Construction of Higher Order Discretely Divergence Free Finite Elements for Incompressible Flow

Friedhelm Schieweck^∗

November 2002

Abstract

We consider an hp-like finite element method on a 2D quadrilateral mesh for solving the Stokes problem with continuous Q_r-elements for the velocity and discontinuous P_{r−1}-elements for the pressure where the order r can vary from element to element. We construct a local and practically useful basis for the subspace of the discretely divergence free velocity functions. Thus, the computation of the velocity can be reduced to the solution of a symmetric positive definite problem in this subspace. Our constructed basis is suitable to create a multigrid method for solving the subspace problem efficiently. The pressure can be obtained by a simple post-processing procedure which requires only the solution of local problems. The ideas for the construction of a discretely divergence free basis can be extended easily to the general case of an adaptive mixed mesh with triangular and quadrilateral elements and hanging nodes. The approach can be applied also to the incompressible Navier-Stokes equations.

Keywords: higher order finite elements, discretely divergence free basis, incompressible flow, Stokes equations, Navier-Stokes equations

2000 Mathematics Subject Classification (MSC): 65N22, 65N30, 76D07, 76D05

1 Introduction

In this paper we consider the finite element approximation of an incompressible flow problem. For simplicity, we take as model problem the stationary two-dimensional Stokes equations with homogeneous Dirichlet boundary conditions, i.e. we want to find a velocity u : Ω → R^2

∗Institut für Analysis und Numerik, Otto-von-Guericke-Universität Magdeburg, Postfach 4120, D-39016 Magdeburg, Germany, URL: http://www-ian.math.uni-magdeburg.de/home/schieweck/ 1 and a pressure p : Ω → R such that −△u + ∇p = f in Ω ∇ · u = 0 in Ω u = 0 on Γ , (1)

where Ω ⊂ R^2 is a connected bounded domain with a polygonal boundary Γ := ∂Ω and f a given body force.

We use a conforming hp-like finite element method on a quadrilateral mesh where the polynomial degree can vary from element to element but the grid is supposed to be regular excluding the case of hanging nodes. However, the presented ideas can be generalized in a straightforward way to the case of an adaptive mixed mesh consisting of triangles and quadrilaterals where hanging nodes are allowed. As finite element approximation we use continuous Q_r-elements for the velocity and discontinuous P_{r−1}-elements for the pressure where the order r ≥ 2 can vary from element to element.

Our aim is to construct a local and practically useful basis for the subspace of the discretely divergence free functions in the velocity space. The advantage of such a basis is that it leads to a symmetric positive definite problem for the velocity in the discretely divergence free subspace. This problem is completely decoupled from the pressure. Thus, the difficulty to find a good solver for the indefinite coupled problem is circumvented. Using our constructed discretely divergence free basis functions, we can create an efficient multigrid-solver for the subspace problem of the velocity which is similar to that in [2], [12], [13]. The most crucial point for this purpose, namely the construction of the intergrid transfer operators, can be solved by means of techniques similar to those developed in [9]. Once the velocity has been determined the pressure can be calculated easily by a post-processing procedure which requires only the solution of a local problem on each element and a marching strategy over all elements to compute local pressure constants.

The idea to use a discretely divergence free basis for the velocity space is not new. We refer to [15], [16] for the case of continuous pressure elements and to [6], [7], [11], [8], [3], [2], [12], [13], [14] for the case of a discontinuous pressure approximation. The new contribution of this paper is the general construction process and the analysis of a local and practically useful basis of the subspace of the discretely divergence free velocity functions in the case of a quite general hp-like finite element approximation for the Stokes problem with discontinuous pressure elements. An advantage of a discontinuous pressure space is that the divergence free constraint can be characterized element-wise which simplifies the construction of a discretely divergence free basis. Let us emphasize that a discontinuous pressure approximation is not a disadvantage. By means of a simple post-processing procedure one can compute a continuous piecewise polynomial pressure function which maintains the optimal approximation order of the discontinuous pressure solution [9].

The ideas of this paper can be applied also in the case of the stationary or nonstationary incompressible Navier–Stokes equations since the choice of the basis functions does not change if we go from the Stokes to the Navier–Stokes model.

