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Abstract. We consider a finite element method of higher order on a quadrilateral or triangu-
lar, hexahedral or tetrahedral mesh for solving the Stokes or Navier–Stokes problem by means of
discontinuous elements for the pressure and suitable conforming elements for the velocity such that
the global and the local inf-sup condition are satisfied. Our goal is the construction of a multigrid
solver for the corresponding algebraic system of equations. The idea of this solver is to switch inside
of the multigrid method to a new velocity basis which leads to a reduced system with a much lower
number of unknowns as well as a very small number of couplings between them. We call this new
basis quasi divergence free since most of the basis functions are dicretely divergence free which im-
plies that they do not have any coupling to the pressure. The quasi divergence free basis functions
can be constructed locally during the assembling process of the stiffness matrix. We create a multi-
grid method for solving the reduced problem efficiently. Since most of the velocity basis functions
are completely decoupled from the pressure we can construct a smoother with low computational
costs. The efficiency of the new multigrid method compared with other known multigrid solvers
is demonstrated by numerical experiments for the Stokes problem. It is shown how the ideas for
the construction of a quasi divergence free basis can be extended from the Stokes equations to the
incompressible Navier-Stokes equations in the stationary and non-stationary case.
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1. Introduction. Many processes in science and engineering include fluid flow
coupled with other physical phenomena. For the numerical simulation of such complex
applications, it is very important to have a fast solver for flow problems. In the last
years, higher order finite element methods turned out to be very efficient numerical
methods concerning the number of unknowns in relation to the achieved accuracy. In
this paper, we consider the numerical solution of an incompressible flow problem by
means of a higher order finite element method and the construction of a multigrid
solver for the corresponding algebraic system of equations.

For simplicity, we take as model problem the stationary d-dimensional Stokes
equations (d = 2 or 3) with Dirichlet boundary conditions, i.e., we want to find a
velocity u : Ω→ R

d and a pressure p : Ω→ R such that

−divT(u, p) = f in Ω ,
div u = 0 in Ω ,

u = g on Γ ,
(1.1)

where T(u, p) ∈ Rd×d denotes the stress tensor defined via the deformation tensor
D(u) ∈ Rd×d for the velocity u = (u1, . . . , ud) in the following way

T(u, p) := −pI+ 2νD(u), I := (δi,j) , D(u) :=
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
.

Furthermore, Ω ⊂ Rd is a connected, bounded domain with a polygonal (d = 2) or
polyhedral (d = 3) boundary Γ := ∂Ω, ν the viscosity, f : Ω→ R

d a given body force
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and g : Γ → R
d the prescribed boundary data satisfying the solvability condition∫

Γ
g · nds = 0, where n denotes the outer normal unit vector on the boundary Γ.

We use a higher order conforming finite element method on triangles and/or
quadrilaterals (d = 2) and tetrahedra or hexahedra (d = 3), respectively. It is essential
for our method to have a discontinuos pressure approximation and a finite element pair
for velocity and pressure that satisfies the local (elementwise) and the global inf-sup
condition. Let us emphasize that a discontinuous pressure is not a disadvantage. By
means of a simple post-processing procedure one can compute a continuous piecewise
polynomial pressure function which maintains the optimal approximation order of
the discontinuous pressure solution [15]. In order to get a method of order r ≥ 2
in the energy norm, we approximate the pressure by discontinuous piecewise Pr−1-
elements. On quadrilaterals and hexahedra a continuous piecewise Qr-approximation
for the velocity is used. For triangles and tetrahedra we approximate the velocity by
continuous functions where the restriction to each element is contained in a suitable
enrichment of the polynomial space Pr. Details are given in [4, 5]. For the sake
of simplicity, we restrict ourselves to a fixed polynomial degree r for all elements.
However, our method can be generalized easily to the case where the degree can vary
from element to element.

Our goal is the construction of an efficient multigrid solver for the algebraic system
of equations corresponding to the discrete problem. A problem of existing multigrid
solvers for higher order finite element discretizations of the Stokes or Navier–Stokes
equations is that they use a block Gauss-Seidel smoother (Vanka smoother) with a
relatively large block size. Typically this block size is the number of all degrees of
freedom for velocity and pressure that belong to one element. That means the block
size becomes large for high order elements, in particular, in the 3D case [9, 10, 12].

The new idea of this solver is to switch inside of the multigrid method to a new
basis of a suitable velocity subspace which leads at the end to a highly reduced number
of velocity and pressure unknowns as well as to a very small number of couplings be-
tween them. We call this new basis a quasi divergence free basis or, for convinience, a
QDF basis since most of the basis functions are dicretely divergence free. This implies
that they do not have any coupling to the pressure. The QDF basis functions can be
constructed locally during the assembling process of the stiffness matrix. The discrete
Stokes problem is equivalent to a subspace formulation called QDF formulation in the
following. This problem is further decomposed by an orthogonal splitting into two
subproblems. The first one is a problem for the element bubble part ub of the velocity
solution uh = ub + ũs. It can be solved independently from the remaining part ũs in
an elementwise way during the assembling process of the stiffness matrix. The second
problem of the decomposition is a reduced Stokes problem for the velocity part ũs and
the piecewise constant part ph of the pressure solution ph = ph + p̃h. It has a much
smaller dimension than the original discrete Stokes problem. The remaining pressure
part p̃h can be computed at the end by an elementwise post-processing procedure.

In this paper, we create a multigrid method for solving the QDF formulation of
the Stokes problem efficiently. The most important ingredient of this method is the
construction of a suitable QDF velocity basis where almost all basis functions are
discretely divergence free. Only those basis functions which are associated with so-
called flux nodes are not discretely divergence free. The number of flux nodes is equal
to the number of the (d − 1)-dimensional faces of the grid, i.e., it is relatively small
compared with the total number of velocity unknowns in the reduced Stokes problem.
Since each discretely divergence free basis function is completely decoupled from the
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pressure, this, in priciple, allows to apply a point Gauss-Seidel smoothing to all non-
flux nodes. Thus, switching inside of our multigrid method to the QDF velocity
basis allows us to construct a smoothing procedure with very low computational
costs compared to existing multigrid methods from the literature. For a bounded
polynomial degree r, the computational overhead to work with the QDF basis is
only proportional to the number of unknowns. The required memory for an efficient
implementation of the QDF basis is less than the memory that will become free from
the fact that a lot of non-zero matrix entries of the original finite element method are
no longer used for our new multigrid method.

The idea to use a discretely divergence free basis for the velocity space is not new.
For the two dimensional situation, we refer in case of continuous pressure elements to
[21], [22] and in case of a discontinuous pressure approximation to [6, 7], [17], [4], [3],
[18, 19], [20] for elements up to second order and to [16] for higher order finite element
approximations. Efficient multigrid solvers based on a discretely divergence free basis
of the velocity space are constructed in [3], [18, 19]. However, the main drawback of
this approach is that the construction of such a basis in the 3D case is very complicated
[8]. Therefore, it seems to be better to renounce a complete discretely divergence free
basis and to work instead with a QDF basis which might be the right compromise.

The paper is organized as follows. We introduce some notation and define the
finite element spaces in Section 2. The construction of the quasi divergence free basis
of the velocity space is presented in Section 3. In Section 4 we show how the saddle
point problem created from the original basis is decomposed into local subproblems
on each element and a global system with a highly reduced dimension. The aspects of
an efficient implementation of our new method are discussed in Section 5. In Section 6
we describe the main components of our multigrid solver. The performance of the new
multigrid method compared with other multigrid solvers known from the literature is
tested in Section 7 by means of a numerical example for the Stokes problem. Finally,
in Section 8, we comment on generalizations of our approach to the stationary and
non-stationary Navier–Stokes equations.

2. Preliminaries and Notation. For a domain G ⊂ Rd, the L2(G) inner prod-
uct and norm are denoted by (·, ·)G and ‖ · ‖0,G, respectively, for scalar functions as
well as for vector- or tensor-valued functions. For example, for tensor-valued functions
A,B : G→ R

d×d, we define the inner product as

(A,B)G :=
∫
G

d∑
i,j=1

Ai,j(x)Bi,j(x)dx .

For a sufficiently smooth (d − 1)-dimensional manifold γ ⊂ Ω, we denote by 〈 ·, · 〉γ
the inner product in L2(γ) or in (L2(γ))d, respectively. For a domain G ⊂ Rd, the
Sobolev spaces Hk(G) = W k,2(G) are defined in the usual way with the standard
norm and semi-norm ‖ · ‖k,G and | · |k,G, respectively.

We define the spaces X,X0 and M,M0 for velocity and pressure, respectively, as

X := (H1(Ω))d , X0 := (H1
0 (Ω))d ,

M := L2(Ω), M0 := L2
0(Ω) := {q ∈ L2(G) : (q, 1)G = 0}.

