1dx2dx3

=

∫ 1

0

∫ 1

0

(v1(1, x2, x3) − v1(0, x2, x3)) dx2dx3

+

∫ 1

0

∫ 1

0

(v2(x1, 1, x3) − v1(x1, 0, x3)) dx1dx3

+

∫ 1

0

∫ 1

0

(v3(x1, x2, 1) − v3(x1, x2, 0)) dx1dx2.
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R3 �
Ý[Z]\}�+^C�+_\���`^ ���-aªç

Ω ⊂ R3 �udfe�� t¡i k�dfe i e8�sd h qfep{ h wylndSq Á±F wxq t dfk z6Ä d huh dSq¸dfe h d C2 ¼× ��� e8l iyg�h o h : U ⊂ R3 → R3 dfe h dfk £ ��o�d ��g�h o i dSq1w � o�dSq��S��ln{�qSq�d h d h |~e h �udfe t q ÄÚ k � dfl2q
E = [0, 1]3

��e t"� {xl¬o�d h6i d h |~eªo�d h q��S�Aw �mt d h oye ��tpÛÔ wfÕ
h
enq t dfe h {xkmepd hut epdfk g�h oxq t k�d g dfk � e ñ�dS{x�s{xk��u��enqf� g q Ô i d t Dh > 0

Õ µ�Ä enq��S�ud h
(0, 1)3 g�h6i Ω zÔ � Õ �mÚ k i = 1, . . . , 6

enq t4i epd�b-dfe t d
Λi = h ◦ Φi : (0, 1)2 → R

3

d hut�Ä d i dfkÓdfe h d   lª���S�ud h �Awyk�wy�sd t kmenqfepdfk gXh o}vy{ h Mi := Λi((0, 1)2)
{ i dfk i epd²³Awy¼�S{ � e8�`w t kme ¶ dΛi

�Aw t �¸w h o ≤ 1 � rf� lnd tnµ�t d h3  wyl8l6�udfe�� t4i epd�b-dfe t d Λi
d hut wyk t d tp�Ô ��Õ � kSd·ñ�d h qfep�S� µ�Ä dfe h ep�S� t d hut wyk t d t d�b-dfe t d hAz Mi ∩Mj = ∅ �mÚ k i 6= j z q�{�qfe h6i}i epdµ�g o�dS{xk iyh d t d hÓÁ wyk�wy�sd t kfenqfepdfk g�h o�d h Λi g�h6i Λj

d hut o�dpo�d h o�dSq�d tðµ�t {xkmepd hut epdfk t8z�i�� � �dSq�oye ��t dfe h d h C2 ¼ � e ñ�dS{x�s{xk��u��enqf� g q f vy{ h (0, 1)2 w gf� qfep�S�Ã��e t Λi = Λj ◦ fg�h6i`� d t f < 0 �
� ZÑ���-÷F�fZ]¹Ó���-a ù Ð»e8k � d t k�w��S� t d h3i epdqÉªo�dSq��S��l¢e tðµ�t d�Ê ��g o�dfl6vy{x�À�)w i e g q R ��e téi df��3e t¯t dfl � gXhA�xt e8� £ kSq��6k g�h oßwyl2q i k�dfe i e8�sd h qfep{ h wylndSq Á±F wxq t dfk � ÖCepdfk µ�g vydfk Ä d h6i d h#Ä e8ki epdDÉ ��g o�dfl � {�{xk i e h w t d h Ê

Φ(u1, u2, u3) =





Ru1 cos 2πu3 sin πu2

Ru1 sin 2πu3 sin πu2

Ru1 cos πu2



 .

� epdI|~e h q��S��k�� hA�xgXh o h vy{ h Φ
w gm� (0, 1)3 enq t dfe hÏ� e ñ�dS{x�s{xk��u��enqf� g q zÓi dfk Ä dpo�d h� d t � = 2π2u2

1R
3 sin πu2

{xkmepd hut epdfk g�h oxq t kSd g enq t��4� epdÓb-dfe t d u1 = 0
d hut q��6kmep�S� t]i dfkd hut wyk t d t d h b-dfe t d (x, y, z) = (0, 0, 0) z?i�� � i df� £ k�q��6k gXh o �C� epd}o�dpo�d huÚA� dfkfl¢epdpo�d h6i db-dfe t d u1 = 1

d hut q��6kmep�S� t¸i dfk ��g o�dfln{ � dfk F ���S�ud zOÄ { � dfe � dfe i d Á {xlnd g�h6i�i dfk�ù g l8l¢�sdfkme8¼i e�w h �udfk�w g q�o�d h {x���sd h qfe h6i��F� epdCb-dfe t d u2 = 0
o�dS� t e hIi d h ùD{xk i �u{xl z u2 = 1

e hIi d hb ÚAi �u{xl Ú&� dfk ��� epd � dfe i d h b-dfe t d h u3 = 0 z u3 = 1
qfe h6i ��e t dfe h w h6i dfk]vydfk � lnd ��tégXh6i[i epd�¸kmepd hut epdfk g�h o�d h d hut o�dpo�d h o�dSq�d tðµ�tp�

Ý[Z]\}�+^C�+_\���`^ ���-an�¾|~e h�Â d � epd t Ω ⊂ R3 �udfe�� tUÂ w g �Fq��S�udSq Â d � epd t8zOÄ d huhÃi dfk t {x¼�u{xln{�oyenq��S�ud��¸w h6i ∂Ω i epd3õ6dfkSdfe h eªo g�h osvy{ h d h6i l¢ep�S�»v�epdflnd h3  lª���S�ud h q t�Ú � � d h M1 z¸�����fz
Mm g�h6i d h6i l¢ep�S�àv�epdflnd hu��g kmvyd h q t�Ú � � d h enq t�g�h6i¿Ä d huh dSq�dfe h d Á±F wxq t dfk��Awyk�wy�sd t kme8¼qfepdfk gXh o Φ

vy{ h Ω
oye ��t8z q�{ i wxqSq ∂Φ = {M1, . . . ,Mm} �O� wxq?�)w h6i e hut dpoyk�wyl Ä e8k i3Ä epd� {xl¬o t dfk � lª�yk t

∫

∂Ω

~v · d~o :=
m∑

k=1

∫

Mk

~v · d~o,

��îH�



Ä { � dfe i epd Mk iyg kS�S� i wxq�� g �dfk�d]|4e h �udfe t q h {xkm�`wylnd h�� dfl i ~n {xkmepd hut epdfk t enq t��
_?��ZD���}Z�� ���-a¢çÏrSq t Ω ⊂ R3 dfe h Â w g �Fq��S�udSq Â d � epd t�g�h6i ~v dfe h C1 ¼xõ6d �xt {xk � dfl iw gm� dfe h dfk £ ��o�d ��g�h oÓvy{ h Ω z q�{Doye8l t

∫

Ω

i e8v ~v dx =

∫

∂Ω

~v · ~n do.

ÖCepdfk � dfe � d µ dfep�S� h d t ~n i wxq�� g �dfkSdU|~e h �udfe t q h {xkm�`wylnd h�� dfl i w gm��i d h �¸w h6i q�dfe t d h vy{ h Ω �

��î¦¬