The paper is organized as follows. We introduce some notation and define the finite element spaces in Section 2. The construction process and the analysis of the discretely divergence free basis as well as some implementation aspects are presented in Section 3. In Section 4 we describe how a given function defined on the boundary can be extended into the domain as a discretely divergence free function having a small support. This is important for the treatment of more general boundary conditions and the management of the continuity requirements for adaptive mesh refinement by means of hanging nodes. In Section 5 we show how the pressure can be computed from a known velocity function by means of a postprocessing procedure.

2 Preliminaries and Notation

The weak formulation of problem (1) reads: a(u, v) + b(v, p) = (f, v)_Ω ∀ v ∈ X_0 b(u, q) = 0 ∀ q ∈ M_0 (2) where (·, ·)_G denotes the inner product in L^2(G) or (L^2(G))^2, respectively, X_0 := (H^1_0 (Ω))^2, M_0 := L^2_0(Ω) with L^2_0(G) := {q ∈ L^2(G) : (q, 1)_G = 0},

a(u, v) := (∇u, ∇v)_Ω and b(v, p) := −(∇ · v, p)_Ω . (3)

Let the domain Ω be decomposed into convex quadrilateral elements K ∈ T^h. The diameter of an element K is denoted by h_K and the global mesh-size of the grid T^h is defined as h := max_{K∈T} h h_K . By E^h we denote the set of all edges of the grid T^h, by E^h(Γ) the set of all boundary edges and by E^h_0 := E^h \ E^h(Γ) the set of all inner edges. For some curve γ ⊂ Ω, the inner product in L^2(γ) will be denoted by ⟨ ·, · ⟩_γ .

For an element K, let F_K : ^K → K be the one-to-one mapping between the reference element ^K := [−1, +1]^2 and K. We denote by P_m(G) the space of all polynomials on the domain G ⊂ R^2 with total degree less or equal to m and by Q_m (G) the space of those polynomials where the maximum power in each coordinate is less or equal to m. Let r denote the degree vector

r := {r_K : K ∈ T^h} with r_K ≥ 2 ∀ K ∈ T^h which contains the polynomial degree r_K of the velocity approximation on each element K. Then, the finite element space of the velocity X^N ⊂ (H^1(Ω))^2 associated with grid T^h and the degree vector r is defined as X^N := S^N × S^N with

S^N := S(Ω; r, T^h) := {ϕ ∈ H^1(Ω) : ϕ | |_K ∘ F_K ∈ Q_{rK} ( ^K) ∀K ∈ T^h} (4) and the finite element space M^N ⊂ L^2(Ω) for the approximation of the pressure as

M^N := M(Ω; r, T^h) := {q ∈ L^2(Ω) : q | |_K ∈ P_{rK −1}(K) ∀K ∈ T^h} . (5) The finite dimensional subspaces for approximating problem (2) are

X^N_0 := X^N ∩ X_0 and M^N_0 := M^N ∩ M_0 .

Now the discrete Stokes problem reads: Find (u^N , p^N ) ∈ (X^N_0 , M^N_0 ) such that

a(u^N , v^N ) + b(v^N , p^N ) = (f, v^N )_Ω ∀ v^N ∈ X^N_0 b(u^N , q^N ) = 0 ∀ q^N ∈ M^N_0 . (6)

From the literature it is known that in case of the h-version, where r_K = r for all K ∈ T^h, the pair (X^N_0 , M^N_0 ) fulfills the inf-sup-condition uniformly with respect to the mesh-size h (see [4, Sect. II.3.2]) and in the case of the p-version with only one element Ω = K and r = {r} the pair (X^N_0 , M^N_0 ) is inf-sup-stable uniformly with respect to the polynomial degree r (see [1]). The proof of the inf-sup-condition in [4, Sect. II.3.2] can be generalized in a straightforward way to our case of an hp-version. Thus, we have the existence of a unique and stable solution (u^N , p^N ) of problem (6).

Finally, let us introduce some general notation. We denote by card(J) the number of elements of a finite set J. For a set G ⊂ R^2 , we denote by int(G) and G the interior and closure of G, respectively.

3 Construction of a Discretely Divergence Free Basis

Let V^N ⊂ X^N and V^N_0 ⊂ X^N_0 be the linear subspaces of discretely divergence free velocity functions, i.e.

V^N := {v^N ∈ X^N : b(v^N , q^N ) = 0 ∀ q^N ∈ M^N } and V^N_0 := V^N ∩ X^N_0 . (7)

In the literature, the space V^N_0 often is defined by the constraint b(v^N , q^N ) = 0 for all q^N ∈ M^N_0 . However, due to the homogeneous boundary values of the functions v^N ∈ X^N_0 , this is equivalent to the constraint for all q^N ∈ M^N . In cases of mixed boundary conditions, where for X^N_0 homogeneous boundary conditions are imposed only on a part of the boundary, one has to take the pressure space M^N_0 := M^N for the discretization (6).