Let g̃ ∈ X be an fixed extension of the boundary function g : Γ → R
d of (1.1) into

the domain Ω. Then, a weak formulation of problem (1.1) reads:
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Find (u, p) ∈ (g̃ +X0)×M0 such that

a(u, v) + b(v, p) = (f, v)Ω ∀ v ∈ X0,
b(u, q) = 0 ∀ q ∈M0,

(2.1)

where

a(u, v) := 2ν (D(u),D(v))Ω and b(v, p) := −(div v, p)Ω . (2.2)

For the discretization of this problem, we decompose the domain Ω ⊂ Rd into elements
K ∈ Th which are allowed to be triangles and/or quadrilaterals in the case d = 2 and
either tetrahedra or hexahedra in the case d = 3. We assume that the grid Th is regular
and shape-regular in the usual sense. The diameter of an element K is denoted by
hK and the global mesh-size of the grid Th is defined as h := maxK∈Th hK . For an
element K ∈ Th, we denote by E(K) the set of all (d− 1)-dimensional faces of K, by
Eh :=

⋃
K∈Th E(K) the set of all faces of the grid Th, by Eh(Γ) the set of all boundary

faces E ⊂ Γ and by E0
h := Eh \ Eh(Γ) the set of all inner faces. Note that a (d − 1)-

dimensional face E ∈ Eh can belong to at most two different elements. For a given
inner face E ∈ E0

h, let K(E) and K ′(E) be those two elements of the grid Th which
have E as their common face. For a boundary face E ∈ Eh(Γ), let K(E) denote that
element such that E ∈ E(K(E)). We will denote by nKE the unit normal vector of a
face E ∈ E(K) which is directed outward with respect to the element K. To each face
E ∈ Eh we assign the unit normal vector nE := n

K(E)
E .

We denote by Pm(G) the space of all polynomials on the domainG ⊂ Rd with total
degree less than or equal to m and by Qm(G) the space of those polynomials where
the maximum power in each coordinate is less than or equal to m. For an element
K, let FK : K̂ → K be the one-to-one mapping between the reference element K̂ and
K. For sufficient conditions for the bijectivity of non-affine reference mappings FK
we refer to [14].

It is essential for our approach that there are no continuity requirements for the
pressure approximation. The finite element spaces Mh and Mh,0 for the pressure with
Mh ⊂M and Mh,0 ⊂M0 are defined as

Mh := {q ∈ L2(Ω) : q
∣∣
K
◦ FK ∈ Pr−1(K̂) ∀K ∈ Th} , Mh,0 := Mh ∩M0 . (2.3)

The velocity spaces X and X0 will be approximated by the finite element spaces
Xh ⊂ X and Xh,0 ⊂ X0 of order r ≥ 2 which are defined as

Xh := (Sh)d , Xh,0 := Xh ∩X0 (2.4)

with the scalar finite element space

Sh := {ϕ ∈ H1(Ω) : ϕ
∣∣
K
◦ FK ∈ Ur(K̂) ∀K ∈ Th}. (2.5)

The space Ur(K̂) depends on the shape of element K. We assume that it is chosen
such that the local inf-sup condition on K is fulfilled. This means that there is a
constant β > 0 which is independent on K such that

inf
q∈M̃h(K)

sup
v∈Xh,0(K)

(div v, q)K
|v|1,K‖q‖0,K

≥ β (2.6)
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holds true for all K ∈ Th where

M̃h(K) := {q ∈Mh,0 : q = 0 on Ω \K } ,
Xh,0(K) := {v ∈ Xh : v = 0 on Ω \K } (2.7)

are the local pressure and velocity spaces associated with the element K, respectively.
As an example, the choice Ur(K̂) = Qr(K̂) on quadrilaterals or hexahedra guarantees
that assumption (2.6) is satisfied, see [14]. A possible choice for Ur(K̂) on triangles
and tetrahedra is a suitable bubble enrichment of Pr(K̂). For details see [4, 5].

We use the mapped version of the local spaces where their definition is done
via the reference transformation for both the velocity and the pressure. Thus, for a
non-affine reference mapping, the pressure will be approximated by functions which
may be no polynomials. Note that also the unmapped version of the local space is
possible where only the velocity is defined using the reference transformation while
the pressure will be approximated by piecewise polynomials from Pr−1(K) [5]. Our
method will work also for the unmapped pressure definition. In the case of non-affine
reference transformations the mapped and unmapped version differ but on families of
regularly refined meshes we obtain the same optimal error estimates for both versions,
see [1, 13].

Let g̃h ∈ Xh be a suitable approximative extension of the boundary function g in
(1.1) with

〈 g̃h, n 〉Γ = 〈 g, n 〉Γ = 0. (2.8)

Details will be given later on. Then, the discrete Stokes problem reads:
Find (uh, ph) ∈ (g̃h +Xh,0)×Mh,0 such that

a(uh, vh) + b(vh, ph) = (f, vh)Ω ∀ vh ∈ Xh,0

b(uh, qh) = 0 ∀ qh ∈Mh,0 .
(2.9)

Together with (2.6) we assume that the pair (Xh,0,Mh,0) satisfies also the global inf-
sup-condition uniformly with respect to the mesh-size h. For example, in the case
of quadrilaterals or hexahedra, the choice Ur(K̂) = Qr(K̂) ensures this condition,
see [14] for mapped and [5] for unmapped pressure elements. Thus, since the bilinear
form a(·, ·) is elliptic due to Korn’s inequality, the existence of a unique and stable
solution (uh, ph) of problem (2.9) is guaranteed, see [5].

Finally, let us introduce some general notation. We denote by card(J) the number
of elements of a finite set J . The dual space of a given space X will be denoted by
X ′. For a set G ⊂ Rm, we denote by int(G) and G the interior and closure of G,
respectively.

3. Construction of a Quasi Divergence Free Basis. Let ϕj , j ∈ J , denote
the usual vector-valued Lagrange basis functions of the finite element space Xh, i.e.,

Xh = span{ϕj : j ∈ J} (3.1)

where the indices j ∈ J will be called nodes in the sequel. Each node j ∈ J is
associated with a nodal point aj ∈ Ω of the grid Th. Let J(Γ) and J0 defined as

J(Γ) := {j ∈ J : aj ∈ Γ} , J0 := J \ J(Γ) , (3.2)

denote the set of the boundary nodes and the set of the interior nodes, respectively,
such that Xh,0 = span{ϕj : j ∈ J0}.
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Our construction of QDF basis functions ψj , j ∈ J̃ , of X̃h is based on two pro-
jection operators which are applied to a subset of the basis functions ϕj of Xh. The
first operator Pb maps into the space of the element bubble functions and the second
operator Pf maps into a space of specially chosen face bubble functions.

Let us start with the definition of QDF functions and discretely divergence free
functions. To this end, we need the discrete pressure subspace M̃h ⊂Mh,0 defined by

M̃h := {q ∈Mh,0 : q
∣∣
K
∈ L2

0(K) ∀K ∈ Th} . (3.3)

Definition 3.1. A vector-valued function vh ∈ Xh is called a quasi divergence
free function or a QDF function if it is divergence free with respect to the discrete
pressure subspace M̃h ⊂Mh,0, i.e.,

b(vh, qh) = 0 ∀qh ∈ M̃h . (3.4)

The spaces

X̃h := {vh ∈ Xh : b(vh, qh) = 0 ∀qh ∈ M̃h} and X̃h,0 := X̃h ∩X0 (3.5)

are called the subspaces of the QDF functions of Xh and Xh,0, respectively.
Analogously, the spaces

Vh := {vh ∈ Xh : b(vh, qh) = 0 ∀qh ∈Mh} and Vh,0 := Vh ∩X0 (3.6)

are called the subspaces of the discretely divergence free functions of Xh and
Xh,0, respectively.

In order to clarify the relation between QDF functions and discretely divergence
free functions it is useful to introduce the spaces of the piecewise constant pressure
functions

Mh := {q ∈ L2(Ω) : q
∣∣
K
∈ P0(K) ∀K ∈ Th} and Mh,0 := Mh ∩M0 . (3.7)

Now, from M̃h ⊂ Mh,0 ⊂ Mh it follows that Vh ⊂ X̃h. For the pressure spaces we
have the L2-orthogonal decompositions

Mh = Mh ⊕ M̃h , Mh,0 = Mh,0 ⊕ M̃h and M̃h =
⊕
K∈Th

M̃h(K). (3.8)

This implies that a function vh ∈ Xh belongs to the discretely divergence free subspace
Vh if and only if vh ∈ X̃h and

b(vh, qh) = 0 ∀qh ∈Mh . (3.9)

It is easy to see that the condition (3.9) is equivalent to the property that, for each
element K ∈ Th, the mean value of the normal flux of vh across the element boundary
∂K is zero, i.e., ∑

E∈E(K)

〈
vh, n

K
E

〉
E

= 0 ∀K ∈ Th . (3.10)

Using the fact that b(vh, 1) = 0 for all functions vh ∈ Xh,0, we get that

“ vh ∈ Vh,0 ” if and only if “ vh ∈ X̃h,0 and (3.10) is satisfied”. (3.11)
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Remark 3.2. It is important to emphasize that an essential assumption of our
approach is the fact that the pressure space is discontinuous which implies the property
(3.8) and the above mentioned relation between the QDF functions and the discretely
divergence free functions. Furthermore, the question whether a function vh ∈ Xh is
a QDF function can be checked elementwise. Therefore, the construction of a QDF
basis of X̃h can be done in an elementwise fashion.