It is known that the solution u^N ∈ X^N_0 of the discrete Stokes problem (6) is uniquely determined as the solution of the subspace problem

a(u^N , v^N ) = (f, v^N )_Ω ∀ v^N ∈ V^N_0 , (8)

which is symmetric positive definite and completely decoupled from the pressure. If we could construct a locally defined basis of V^N_0 it should be possible to create an efficient multigrid solver for the elliptic problem (8) similar to that in [2], [12], [13]. Once the velocity is solved, the pressure p^N ∈ M^N_0 due to the inf-sup-condition is uniquely determined by

b(v^N , p^N ) = (f, v^N )_Ω − a(u^N , v^N ) ∀ v^N ∈ X^N_0 \ V^N_0 . (9)

As it will be shown in Section 5, this problem can be solved by a simple post-processing procedure, where the fact is exploited that the pressure is defined element-wise without any continuity constraints at the element interfaces.

Another advantage of the discontinuous pressure space M^N_0 is that the divergence free constraint can be characterized element-wise, i.e. for each velocity function v^N ∈ X^N it holds

v^N ∈ V^N if and only if (∇ · v^N , q^N )_K = 0 ∀ q^N ∈ P_{rK −1}(K), ∀ K ∈ T^h . (10)

The same is true if we replace the spaces X^N and V^N by X^N_0 and V^N_0 , respectively.

Now we want to construct the basis functions of V^N_0 . Let us denote the usual basis functions of X^N_0 (see [10]) by φ_j where the indices j ∈ J are called the “nodes” of X^N_0 . Here and in the following we will omit for all basis functions and sets of nodes the index N indicating the corresponding finite element space X^N_0 or V^N_0 . Our aim is to find the basis functions ~φ_j ⊂ V^N_0 , j ∈ ~J, where ~J is the set of nodes of V^N_0 with

card( ~J) = dim(V^N_0 ) = dim(X^N_0 ) − dim(M^N_0 ) = card(J) − dim(M^N_0 ) . (11)

At first, for a large subset of nodes j ∈ J, we want to modify the basis function φ_j ∈ X^N_0 into a discretely divergence free basis function ~φ_j ∈ V^N_0 . Suppose that each node j ∈ J of the vector-valued basis {φ_j } of X^N_0 is associated with the scalar basis function ϕ_j ∈ S^N ∩ H^1_0 (Ω) and the vector y^{(j)} ∈ R^2 such that

φ_j (x) = ϕ_j (x) y^{(j)} , (12)

where y^{(j)} = (1, 0)^T if the index j is an odd integer and y^{(j)} = (0, 1)^T if j is even. That means that the index set J consists of pairs of nodes having the same scalar basis function. Let us subdivide the set of nodes J into disjoint subsets

J = J_v ∪ J_e ∪ J_b with J_b = J_c ∪ J_r , where J_v is the set of nodes associated with a vertex of T^h, J_e the set of nodes associated with the interior of an edge E ∈ E^h_0 and J_b the set of bubble nodes associated with the interior of an element. J_b is decomposed into a set J_c of corrector bubble nodes and a set J_r of rest bubble nodes. The space of corrector bubble functions X^N_c ⊂ X^N_0 defined as

X^N_c := span{φ_j : j ∈ J_c} (13)

plays an essential role for the construction of the basis functions ~φ_j ∈ V^N_0 . For a given element K ∈ T^h, we denote by J(K) the set of nodes related to K, i.e.

J(K) := {j ∈ J : supp(φ_j ) ∩ int(K) ≠ ∅} . (14)

and by J_s(K) := J(K) ∩ J_s the corresponding subset for each index s ∈ {v, e, b, c, r}. Furthermore, we introduce the local pressure space orthogonal to the constant functions and its basis functions χ^K_i :

M^N_0 (K) := P_{rK −1}(K) ∩ L^2_0(K) = span{χ^K_i : i = 1, . . . , n^K_0 } . (15)

For the choice of J_c = ⋃ K∈T^h Jc(K), we assume that

J_c(K) = {j_m(K) : 1 ≤ m ≤ n^K_0 = dim(M^N_0 (K))} ∀ K ∈ T^h (16)

and that the following matrices D^K ∈ R^{nK0 ×nK0} are regular, i.e.

det(D^K ) ≠ 0 ∀ K ∈ T^h where D^K = (D^K_{im}) := ( (∇ · φ_{jm(K)}, χ^K_i )_K ) . (17)

In the following we show that there exists a space X^N_c satisfying (16) and (17). However, in practice one has some freedom to choose X^N_c since, in general, there is more than one possible space X^N_c .

Lemma 1 Let the mesh T^h be regular in the usual sense (see e.g. [4]). From the subset of basis functions φ_j ∈ X^N_0 , j ∈ J_b, which are bubble functions in the sense that there exists an element K ∈ T^h such that supp(φ_j ) ⊂ K, there can be constructed a subspace of corrector bubble functions X^N_c ⊂ X^N_0 generated by (13) with a subset J_c ⊂ J_b such that

X^N_c = {v ∈ X^N_0 : v | |_K ∈ X^N_c (K) ∀K ∈ T^h} , (18)

where X^N_c (K) is the local space of corrector bubble functions

X^N_c (K) := span{φ_j | |_K : j ∈ J_c(K)} (19)

and the assumptions (16), (17) are satisfied.

Proof. Let K ∈ T^h be an arbitrary fixed element, J_b(K) = {α_1, . . . , α_s} and B the matrix B = (B_{ik}) ∈ R^{n×s} with n := n^K_0 = dim(M^N_0 (K)) and B_{ik} := (∇ · φ_{αk} , χ^K_i )_K . We consider the local space of bubble functions on K

X^N_b (K) := span{φ_j : j ∈ J_b(K)} = {v ∈ (H^1_0 (K))^2 : v ∘ F_K ∈ (Q_{rK} ( ^K))^2} .

In [4, Th. II.3.2] it has been proven that the pair of local spaces (X^N_b (K), M^N_0 (K)) is infsup-stable. This implies that ker(B^T ) = {0} such that rank(B) = n. Therefore, among the column vectors b^k ∈ R^n , k = 1, . . . , s, of the matrix B there exist n vectors b^{k1} , . . . , b^{kn} that are linearly independent. Let us define the indices j_m(K) := α_{km} for m = 1, . . . , n and the set J_c(K) := {j_1(K), . . . , j_n(K)} ⊂ J_b(K). Then, for the matrix D^K defined by (17), it holds

D^K_{im} = (∇ · φ_{jm(K)}, χ^K_i )_K = b^{km}_i ,

i.e. the column vectors of D^K are b^{k1} , . . . , b^{kn} which implies that det(D^K ) ≠ 0. The global set J_c of corrector bubble nodes is defined as J_c := ⋃ K∈T^h Jc(K). Now, let us define a projection operator P_c : (H^1(Ω))^2 → X^N_c that assigns to a given function v a corrector bubble function P_cv which is, on each element K ∈ T^h, determined by

(∇ · P_cv, q^N )_K = (∇ · v, q^N )_K ∀ q^N ∈ M^N_0 (K) . (20)

Here, the term projection operator denotes an operator which satisfies P^2_c = P_c. For the practical computation of the function P_cv | |_K ∈ X^N_c (K) satisfying (20), one solves the following equivalent linear system of equations for the coefficients v^K_m ∈ R, m = 1, . . . , n^K_0 , of the ansatz P_cv | K = ∑_nK_0

m=1 v^K_mφ_{jm(K)} :

n^K_0∑

m=1 D^K_{im} v^K_m = (∇ · v, χ^K_i )_K ∀ i = 1, . . . , n^K_0 , (21)

which is a system of small dimension with the system matrix D^K from (17). Because of the assumptions (16), (17), made for X^N_c , there exists for each element K a unique solution.

The next lemma is essential for the construction of our discretely divergence free basis functions.