3.1. Correction by element bubble functions. For a given element K ∈ Th,
let

J(K) := {j ∈ J : K ⊂ supp(ϕj)} (3.12)

be the set of the local velocity nodes associated with K. Then, the local velocity
space Xh(K) ⊂ Xh related to element K is defined as

Xh(K) := span{ϕj : j ∈ J(K)} . (3.13)

For each K ∈ Th, we split the set of nodes J(K) into the set Jb(K) of element bubble
nodes, where the associated basis functions ϕj are so-called element bubble functions,
and the remaining set Js(K) of so-called skeleton nodes living on the skeleton of the
grid Th, i.e.,

Jb(K) :=
{
j ∈ J(K) : supp(ϕj) ⊂ K

}
and Js(K) := J(K) \ Jb(K). (3.14)

The associated local velocity spaces are defined as

Xb(K) := span{ϕj : j ∈ Jb(K)} and Xs(K) := span{ϕj : j ∈ Js(K)}
(3.15)

such that Xh(K) = Xb(K) ⊕Xs(K). Note that, due to the global continuity of the
basis functions ϕj on Ω, we have vh

∣∣
K
∈ (H1

0 (K))d for all element bubble functions
vh ∈ Xb(K). Moreover, the space Xb(K) coincides with Xh,0(K) in (2.7). The global
set of nodes can be splitted as J = Jb ∪ Js with

Jb :=
⋃

K∈Th

Jb(K) and Js := J \ Jb =
⋃

K∈Th

Js(K) (3.16)

and the global velocity space is decomposed into Xh = Xb ⊕Xs where

Xb := span{ϕj : j ∈ Jb} and Xs := span{ϕj : j ∈ Js}. (3.17)

Note that, due to the local support of the basis functions ϕj , j ∈ Jb, we have the
following decomposition

Xb =
⊕
K∈Th

Xb(K). (3.18)

which is orthogonal in L2 and H1.
In the following, we will construct basis functions ϕ̃j , j ∈ J̃ , of the subspace of

QDF functions X̃h. The idea for the construction of ϕ̃j is to subtract from the original
basis function ϕj a correction consisting of element bubble functions. To this end, we
define the operators

Pb : X → Xb and Qb : X → M̃h
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as follows. For a given function w ∈ X = (H1(Ω))d, the pair (Pbw,Qbw) is defined to
be the solution of the problem:

Find (Pbw,Qbw) ∈ Xb × M̃h such that

a(Pbw, vh) + b(vh, Qbw) = a(w, vh) ∀ vh ∈ Xb

b(Pbw, qh) = b(w, qh) ∀ qh ∈ M̃h .
(3.19)

Using the orthogonal splittings (3.18) and (3.8), we see that problem (3.19) is equiv-
alent to card(Th) many local problems, i.e., (Pbw,Qbw) can be written as a sum

(Pbw,Qbw) =
∑
K∈Th

(PKb w,Q
K
b w)

with local operators PKb : X → Xb(K) and QKb : X → M̃h(K) associated with the
element K ∈ Th such that, for a given w ∈ X, the pair (PKb w,Q

K
b w) is defined as the

solution of the following local problem:
Find (PKb w,Q

K
b w) ∈ Xb(K)× M̃h(K) such that

a(PKb w, vh) + b(vh, QKb w) = a(w, vh) ∀ vh ∈ Xb(K)
b(PKb w, qh) = b(w, qh) ∀ qh ∈ M̃h(K) .

(3.20)

SinceXb(K) coincides with the spaceXh,0(K) from (2.7), the assumption (2.6) implies
the inf-sup condition for problem (3.20). Thus, from the standard FEM-theory for the
Stokes problem, we get that for each K ∈ Th the local problem (3.20) has a unique
solution which continuously depends on the local norm ‖w‖1,K . Hence, the global
problem (3.19) has also a unique solution which depends continuously on the global
norm ‖w‖1,Ω.

Now, using the operator Pb, we define the following functions ϕ̃j for the index set
Js of all skeleton nodes

ϕ̃j := (I − Pb)ϕj ∀j ∈ Js, (3.21)

where I denotes the identity operator. Since (Pbϕj)
∣∣
∂K

= 0 for all K ∈ Th, we get
that ϕ̃j coincides with ϕj on the skeleton of the grid Th, i.e.,

ϕ̃j(x) := ϕj(x) ∀x ∈
⋃

K∈Th

∂K, ∀j ∈ Js. (3.22)

Therefore, all the ϕ̃j with j ∈ Js are linearly independent functions in Xh. Moreover,
from the second equation in (3.19), it follows that ϕ̃j ∈ X̃h. Thus, the functions ϕ̃j ,
j ∈ Js, are the basis functions of a subspace X̃s ⊂ X̃h defined by

X̃s := span{ϕ̃j : j ∈ Js} (3.23)

and the operator I − Pb : Xs → X̃s is an isomorphism.
However, for j ∈ Jb, the solution of problem (3.19) with w = ϕj is (Pbϕj , Qbϕj) =

(ϕj , 0) ∈ Xb×M̃h such that ϕ̃j defined by (3.21) would be zero. Therefore, in general,
we have to construct for each element K ∈ Th an additional set of basis functions
ϕ̃j , j ∈ J̃b(K), of the subspace X̃b(K) of the quasi divergence free element bubble
functions defined as

X̃b(K) := {vh ∈ Xb(K) : b(vh, qh) = 0 ∀qh ∈ M̃h(K)}. (3.24)
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Here “in general” means the case when the polynomial degree r of the velocity space is
larger than 2. For example, in the case of quadrilateral elements with Q2-elements for
the velocity and discontinuous P1-elements for the pressure we have for all elements K
that dim(X̃b(K)) = dim(Xb(K))− dim(M̃h(K)) = 0, i.e., no basis functions have to
be constructed. For a given element K ∈ Th, the problem to determine basis functions
ϕ̃j such that

X̃b(K) = span{ϕ̃j : j ∈ J̃b(K)} (3.25)

is equivalent to an algebraic problem of a small fixed size. This problem consists in the
computation of basis vectors of the kernel of the matrix BK ∈ Rdim(M̃h(K))×dim(Xb(K))

defined as

BKi,j := b(ϕj , χi) ∀i ∈ Ĩ(K), j ∈ Jb(K) (3.26)

where the χi, i ∈ Ĩ(K), denote the basis functions of the local pressure space M̃h(K).
Basis vectors of ker(BK) could be obtained, for instance, by means of a singular
value decomposition of the matrix BK . In the following, let us assume that the basis
functions ϕ̃j , j ∈ J̃b(K), are available for all elements K ∈ Th in the sense that
coefficients cKj,i ∈ R are known such that

ϕ̃j =
∑

i∈Jb(K)

cKj,iϕi ∀j ∈ J̃b(K) . (3.27)

Then, the global space of the quasi divergence free element bubble functions X̃b defined
as

X̃b := {vh ∈ Xb : b(vh, qh) = 0 ∀qh ∈ M̃h} (3.28)

can be represented by means of basis functions ϕ̃j as follows

X̃b = span{ϕ̃j : j ∈ J̃b} where J̃b :=
⋃

K∈Th

J̃b(K). (3.29)

Since all functions vh ∈ X̃b vanish on the element boundaries, the condition (3.10) is
satisfied which implies that

X̃b = Vb := Vh ∩Xb and X̃b(K) = Vb(K) := Vh ∩Xb(K) ∀K ∈ Th , (3.30)

i.e., all quasi divergence free element bubble functions are discretely divergence free.
Now we are in the position to give the basis representation of the subspace of the

QDF functions X̃h :

X̃h = span{ϕ̃j : j ∈ J̃} where J̃ := Js ∪ J̃b. (3.31)

Using the space X̃s defined in (3.23), we can decompose X̃h in the direct sum

X̃h = X̃s ⊕ Vb (3.32)

where Vb = Vh ∩ Xb is the space of the discretely divergence free element bubble
functions. In fact, by construction it is clear that the space X̃s ⊕ Vb is a subspace of
X̃h and if we consider the dimensions we obtain

dim(X̃s ⊕ Vb) = card(Js) +
∑

K∈Th

(
dim(Xb(K))− dim(M̃h(K))

)
= dim(Xs) + dim(Xb)−

∑
K∈Th

dim(M̃h(K)) = dim(X̃h).



10 G. MATTHIES AND F. SCHIEWECK

Similarly we can decompose Xh in the direct sum

Xh = X̃s ⊕Xb . (3.33)

In fact, an arbitrary function vh ∈ Xh has a representation as vh = vs+ṽb with vs ∈ Xs

and ṽb ∈ Xb. Using ṽs := (I − Pb)vs ∈ X̃s we get the representation vh = ṽs + vb
with vb := ṽb + Pbvs ∈ Xb. This shows that Xh ⊂ X̃s ⊕Xb. By construction we have
X̃s ⊕Xb ⊂ Xh.

3.2. Correction by face bubble functions. The aim of this subsection is to
perform a further decomposition of the subspace X̃s in the form

X̃s = Vs ⊕ X̃f

where Vs ⊂ Vh is a subspace of discretely divergence free functions which should be
as large as possible. An advantage of using Vh-subspaces is that velocity components
lying in those subspaces do not have any couplings with the pressure in the discrete
Stokes problem (2.9).

The property that a QDF basis function ψj ∈ X̃s belongs to Vh is equivalent to
the condition that ψj satisfies the condition (3.10). The idea to fulfill (3.10) for ψj is
to start from the already known QDF basis function ϕ̃j and to modify it in such a
way that on each (d−1)-dimensional face E ∈ Eh the normal flux 〈ψj , nE 〉E becomes
zero. To this end we modify the normal flux of ϕ̃j across E by subtracting a multiple
of a properly chosen face bubble function associated with the face E. This does not
change the normal fluxes for all other faces.