Lemma 2 Let X^N and X^N_0 be the following subspaces of X^N

X^N := {v ∈ X^N : ⟨ v · n^K , 1 ⟩ ∂K = 0 ∀K ∈ T^h} , X^N_0 := X^N ∩ X^N_0 , (22)

where n^K denotes the unit normal vector on ∂K directed outward with respect to K. Assume that the space X^N_c satisfies the conditions (16) and (17). Let I : (H^1(Ω))^2 → (H^1(Ω))^2 be the identity operator. Then, by means of the element-wise computable operator I − P_c, each discrete function v^N ∈ X^N can be projected into the subspace of discretely divergence free functions. More precisely, it holds

(I − P_c)X^N ⊂ V^N , V^N ⊂ X^N , (23) (I − P_c)X^N_0 ⊂ V^N_0 , V^N_0 ⊂ X^N_0 . (24)

Proof. We show (23); the proof of (24) can be done in a completely analogous way. Let v^N ∈ X^N be given. Due to the definition of P_c it holds by (20)

(∇ · (v − P_cv), q^N )_K = 0 ∀ q^N ∈ P_{rK −1}(K) ∩ L^2_0(K) . (25)

Since (P_cv) | |_K ∈ (H^1_0 (K))^2 and v ∈ X^N we get that (25) is satisfied also for constant functions q^N . Using the element-wise characterization (10) for discretely divergence free functions we get that v^N − P_cv^N ∈ V^N which shows the first part of (23). For an arbitrary function v^N ∈ V^N and an element K ∈ T^h, it holds

(∇ · v^N , 1)_K = ⟨ v^N · n^K , 1 ⟩ ∂K = 0 implying v^N ∈ X^N which shows the second part of (23).

Now, we want to characterize V^N_0 by the action of the operator I − P_c applied to a subspace Z^N_0 of X^N_0 .

Lemma 3 Let Z^N_0 ⊂ X^N_0 and Z^N_0 ⊂ X^N_0 be the subspaces

Z^N_0 := span{φ_j : j ∈ J_v ∪ J_e ∪ J_r} , Z^N_0 := Z^N_0 ∩ X^N_0 . (26)

Then, X^N_0 is the direct sum X^N_0 = X^N_c ⊕ Z^N_0 (27) and the operator I − P_c : Z^N_0 → V^N_0 is an isomorphism, i.e. in particular

V^N_0 = (I − P_c)Z^N_0 . (28)

Proof. By the definition of the spaces Z^N_0 and X^N_c , we have that X^N_0 is the direct sum

X^N_0 = X^N_c ⊕ Z^N_0 .

Therefore, a function v^N ∈ X^N_0 can be written as v^N = v^N_c + w^N with v^N_c ∈ X^N_c and w^N ∈ Z^N_0 . Since v^N_c | ∂K = 0 for all K ∈ T^h, we have v^N_c ∈ X^N_0 which implies w^N ∈ Z^N_0 .

Thus, we have shown X^N_0 ⊂ X^N_c ⊕ Z^N_0 . Since both spaces X^N_c and Z^N_0 are subspaces of X^N_0 , it holds X^N_c ⊕ Z^N_0 ⊂ X^N_0 , which proves (27).

Now, we show that the restriction of the operator I − P_c to Z^N_0 is an isomorphism onto V^N_0 . First, since Z^N_0 ⊂ X^N_0 , we get by (24) that (I − P_c)Z^N_0 ⊂ V^N_0 . Let v^N be an arbitrary function of V^N_0 . Then, by means of V^N_0 ⊂ X^N_0 (see (24)) and (27), there exist functions v^N_c ∈ X^N_c and w^N ∈ Z^N_0 such that v^N = v^N_c + w^N . Since P_cv^N = 0 and P_cv^N_c = v^N_c , we get

(I − P_c)v^N = v^N = (I − P_c)(v^N_c + w^N ) = (I − P_c)w^N .

This shows (28), i.e. the operator I − P_c : Z^N_0 → V^N_0 is surjective. Now, let w^N ∈ Z^N_0 satisfy (I − P_c)w^N = 0. That means that w^N = P_cw^N ∈ X^N_c . Since X^N_c ∩ Z^N_0 = {0}, it follows that w^N = 0. This shows that the operator I − P_c restricted to Z^N_0 is injective.

Lemma 3 says that finding a basis for V^N_0 is equivalent to finding a basis for the space

Z^N_0 = span{φ_j : j ∈ J_v ∪ J_e ∪ J_r} ∩ {v ∈ X^N_0 : ⟨ v · n^K , 1 ⟩ ∂K = 0 ∀K ∈ T^h} which consists of finite element functions in X^N_0 that satisfy only one constraint per element.