In the following, we will describe how to choose these face bubble functions. Recall
that each node j ∈ J is associated with a nodal point aj ∈ Ω. Then, for each face
E ∈ Eh, the set

J0(E) := {j ∈ Js : aj ∈ int(E)} (3.34)

denotes the set of all skeleton nodes that correspond to the interior of the (d− 1)-
dimensional face E. Among all the nodes j ∈ J0(E) we choose a special flux node of
E, denoted by jf (E), that realizes the maximum absolute normal flux of the corre-
sponding basis functions, i.e.

|
〈
ϕjf (E), nE

〉
E
| = max

j∈J0(E)
| 〈ϕj , nE 〉E |. (3.35)

Note that, due to the fact that Pbϕj
∣∣
E

= 0 for all j ∈ J0(E), the analogous equation
holds true for the QDF basis functions ϕ̃jf (E) and ϕ̃j , respectively. To simplify the
notation we introduce the abbreviations

ϕE := ϕjf (E), ϕ̃E := ϕ̃jf (E) ∀E ∈ Eh. (3.36)

The set Jf (K) of all flux nodes of an element K ∈ Th and the set J̃s(K) of the
remaining skeleton nodes are defined by

Jf (K) := {jf (E) : E ∈ E(K)} and J̃s(K) := Js(K) \ Jf (K). (3.37)

Let Jf and J̃s denote the corresponding global sets of nodes given by

Jf :=
⋃

K∈Th

Jf (K) and J̃s :=
⋃

K∈Th

J̃s(K) = Js \ Jf (3.38)
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and X̃f the subspace of X̃s associated with the flux nodes, i.e.,

X̃f := span{ϕ̃j : j ∈ Jf}. (3.39)

Then, we introduce the operator Pf : X → X̃f such that for a vector-valued function
w ∈ X = (H1(Ω))d the discrete function Pfw ∈ X̃f is defined as

Pfw :=
∑
E∈Eh

〈w, nE 〉E
〈 ϕ̃E , nE 〉E

ϕ̃E . (3.40)

It is easy to see that this operator has the property

〈Pfw, nE 〉E = 〈w, nE 〉E ∀E ∈ Eh, ∀w ∈ (H1(Ω))d. (3.41)

Now, starting from the basis functions ϕ̃j of X̃h with j ∈ J̃ = (J̃s∪Jf )∪ J̃b, we define
new basis functions ψj of X̃h as

ψj :=

{
ϕ̃j − Pf ϕ̃j , j ∈ J̃s,
ϕ̃j , j ∈ Jf ∪ J̃b.

(3.42)

Note that the function ψj = ϕ̃j − Pf ϕ̃j would be zero for j ∈ Jf and it would be
equal to ϕ̃j for j ∈ J̃b. One easily verifies that the functions ψj ∈ X̃s with j ∈ J̃s
are linearly independent. Moreover, the property (3.41) implies that ψj ∈ Vh for all
j ∈ J̃s. Thus, we get the desired decomposition X̃s = Vs ⊕ X̃f with the space

Vs := span{ψj : j ∈ J̃s} ⊂ Vh.

Using (3.32) with Vb = span{ϕ̃j ; j ∈ J̃b} = span{ψj ; j ∈ J̃b} we finally get the
decomposition of the subspace X̃h of the quasi divergence free functions

X̃h = X̃s ⊕ Vb with X̃s = Vs ⊕ X̃f = span{ψj : j ∈ Js = J̃s ∪ Jf} (3.43)

where both spaces Vs and Vb are subspaces of the space Vh of the discretely divergence
free functions. That means that all the basis functions ψj with j ∈ J̃s ∪ J̃b do not
have any couplings with the pressure in the Stokes problem (2.9).

4. Decomposition of the Saddle Point Problem. In this section, we show
how the discrete Stokes problem (2.9) can be splitted into two subproblems using the
decomposition (3.33) of the velocity space Xh = X̃s ⊕ Xb. At first we explain how
the discrete extension g̃h ∈ Xh of the boundary function g : Γ→ R

d is chosen. Let

gh =
∑

j∈J(Γ)

gjϕj ∈ Xh with gj ∈ R

be an interpolate of g using only boundary nodes j ∈ J(Γ) and satisfying the solv-
ability condition 〈 gh, n 〉Γ = 〈 g, n 〉Γ = 0. Then we choose

g̃h :=
∑

j∈J(Γ)

gjϕ̃j = (I − Pb)gh ∈ X̃s (4.1)

where g̃h ∈ X̃s follows from the fact that J(Γ) ⊂ Js. It is easy to see that the discrete
solution uh of (2.9) is a solution of the following QDF formulation of the discrete
Stokes problem:



12 G. MATTHIES AND F. SCHIEWECK

Find (uh, ph) ∈ (g̃h + X̃h,0)×Mh,0 such that

a(uh, ṽh) + b(ṽh, ph) = (f, ṽh)Ω ∀ ṽh ∈ X̃h,0

b(uh, qh) = 0 ∀ qh ∈Mh,0 .
(4.2)

Now, the splitting (3.32) of X̃h as the direct sum X̃h = X̃s ⊕ Vb implies that the
discrete solution uh ∈ g̃h + X̃h,0 can be uniquely represented in the form

uh = ũs + ub = (g̃h + ũs,0) + ub (4.3)

with ũs ∈ X̃s, ub ∈ Vb and ũs,0 ∈ X̃s,0 := X̃s∩X0. From the definition of the operator
Pb : X → Xb in (3.19), it follows by taking the test function vh = vb ∈ Vb and using
b(vb, ph) = 0 that

a(vs − Pbvs, vb) = 0 ∀vs ∈ Xs , vb ∈ Vb .

Since the operator I − Pb : Xs → X̃s is an isomorphism we get the property

a(ṽs, vb) = 0 ∀ṽs ∈ X̃s , vb ∈ Vb (4.4)

which says that the subspaces X̃s and Vb are orthogonal with respect to the energy
scalar product a(·, ·). This property is important for the decomposition of the Stokes
problem (2.9) into smaller subproblems which will be described in the following.

If we insert the splitting uh = ũs +ub into the first equation of (2.9) and take the
test function vh = vb ∈ Vb ⊂ Xh,0 we get, by means of b(vb, ph) = 0 and (4.4), the
following problem for ub:

Find ub ∈ Vb such that

a(ub, vb) = (f, vb)Ω ∀vb ∈ Vb . (4.5)

That means that the element bubble part ub of the solution uh can be computed
independently from the remaining part ũs. Moreover, this computation can be done
separately on each element K ∈ Th inside of the assembling process of the stiffness ma-
trix. If the basis functions ψj = ϕ̃j , j ∈ J̃b(K), of Vb are available, the part of the ub-
problem (4.5) on element K can be calculated by solving the equivalent ñb(K)×ñb(K)
linear system of equations where ñb(K) := dim(Xb(K))−dim(M̃h(K)). In the special
case that the space Xh corresponds to conforming Q2-elements and Mh corresponds
to discontinuous P1 elements, nothing is to do for solving (4.5) since Vb = {0} and
ub = 0. If the basis functions ψj of Vb are not available, we can compute the part
uKb ∈ Xb(K) on an element K of ub =

∑
K∈Th u

K
b ∈ Xb corresponding to the splitting

(3.18) by solving the mixed local problem associated to (4.5):

Find (uKb , θ
K) ∈ Xb(K)× M̃h(K) such that

a(uKb , vh) + b(vh, θK) = (f, vh)Ω ∀ vh ∈ Xb(K)
b(uKb , qh) = 0 ∀ qh ∈ M̃h(K) .

(4.6)

Now, we want to derive the problem for the part ũs of the solution uh. Due to
the decomposition (3.8) of the pressure space Mh,0 the pressure solution ph can be
uniquely splitted in the form ph = ph+ p̃h with ph ∈Mh,0 and p̃h ∈ M̃h. If we take in
(2.9) the test functions vh = ṽs ∈ X̃s,0 = X̃s∩X0 ⊂ Xh,0 and qh = qh ∈Mh,0 ⊂Mh,0
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and if we use the properties b(ṽs, p̃h) = 0, b(ub, qh) = 0 and a(ub, ṽs) = 0, where the
symmetry of the bilinear form a(·, ·) has been exploited, we get the following reduced
Stokes problem for ũs and ph:

Find (ũs, ph) ∈ (g̃h + X̃s,0)×Mh,0 such that

a(ũs, ṽs) + b(ṽs, ph) = (f, ṽs)Ω ∀ ṽs ∈ X̃s,0

b(ũs, qh) = 0 ∀ qh ∈Mh,0 .
(4.7)

Theorem 4.1. The problems (4.6) and (4.7) have unique solutions (uKb , θ
K) ∈

Xb(K) × M̃h(K) for each K ∈ Th and (ũs, ph) ∈ (g̃h + X̃s,0) ×Mh,0, respectively.
Using these solutions, the velocity solution uh ∈ g̃h + X̃h,0 of both the discrete Stokes
problem (2.9) and the QDF formulation (4.2) has the representation

uh = ũs +
∑
K∈Th

uKb ∈ g̃h +Xh,0 . (4.8)

The discrete pressure solution ph ∈Mh,0 of (2.9) has the representation ph = ph + p̃h
where ph ∈ Mh,0 is the pressure solution of the reduced Stokes problem (4.7) and
p̃h =

∑
K∈Th p̃

K
h ∈ M̃h is composed of the elementwise solutions p̃Kh ∈ M̃h(K) of the

following local pressure problems:
Find p̃Kh ∈ M̃h(K) such that

b(vb, p̃Kh ) = (f, vb)K − a(uh, vb) ∀ vb ∈ Xb(K) . (4.9)

For each K ∈ Th, problem (4.9) has a unique solution p̃Kh ∈ M̃h(K). Moreover, the
pair (uh, ph) is the unique solution of the QDF formulation (4.2) of the discrete Stokes
problem.

Proof. Due to the assumption (2.6), the spaces (Xb(K), M̃h(K)) fulfill the inf-
sup condition. Moreover, due to the zero boundary conditions in Xb(K) and Korn’s
inequality, the bilinear form a(·, ·) is coercive on Xb(K)×Xb(K). Therefore, problem
(4.6) has a unique solution (uKb , θ

K) for each K ∈ Th.
The bilinear form a(·, ·) is also coercive on X̃s,0×X̃s,0. Furthermore, we can show that
the pair of spaces (X̃s,0,Mh,0) satisfies the inf-sup condition. We will only present the
main idea of its proof because the details are beyond the scope of this paper. It is easy
to see that the restriction of the operator Pf in (3.40) to the space X0 = (H1

0 (Ω))d is
a mapping Pf : X0 → X̃f ∩X0. Since X̃f ∩X0 ⊂ X̃s,0 the operator Pf maps from X0

into the space X̃s,0. By means of the property (3.41) of Pf one easily verifies that

b(Pfv, qh) = b(v, qh) ∀v ∈ X0 , qh ∈Mh,0 .

Moreover, we can show the stability estimate

‖Pfv‖1,Ω ≤ C‖v‖1,Ω ∀v ∈ X0 .

Then, the inf-sup condition for the spaces (X̃s,0,Mh,0) follows from Fortin’s Theo-
rem [5, Theorem II.1.1]. This implies that the reduced Stokes problem (4.7) has a
unique solution (ũs, ph).
Now, let ũs and ub =

∑
K∈Th u

K
b be the unique solutions of (4.7) and (4.5), respec-

tively. Further, let ph and p̃h =
∑
K∈Th p̃

K
h be the unique solutions of (4.7) and (4.9),

respectively. Note that the unique solvability of (4.9) follows from the assumption
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(2.6) that the local spaces Xb(K) = Xh,0(K) and M̃h(K) fulfill the inf-sup condition.
In the following, we will show that uh := ũs + ub and ph := ph + p̃h are the solutions
of the original Stokes problem (2.9). Let vb be an arbitrary element of Vb. Then, from
a(ũs, vb) = 0, see (4.4), b(vb, ph) = 0 and (4.5) we get

a(uh, vb) + b(vb, ph) = (f, vb)Ω ∀ vb ∈ Vb . (4.10)

Using a(ub, ṽs) = a(ṽs, ub) = 0, b(ṽs, p̃h) = 0 and the first equation of (4.7) we obtain

a(uh, ṽs) + b(ṽs, ph) = (f, ṽs)Ω ∀ ṽs ∈ X̃s,0 . (4.11)

The decomposition X̃h = X̃s ⊕ Vb and the equations (4.10) and (4.11) yield

a(uh, ṽh) + b(ṽh, ph) = (f, ṽh)Ω ∀ ṽh ∈ X̃h,0 . (4.12)

The equations (4.9) and b(vb, ph) = 0 imply that

a(uh, vb) + b(vb, ph) = (f, vb)Ω ∀ vb ∈ Xb(K) . (4.13)

Due to the decomposition (3.18) of Xb, the equation (4.13) also holds for an arbitrary
vb ∈ Xb. Thus, it follows that uh and ph satisfy the first equation of the Stokes
problem (2.9). From the second equation of (4.7) we get with b(ub, qh) = 0 the
equation

b(uh, qh) = 0 ∀qh ∈Mh,0 .

By definition we have ũs ∈ X̃s ⊂ X̃h and ub ∈ Vb ⊂ X̃h which implies uh ∈ X̃h, i.e.

b(uh, q̃h) = 0 ∀q̃h ∈ M̃h .

Thus, from the decomposition Mh,0 = Mh,0 ⊕ M̃h it follows that uh fulfills also the
second equation of the Stokes problem (2.9). This proves the representations of uh
and ph since problem (2.9) has a unique solution.
If we take in (2.9) the test functions vh ∈ X̃h,0 and qh ∈ Mh,0 we easily see that
(uh, ph) is a solution of (4.2). The inf-sup condtion for the pair (X̃h,0,Mh,0) fol-
lows immediately from the inf-sup condtion for (X̃s,0,Mh,0). This implies that the
problem (4.2) has a unique solution which completes the proof of Theorem 4.1.

In the following, we analyze the structure of the QDF formulation (4.2) of the
Stokes problem by exploiting the fact that the space X̃h can be decomposed in the
direct sum X̃h = Vb⊕Vs⊕X̃f , see (3.43). The solution uh of (4.2) can be decomposed
as

uh = g̃h + uh,0 with uh,0 ∈ X̃h,0 = span{ψj : j ∈ J̃0}, J̃0 := J̃ \ J(Γ).

where J̃ = J̃b ∪ Js, see (3.31). By the disjoint decomposition (3.38) of the index set
Js = J̃s ∪ Jf the following disjoint decomposition of the index set J̃0 is induced:

J̃0 = J̃b ∪ J̃s,0 ∪ Jf,0 with J̃s,0 := J̃s \ J(Γ) Jf,0 := Jf \ J(Γ).

Using this decomposition, the coefficient vector uh,0 = (uh,0j ) of uh,0 =
∑
j∈J̃0

uh,0j ψj
can be partitioned into the two block vectors

uh,0 =
(
un,0

uf,0

)
with un,0 := (uh,0j )j∈J̃b∪J̃s,0 , uf,0 := (uh,0j )j∈Jf,0 .
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Let I be the index set of the elements K ∈ Th such that Th = {Ki : i ∈ I}. Then, the
piecewise constant pressure solution ph of (4.7) corresponds to the coefficient vector
p with

p := (pi)i∈I ∈ R
card(I) where ph =

∑
i∈I

piχ
Ki
0 .

Here, χKi0 denotes the function in Mh which is 1 on Ki and 0 otherwise. Due to the
fact that ψj ∈ Vh for all non-flux nodes j ∈ J̃b ∪ J̃s,0 , the QDF formulation (4.2)
corresponds to a block system of the following structure: Ann Anf 0

Afn Aff (Bf )T

0 Bf 0

 un,0

uf,0

p

 =

 rn,0

rf,0

s

 . (4.14)

We see that only the QDF basis functions ψj for flux nodes j ∈ Jf,0 are coupled with
the piecewise constant pressure. In contrast to the original basis functions, this is an
important computational advantage for the construction of cheap block Gauss-Seidel
smoothers since the structure of (4.14) allows, in principle, to apply a point Gauss-
Seidel smoother for all non-flux nodes j ∈ J̃0 \ Jf,0. Moreover, the number of flux
nodes is equal to the number of faces E ∈ Eh which is small compared with the total
number of velocity unknowns in (4.14), in particular, in the case of higher order finite
elements. That means that in the algebraic system (4.14) generated by means of the
QDF basis functions most of the velocity unknowns are decoupled from the preesure
unknowns.

5. Implementation Aspects.

5.1. Generation of the QDF basis functions. Within a numerical code it is
not necessary to have explicit formulas for the modified QDF basis functions ψj . It
suffices to know how one can obtain these functions by linear combinations of standard
Lagrange basis functions.

First we will have a look at the element bubble correction operator Pb which is
defined locally by (3.20). Using the standard bases {ϕj : j ∈ J(K)} and {χi : i ∈
Ĩ(K)} for the local velocity and pressure spaces Xh(K) and M̃h(K), respectively,
problem (3.20) for w = ϕj , j ∈ Js(K), is equivalent to the following system of linear
equations (

AK (BK)T

BK 0

)(
cKj
dKj

)
=
(
rKj
sKj

)
(5.1)

with

(AK)i,k := a(ϕk, ϕi), i, k ∈ Jb(K), BK defined by (3.26) ,

(rj)i := a(ϕj , ϕi), i ∈ Jb(K), (sj)i := b(ϕj , χi), i ∈ Ĩ(K).

We see that everything which we need to generate the above system is computed
during the usual local assembling process of element stiffness matrices. From the
solution vector cKj = (cKj,i) ∈ Rcard(Jb(K)) of the linear system (5.1) we get the following
representation of the local part PKb ϕj of the projection Pbϕj on element K:

PKb ϕj =
∑

i∈Jb(K)

cKj,iϕi, j ∈ Js(K). (5.2)



16 G. MATTHIES AND F. SCHIEWECK

In order to be able to reconstruct the modified local functions ϕ̃j
∣∣
K

= ϕj
∣∣
K
−PKb ϕj ,

j ∈ Js(K), we store the coefficients cKj,i. The required storage for this is less than the
memory in the original finite element method for storing the matrix entries a(ϕj , ϕi)
with j ∈ Js(K), i ∈ Jb(K), which are no longer needed in the new method using the
QDF basis.

Now we will describe how the action of the operator Pf defined in (3.40) can be
implemented. For a basis function ϕj , which corresponds to the nodal point aj , we
have that ϕj |E ≡ ϕ̃j |E ≡ 0 for all faces E ∈ Eh with aj 6∈ E. Hence, the sum in (3.40)
for w = ϕ̃j reduces to a small sum over those faces E with

E ∈ Eh(j) := {E ∈ Eh : aj ∈ E} . (5.3)

Then, the function ψj = ϕ̃j − Pf ϕ̃j , j ∈ Js(K) \ Jf (K), defined in (3.42) can be
written as

ψj = ϕ̃j −
∑

E∈Eh(j)

αj,E ϕ̃jf (E) with αj,E :=
〈ϕj , nE〉E
〈ϕE , nE〉E

(5.4)

where we have used that ϕj and ϕ̃j coincide on all E ∈ Eh. For each face E ∈ Eh,
we store the coefficients αj,E for all nodes j belonging to the closure of E, i.e. for all
j ∈ J(E) with

J(E) := {j ∈ J : aj ∈ E} , (5.5)

where αj,E is defined by (5.4) if j ∈ Js \ Jf and by

αj,E := 〈ϕj , nE〉E if j = jf (E) ∈ J(E) ∩ Jf .

This is useful since for j = jf (E) ∈ Jf we have ψj = ϕ̃j and

αj,E = 〈ϕj , nK(E)〉∂K(E) = 〈ψj , nK(E)〉∂K(E) =
{
−b(ψj , χK0 ) if K = K(E)
+b(ψj , χK0 ) if K = K ′(E)

where K(E) and K ′(E) denote the two elements associated with the face E (see
Section 2) and χK0 ∈ Mh is the function which is 1 on K and 0 on Ω \ K. In the
algebraic system, which is equivalent to the reduced Stokes problem (4.7), we need,
for each velocity node j ∈ Js, the matrix entries b(ψj , χK0 ) for all K ∈ Th. Note that it
is a common practice that the functions χK0 ∈Mh \Mh,0, K ∈ Th, are used as a basis
of the larger pressure space Mh and that the condition ph ∈ Mh,0 = Mh ∩ L2

0(Ω) is
realized within the discrete solver by subtracting a suitable global constant from the
pressure approximation. Now, using that ψj ∈ Vh for all j ∈ J̃s = Js \ Jf , we get

b(ψj , χK0 ) = 0 ∀j ∈ Js \ Jf , K ∈ Th ,

i.e., the matrix entry b(ψj , χK0 ) can be non-zero only if j ∈ Jf (K). Therefore, if we
store the coefficients αj,E = ±b(ψj , χK0 ) for j = jf (E) ∈ Jf (K), E ∈ E(K), then it is
no longer necessary to store any matrix entries associated with the bilinear form b(·, ·).
The memory required for storing the αj,E is approximately equal to the memory that
becomes free from the matrix entries of the bilinear form b(·, ·).

Now we consider the linear algebraic system which corresponds to the reduced
Stokes problem (4.7) by using the new QDF basis {ψj : j ∈ Js} for X̃s and the basis
{χK0 : K ∈ Th} for Mh. Using the stored coefficients αj,E and cKj,i, this system is
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easily generated by means of linear combinations of rows and columns of the element
stiffness matrices of the original finite element method. For example, the entries of
the global stiffness matrix A = (Ai,j) with Ai,j := a(ψj , ψi) are assembled in an
elementwise fashion as

Ai,j =
∑
K∈Th

A
K

i,j with A
K

i,j := aK(ψj , ψi) := 2ν(D(ψj),D(ψi))K ,

where the modified element matrix entries A
K

i,j are computed from the original element
matrix entries AKi,j := aK(ϕj , ϕi) in the following way. Using the representation (5.4)
of the QDF basis functions ψj restricted to an element K, we have for non-flux nodes
i, j ∈ Js \ Jf

A
K

i,j =aK(ϕ̃j , ϕ̃i)−
∑

E∈EKh (j)

αj,E aK(ϕ̃jf (E), ϕ̃i)−
∑

F∈EKh (i)

αi,F aK(ϕ̃j , ϕ̃jf (F ))

+
∑

E∈EKh (j)

∑
F∈EKh (i)

αj,E αi,F aK(ϕ̃jf (E), ϕ̃jf (F ))

where EKh (j) := {E ∈ E(K) : aj ∈ E} denotes the set of those faces of element K
that are associated with the nodal point aj . In a similar way, one can compute in
a previous step the needed intermediate matrix entries ÃKi,j := aK(ϕ̃j , ϕ̃i) by linear
combinations of the entries AKi,j = aK(ϕj , ϕi) of the original element stiffness matrix
using the stored coefficients cKj,i.

Remark 5.1. The memory for storing the non-zero matrix entries Ai,j is the
same as for storing the non-zero entries Ai,j, i, j ∈ Js, of the original global stiff-
ness matrix which are no longer needed for solving the reduced Stokes problem (4.7).
Moreover, the additional work to compute the element matrix entries A

K

i,j from the
original entries AKi,j is only proportional to the number of velocity unknowns due to
the local support of the QDF basis functions.

5.2. Computation of p̃h. In the following, we want to discuss how the pressure
part p̃h ∈ M̃h of the pressure solution ph = ph + p̃h given in Theorem 4.1 can be
determined in practice if the parts ũs and ub =

∑
K∈Th u

K
b of the velocity solution

uh = ũs + ub have been already computed. From Theorem 4.1 we know that p̃h can
be decomposed elementwise as p̃h =

∑
K∈Th p̃

K
h where p̃Kh ∈ M̃h(K) is the unique

solution of the local problem (4.9). There are two ways to solve this problem. The
first one is to solve for the coefficient vector p̃K of p̃Kh the linear algebraic system that
corresponds to (4.9). The structure of this system is :(

BK
)T
p̃K = zK (5.6)

where(
BK
)T ∈ Rdim(Xb(K))×dim(M̃h(K)), p̃K ∈ Rdim(M̃h(K)),

zK = (zKj ) ∈ Rdim(Xb(K)) with zKj := (f, ϕj)K − aK(uh, ϕj) ∀j ∈ Jb(K).

For the definition of the matrix BK see (3.26). Since (4.9) has a unique solution
(see Theorem 4.1) and (5.6) is equivalent to (4.9) it follows that ker((BK)T )={0}.
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Therefore, the symmetric matrix BK(BK)T is regular and p̃K can be computed by
solving the linear system

BK(BK)T p̃K = BKzK . (5.7)

The disadvantage of this approach is that the local element matrices, which are needed
to generate the systems (5.7) for all elements K ∈ Th, have to be assembled again
since they are not stored inside of our new multigrid method for the reduced Stokes
problem (4.7).

The second approach for computing p̃Kh ∈ M̃h(K) uses the local pressure solutions
θK ∈ M̃h(K) of the local Stokes problem (4.6) and θKj := QKb ϕj ∈ M̃h(K), j ∈ Js(K),
of problem (3.20) with w = ϕj . The algebraic systems equivalent to these local Stokes
problems have to be solved anyway by means of a direct solver in order to generate the
QDF basis functions for the velocity. Thus, the coefficient vectors of θK and θKj are
available for free. For our second approach, we assume that these coefficient vectors
will be stored. The required storage for this is less than the memory that becomes
free from the matrix entries b(ϕj , χi), j ∈ Js(K), i ∈ Ĩ(K), and the right hand side
components −b(g̃h, χi), i ∈ Ĩ(K), which are no longer needed for our new method
relying on QDF basis functions. Now, let us assume that the local representation of
the computed solution ũs ∈ X̃s of the reduced Stokes problem (4.7) on an element
K ∈ Th is given by means of coefficients ũj ∈ R as follows

ũs(x) =
∑

j∈Js(K)

ũjψj(x) ∀x ∈ K .

Applying the definition (3.42) of the ψj and (5.4), we can represent ũs in the form

ũs(x) =
∑

j∈Js(K)

ujϕ̃j(x) ∀x ∈ K

using the basis functions ϕ̃j ∈ X̃s defined by (3.21) and coefficients uj ∈ R defined as
uj := ũj if j ∈ Js(K)\Jf (K) and uj := ũj−

∑
i∈J(E)\{j} αi,E ũi if j = jf (E) ∈ Jf (K).

From the definition of ϕ̃j
∣∣
K

= ϕj
∣∣
K
− PKb ϕj and θKj := QKb ϕj in (3.20), it follows

that

b(vb, θKj ) = a(ϕ̃j , vb) ∀vb ∈ Xb(K).

Using the definition of θK in (4.6) we obtain that the pressure function p̃Kh defined by

p̃Kh := θK −
∑

j∈Js(K)

ujθ
K
j (5.8)

is the unique solution of (4.9). This shows that we can calculate p̃Kh by the cheap
computation of the coefficients uj from the coefficients ũj of the QDF basis repre-
sentation of ũs if we invest the memory to store the coefficients that represent the
pressure functions θK and θKj .

5.3. Transformation of basis representations. In this subsection, we will
describe two operators which allow to switch from the basis representation of a func-
tion in X̃h = span{ψj : j ∈ J̃} to the one in Xh = span{ϕj : j ∈ J} and vice versa.
Let N := card(J) and Ñ := card(J̃). By the finite element isomorphism a function
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vh ∈ X̃h ⊂ Xh is uniquely associated with a coefficient vector ṽ = (ṽj) ∈ RÑ such
that vh =

∑
j∈J̃ ṽjψj . Thus, using (3.42) and (5.4), we have

vh =
∑
j∈J̃s

ṽj
(
ϕ̃j − Pfϕj

)
+

∑
j∈J̃b∪Jf

ṽjϕ̃j =
∑
j∈J̃

v∗j ϕ̃j

with coefficients v∗j defined by

v∗j :=


ṽj if j ∈ J̃s ∪ J̃b,
ṽj −

∑
i∈J(E)\{j}

αi,E ṽi if j = jf (E) ∈ Jf . (5.9)

Now, from J̃ = Js ∪ J̃b and the representation (3.27) of ϕ̃j for j ∈ J̃b we get

vh =
∑
j∈J̃

v∗j ϕ̃j =
∑
j∈Js

v∗j
(
ϕj − Pbϕj

)
+
∑
K∈Th

∑
j∈J̃b(K)

v∗j
∑

i∈Jb(K)

cKj,iϕi.

Using the local representation (5.2) of Pbϕj for j ∈ Js, we obtain the following basis
representation of vh =

∑
j∈J̃ ṽjψj ∈ X̃h by means of the original basis {ϕj : j ∈ J}

of Xh:

vh =
∑
j∈J

vjϕj with vj :=

v
∗
j if j ∈ Js,∑
i∈J̃b(K)

cKi,jv
∗
i −

∑
i∈Js(K)

cKi,jv
∗
i if j ∈ Jb(K).

(5.10)
Obviously, the mapping that assigns the coefficient vector v of the original basis
representation to the coefficient vector ṽ of the QDF basis representation of a function
vh ∈ X̃h is linear, i.e., there is a linear operator Π : RÑ → R

N such that

vh =
∑
j∈J̃

(ṽ)jψj =
∑
j∈J

(Πṽ)jϕj ∈ X̃h ∀ ṽ ∈ RÑ . (5.11)

At the end of this section we want to construct for a given function vh =
∑
j∈J vjϕj ∈

Xh a suitable QDF approximation ṽh =
∑
j∈J̃ ṽjψj ∈ X̃h ⊂ Xh which will be used

later on during the prolongation in the multigrid method. Using the decomposition
Xh = Xs ⊕Xb we can write any function vh ∈ Xh uniquely in the form

vh = vs + vb, with vs =
∑
j∈Js

vjϕj ∈ Xs, vb =
∑
j∈Jb

vjϕj ∈ Xb.

Since the projector I − Pb maps from Xs into the space X̃s ⊂ X̃h, a natural approxi-
mation of the part vs of vh is the function ṽs with

ṽs := (I − Pb)vs =
∑
j∈Js

vjϕ̃j ∈ X̃s.

Therefore, we have

vh = ṽs + wb with wb := vb + Pbvs ∈ Xb,
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which is, due to the decomposition Xh = X̃s ⊕Xb (see (3.33)), the unique splitting
of vh into a function ṽs ∈ X̃s and a function wb ∈ Xb. Thus, the decomposition
X̃h = X̃s ⊕ Vb (see (3.32)) suggests to define the approximation ṽh ∈ X̃h of vh as

ṽh := ṽs + w̃b with w̃b := Lbwb ∈ Vb , (5.12)

where Lb : Xb → Vb is a suitable projection operator. Using the elementwise decom-
position of Xb (see (3.18)), we have

wb =
∑
K∈Th

wKb with wKb =
∑

j∈Jb(K)

vjϕj +
∑

i∈Js(K)

viP
K
b ϕi =

∑
j∈Jb(K)

wKj ϕj

where

wKj := vj +
∑

i∈Js(K)

vic
K
i,j ∀ j ∈ Jb(K) . (5.13)

We define Lb locally as

Lbwb =
∑
K∈Th

LKb w
K
b

where LKb : Xb(K)→ Vb(K) is a suitable projection operator as, for example, the L2

projection. The local coefficient vector w̃K := (w̃Kj ) of the projection w̃Kb = LKb w
K
b

can be obtained from the coefficient vector wK := (wKj )j∈Jb(K) by matrix-vector

multiplication with a small local matrix, say DK = (DK
i,j) ∈ Rcard(J̃b(K))×card(Jb(K)),

i.e.

w̃Kb =
∑

j∈J̃b(K)

w̃Kj ψj with w̃Kj =
∑

i∈Jb(K)

DK
j,iw

K
i .

In an efficient implementation, the matrices DK should be computed and stored for
each element K ∈ Th during the assembling process of the element stiffness matrices
before starting the multigrid solver. The required memory is less than the one for
storing the matrix entries of the bubble functions a(ϕj , ϕi), i, j ∈ Jb(K), in the
original finite element method which is no longer needed in our new method.

Finally, a straightforward calculation yields the following basis representation for
the approximation ṽh ∈ X̃h of a given function vh =

∑
j∈J vjϕj ∈ Xh :

ṽh =
∑
j∈J̃

ṽjψj with ṽj :=


vj if j ∈ Js \ Jf ,∑
i∈Jb(K)

DK
j,iw

K
i if j ∈ J̃b(K),

vj +
∑

i∈J(E)\{j}
vi αi,E if j = jf (E) ∈ Jf ,

(5.14)
where the wKi are defined by (5.13).

Obviously, the resulting coefficient vector ṽ = (ṽj) ∈ RÑ of ṽh ∈ X̃h in the QDF
basis depends linearly on the coefficient vector v = (vj) ∈ RN of vh ∈ Xh. Hence,
there is a linear operator Π̃ : RN → R

Ñ such that

ṽh =
∑
j∈J̃

(Π̃v)jψj ∈ X̃h, ∀ v ∈ RN , (5.15)
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is the projection of vh into the subspace X̃h. It is easy to verify that a given vh ∈ X̃h

implies ṽh = vh.
As a summary we can say that both operators Π and Π̃, respectively, as well as

all other tools that are necessary to work with the QDF basis can be implemented
efficiently with a computational work which is only proportional to the number of
unknowns. This fact is important to ensure optimal computational costs for our
proposed multigrid solver. The required memory to store the additionally needed
coefficients cKj,i, αj,E and DK

i,j is less than the memory that will become free from the
fact that a lot of non-zero matrix entries of the original finite element method are no
longer used in the new multigrid solver based on the QDF basis functions.

6. Multigrid Method. In the following, we will describe the main ingredients
of our multigrid method, namely the smoother and the transfer operators. Here,
the multigrid cycles are designed to solve the corresponding QDF formulations of
type (4.2) on the different grids.

6.1. Smoother. We apply a block Gauss-Seidel smoother to the corresponding
problem of type (4.2) on each multigrid level `. One smoothing step consists essentially
of a loop over all elements where some block solves are performed for each element
K ∈ Th. For r > 2, one of these blocks is associated with the set J̃b(K). Due to the
orthogonal decomposition (4.4), the corresponding block solve already yields the local
bubble part uKb . Hence, this block solve has to be performed only once for each QDF
formulation of type (4.2) on a newly entered coarser level ` when the right-hand side
functional has changed due to defect correction.

In order to simplify the notation we omit the level ` and introduce, for a given
element K ∈ Th and a nodal point am ∈ ∂K, the set JK(am) of all non-flux nodes of
K which are connected to am, i.e.

JK(am) := {j ∈ J(K) \ Jf (K) : aj = am} .

A block Gauss-Seidel smoother can be regarded as a successive subspace correction
method. Therefore, we define, for an arbitrary index set I ⊂ J̃ , the velocity subspace

X̃I := span{ψj : j ∈ I} ∩ X̃s,0

and the local pressure subspaces

MK := span{χK0 } ⊂Mh ∀K ∈ Th.

Let (uold, pold) ∈ X̃h×Mh,0 be an approximation of the solution (uh, ph) of the QDF
formulation of type (4.2) on some grid level ` with a right-hand side functional l(·)
which is defined by defect restriction on coarser levels and by l(w) := (f, w)Ω on the
finest level. Then, one smoothing step (uold, pold) 7→ (u, p) is defined as follows:

(u, p) := (uold, pold)
for K ∈ Th do

(i) if the right-hand side l(·) has changed then
Find v ∈ X̃J̃b(K) such that

a(v, w) = l(w)− a(u,w) ∀w ∈ X̃J̃b(K) (6.1)

update u := u+ v
end if
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(ii) Find (v, q) ∈ X̃Jf (K) ×MK such that

a(v, w) + b(w, q) = l(w)− a(u,w)− b(w, p) ∀w ∈ X̃Jf (K),

b(v, µ) = −b(u, µ) ∀µ ∈MK ,
(6.2)

update (u, p) := (u, p) + (v, q)
(iii) for all nodal points am ∈ ∂K do

Find v ∈ X̃JK(am) such that

a(v, w) = l(w)− a(u,w) ∀w ∈ X̃JK(am) (6.3)

update u := u+ v
end do

end do
L2

0 projection p := p− |Ω|−1(p, 1)Ω

The size of system (6.1) depends on the used element pair for velocity and pressure.
For the pair Q2/P

disc
1 , we have J̃b(K) = ∅. Hence, no system has to be solved in

this case. Also on the finest grid level the systems (6.1) will not be solved since the
local parts uKb , K ∈ Th, have been already calculated during the generation of the
stiffness matrices. In (6.2) we solve a system corresponding to all flux nodes j ∈ Jf (K)
and the one node for the pressure constant. This is a saddle-point problem of the
dimension card

(
E(K)

)
+ 1. For all nodal points am ∈ ∂K, we have X̃JK(am) ⊂ Vh

due to X̃s = Vs ⊕ X̃f , i.e., in the QDF formulation of type (4.2), the functions of
the subspace X̃JK(am) are decoupled from the pressure. Therefore, the system (6.3)
does not contain the pressure. The size of the linear system associated with (6.3) is
equal to card

(
JK(am)

)
. It is either (d− 1), when am is connected to a flux node in

the sense that a face E ∈ E(K) exists with am = ajf (E), or it is d otherwise. For
the special case of the Q2-element in 2D, the different blocks of degrees of freedom
used for solving the block systems (6.2) and (6.3) are shown in Figure 6.1. Since all

card(Jf (K))=4

χK0

K

card(JK(am))=1

Kam

card(JK(am))=2

K

am

Fig. 6.1. Blocks of degrees of freedom for the Q2-element in 2D. Left: one 5×5-block from (6.2),
middle: four 1× 1-blocks from (6.3), right: four 2× 2-blocks from (6.3).

local systems are of small size they can be solved very efficiently by means of a direct
solver.

6.2. Prolongation and Restriction. In the following, we describe the transfer
operators between the fine and coarse grid spaces during the multigrid method. At
first, we will introduce some notations that use the corresponding grid level ` instead
of the discretization parameter h. Let the final grid Th be the finest grid T (L) := ThL
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of a sequence of uniformly refined grids T (`) := Th` , ` = 0, 1, . . . , L, and let the
corresponding spaces, basis functions, sets of nodes and dimensions at level ` be
denoted as

X(`) := Xh` = span{ϕ(`)
j : j ∈ J (`)}, N (`) := card(J (`)),

X̃(`) := X̃h` = span{ψ(`)
j : j ∈ J̃ (`)}, Ñ (`) := card(J̃ (`)).

Furthermore, let the operators Π and Π̃ of Section 5 in the situation Xh = X(`) and
X̃h = X̃(`), ` = 0, . . . , L, be denoted by

Π(`) : RÑ
(`)
→ R

N(`)
and Π̃(`) : RN

(`)
→ R

Ñ(`)
,

and let us assume that the local projection operator LKb : Xb(K) → Vb(K), used in
the definition of the operator Π̃ (see Section 5), is defined by LKb w := 0. This is
necessary since no prolongated correction may be added to the already computed fine
grid bubble parts uKb .

Now, we will define the prolongation operator P̃ (`) : X̃(`) → X̃(`+1), i.e., we will
describe how a fine grid QDF approximation ũ(`+1) ∈ X̃(`+1) of a given coarse grid
QDF function ũ(`) ∈ X̃(`) is computed. Schematically, this is shown in Figure 6.2.
The function ũ(`) =

∑
j∈J̃(`) ũ

(`)
j ψ

(`)
j is uniquely associated with the coefficient vec-

ũ(`) ∈ X̃(`) u(`) ∈ X(`) u(`+1) ∈ X(`+1) ũ(`+1) ∈ X̃(`+1)

ũ(`) ∈ RÑ
(`)

u(`) ∈ RN
(`)

u(`+1) ∈ RN
(`+1)

ũ(`+1) ∈ RÑ
(`+1)

-P (`)

-Π(`)
-Π̃(`+1)

? ?

6 6

Fig. 6.2. Computation of the prolongation ũ(`+1) of a given coarse grid QDF function ũ(`)

tor ũ(`) := (ũ(`)
j ). From this vector we compute the coefficient vector u(`) = (u(`)

j ) :=

Π(`)ũ(`) that corresponds to the basis representation of u(`) :=
∑
j∈J(`) u

(`)
j ϕ

(`)
j = ũ(`)

in the original finite element space X(`), see (5.11). Now, we use the prolongation
operator P (`) : X(`) → X(`+1) that would be used for a multigrid method with
the original spaces X(`), ` = 0, . . . , L. This operator yields a fine grid approximation
u(`+1) := P (`)u(`) of ũ(`) in the original fine grid space X(`+1) which again corresponds
to a coefficient vector u(`+1) = (u(`+1)

j ) such that u(`+1) :=
∑
j∈J(`+1) u

(`+1)
j ϕ

(`+1)
j .

Finally, we apply our operator Π̃(`+1) in order to compute the coefficient vector
ũ(`+1) = (ũ(`+1)

j ) := Π̃(`+1)u(`+1) of the projection ũ(`+1) :=
∑
j∈J̃(`+1) ũ

(`+1)
j ψ

(`+1)
j

of u(`+1) into the subspace X̃(`+1) of the QDF functions in X(`+1). Thus, the defi-
nition of the prolongation ũ(`+1) = P̃ (`)ũ(`) of the coarse grid QDF function ũ(`) is
completed.

For the defect restriction operator R̃(`) : (X̃(`+1))′ → (X̃(`))′, we choose the
adjoint of the above defined prolongation operator P̃ (`) : X̃(`) → X̃(`+1). We will
omit the technical details here.
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7. Numerical Tests. In this section, we will compare by means of numerical
tests our new multigrid method based on the usage of QDF basis functions with other
multigrid solvers known from the literature. In order to focus on the main properties
we restrict ourselves to the two-dimensional case d = 2 and second order finite element
approximation, i.e. r = 2.

As a test problem we consider the Stokes problem (1.1) on the unit square Ω =
(0, 1)2 with ν = 1, the prescribed solution

u(x, y) :=
(

sinx sin y
cosx cos y

)
, p(x, y) := 2 cosx cos y − 2

(
1− cos(1)

)
sin(1)

and the data f := −divT(u, p) and g := u
∣∣
∂Ω

. This example was taken from [2].
In the following, we compare four different types of multigrid methods. The first

method (further called usual) is a fully coupled multigrid solver with a Vanka-type
smoother based on the original finite element basis which has been successfully used
in the last years [12, 9]. The second method (MDML) is a multiple discretization
multilevel approach where the higher order finite element discretization is applied
only on the finest grid T (L) whereas a stable low order discretization is used for all
coarsenings. Note that in this method we have two different discretizations on the
finest grid. For details on this method we refer to [11, 10]. The third method (QDF )
is our new multigrid method where the QDF basis functions are used on all grid
levels. The fourth method (QDF-MDML) is an MDML method where the QDF basis
functions are used only for the higher order discretization on the finest grid T (L) and
where on all other levels the same low order discretization as in the second method is
applied.

In order to get a fair comparison we fix for all methods the multigrid cycle to a
W-cycle with 2 presmoothing and 2 postsmoothing steps. Furthermore, we do not use
any damping or step length control mechanism in order to accelerate the convergence.
In Table 7.1, we will compare the four methods with respect to their total running
times (total time) measured in seconds on a Linux PC (Pentium IV, 2.8 GHz), the
times used for the solver (solver time), the number of multigrid cycles (# cycles) used
to achieve the stopping criterion that the Euclidean norm of the residual vector is
less than 10−11. Moreover, we compare the running time in seconds for one multigrid
cycle (time/cycle), the average multigrid convergence rate (aver. rate) and the total
memory (memory) in Mbyte required for the whole method.

The coarsest grid T (0) is built by a decomposition of the unit square into 4 con-
gruent squares. Our results are presented for the finest grid Th = T (7) generated by 7
uniform refinement steps. This grid consists of 256× 256 quadrilateral elements. For
the approximation of the velocity we use Q2-elements and for the pressure discon-
tinuous P1-elements which leads on the grid T (7), in case of using the original finite
element basis, to 526, 338 degrees of freedom (d.o.f.) for the velocity and 196, 608
d.o.f. for the pressure while the QDF basis needs only 395, 266 d.o.f. for the veloc-
ity and 65, 536 d.o.f. for the piecewise constant pressure within the reduced Stokes
problem.

We see from Table 7.1 that the methods involving the QDF basis functions are
much faster than the other methods although the convergence rate of the QDF method
is not as good as those of the corresponding methods based on the original finite
element basis. This shows that the new multigrid method profits a lot from the fact
that the QDF basis for the velocity and the piecewise constant pressure basis for the
reduced Stokes problem (4.7) lead to much less unknowns and that the local block sizes
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Table 7.1

Results for different multigrid approaches.

usual MDML QDF QDF-MDML

total time 158 121 46 68
solver time 150 112 37 59
# cycles 10 9 12 9
time/cycle 15.0 12.8 3.1 6.6
aver. rate 0.0512 0.0332 0.0808 0.0301
memory 330 326 292 296

within the block Gauss-Seidel smoother of the new QDF method are much smaller
than those of the usual method. It is to be expected that this effect will become much
stronger in the case of a higher polynomial degree or in the 3D case. To show this
numerically will be subject of further research.

8. Generalizations. We will briefly discuss the generalization of our multigrid
approach based on QDF basis functions to the case of the stationary or non-stationary
Navier-Stokes equations. Typical for both is that after a linearization of the nonlinear
convection term and an implicit time discretization in the non-stationary case we have
to solve Oseen-type problems of the following from:

Find (uh, ph) ∈ (g̃h +Xh,0)×Mh,0 such that

a(uh, vh) + b(vh, ph) = l(vh) ∀ vh ∈ Xh,0

b(uh, qh) = 0 ∀ qh ∈Mh,0 .
(8.1)

where the bilinear form a(·, ·) is now defined as

a(u, v) := κ(u, v)Ω + 2ν (D(u),D(v))Ω + ((β · ∇)u, v)Ω (8.2)

and l(·) denotes a linear functional that contains, in particular, the term (f, v)Ω as
well as further terms in the non-stationary case. The parameter κ in (8.2) is defined
by κ = 0 in the stationary case and κ = 1/4t in the non-stationary case where 4t
denotes the size of the time step. The function β ∈ g̃h + Xh,0 is the previous veloc-
ity approximation during the nonlinear iteration process. For solving problem (8.1),
the QDF basis functions can be constructed in an analogous way as for the Stokes
problem (2.9). The only difference is that we have to work with the bilinear form
a(·, ·) defined by (8.2) which means, in particular, that this form is no longer symmet-
ric. As a consequence the decomposition of the Oseen-type problem (8.1) contains
a difference compared to the Stokes case. For the element bubble part ub ∈ Xb of
the solution uh = ub + ũs with ũs ∈ X̃s we obtain a problem which is completely
analogous to (4.5) with the only difference that the right-hand side in (4.5) has to be
replaced by the term l(vb). That means that, like in the Stokes case, the part ub of
the solution can be computed independently from the remaining part ũs. Moreover,
this computation can be done in an elementwise fashion during the assembling process
of the stiffness matrices. However, for the part ũs ∈ X̃s of uh we get the following
reduced Oseen-type problem depending on the previously computed part ub ∈ Xb:

Find (ũs, ph) ∈ (g̃h + X̃s,0)×Mh,0 such that

a(ũs, ṽs) + b(ṽs, ph) = l(ṽs)− a(ub, ṽs) ∀ ṽs ∈ X̃s,0

b(ũs, qh) = 0 ∀ qh ∈Mh,0 .
(8.3)
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In an analogous way as presented for the QDF formulation of the Stokes problem,
we can create a multigrid method to compute efficiently the solution (uh, ph) of the
corresponding QDF formulation of the Oseen problem. The pressure part p̃h of ph =
ph + p̃h can be computed in the same way as described in Section 5.
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