In the following, we want to construct, for a large subset of local basis functions φ_j ∈ Z^N_0 , associated local basis functions φ_j ∈ Z^N_0 . Then, these basis functions φ_j will produce local discretely divergence free basis functions ~φ_j = (I − P_c)φ_j ∈ V^N_0 . The vector-valued function φ_j will be defined as φ_j(x) := ϕ_j (x) y^{(j)} (29)

with a modified scalar basis function ϕ_j ∈ S^N and some unit vector y^{(j)} ∈ R^2 . These functions ϕ_j , except two per edge, are chosen such that ⟨ ϕ_j, 1 ⟩ E = 0 for all edges E ∈ E^h which implies that the vector-valued function φ_j is contained in Z^N_0 .

Now, for the different types of nodes j ∈ J_v ∪J_e ∪J_r, we will define the associated functions ϕ_j and vectors y^{(j)}.

Type 1: j ∈ J_e. To each edge E ∈ E^h_0 we uniquely assign a unit vector n_E = (n_{E,1}, n_{E,2})^T normal to E which is directed outward with respect to one of the two adjacent elements K, K^′ ∈ T^h with E = ∂K ∩ ∂K^′. As an associated tangential vector we define t_E := (n_{E,2}, −n_{E,1})^T . We introduce, for each edge E ∈ E^h, the scalar quadratic edge bubble function b_E ∈ S^N defined by b_E | |_K ∘ F_K ∈ Q_2 ( ^K) for all K ∈ T h and the conditions b_E | |_{E′} = 0 ∀ E^′ ∈ E^h \ {E} and ⟨ b_E , 1 ⟩_E = |E| , (30)

where |E| denotes the length of edge E. The support of b_E consists of the two elements adjacent to E. Furthermore, let J_e(E) := {j_1(E), j_2(E), . . . j_{2ρE −2}(E)}

E

E^′ j ∈ J_v

t_E n_E j_{2r−3}(E), j_{2r−2}(E)

j_1(E), j_2(E) K

Figure 1: vertex node j ∈ J_v and inner edge nodes j_m(E), m = 1, . . . , 2r − 2, r := ρ_E

be the set of all nodes associated with the interior of the edge E and enumerated in the direction of the tangential vector t_E (see Figure 1). Here the integer ρ_E denotes to the so-called “edge degree” [10] defined as

ρ_E := min{r_K , r_K′ } where E = ∂K ∩ ∂K^′ , K, K^′ ∈ T^h . (31)

This means that the restriction w | E of a function w ∈ S^N is a polynomial of degree ρ_E and that, in the case when r_K > r_K′ , some nodes of K associated with the interior of edge E are so-called “hanging nodes” whose nodal values are prescribed by the continuity constraint.

We assume that the first two nodes of J_e(E) are associated with the quadratic edge bubble function b_E , i.e. ϕ_j(x) := b_E(x) for j ∈ {j_1(E), j_2(E)}. Now we define for all j ∈ J_e(E)

ϕ_j (x) := { b_E (x) if j ∈ {j_1(E), j_2(E)} ϕ_j (x) − |E|^{−1} ⟨ ϕ_j , 1 ⟩_E b_E (x) otherwise

(32)

and y^{(j)} := n_E for j = j_1(E), y^{(j)} := t_E for j = j_2(E) and y^{(j)} := y^{(j)} otherwise where y^{(j)} denotes the unit vector corresponding to (12).

Type 2: j ∈ J_v. Let K ∈ T^h be an arbitrary element such that j ∈ J(K) and E, E^′ are the two edges of K associated with the node j (see Figure 1). Then we define the function ϕ_j(x) for all x ∈ K by

ϕ_j(x) := ϕ_j (x) − |E|^{−1} ⟨ ϕ_j , 1 ⟩_E b_E(x) − |E^′|^{−1} ⟨ ϕ_j, 1 ⟩_{E′} b_E′ (x) (33)

and y^{(j)} := y^{(j)}. On elements K ∈ T^h with j ∉ J(K) we define ϕ_j := ϕ_j = 0. Note that ϕ_j : Ω → R is a continuous function that is contained in the space S^N . Type 3: j ∈ J_r. Here we have ϕ_j (x) = 0 for all x ∈ ∂K, K ∈ T^h. That means it is sufficient to choose ϕ_j(x) := ϕ_j (x) and y^{(j)} := y^{(j)} in order to ensure φ_j ∈ Z^N_0 .

Now, let us define the index sets J̄_e := ⋃ E∈E^h_0 ( J_e(E) \ {j_1(E)} ) , J̄ := J_v ∪ J̄_e ∪ J_r . (34)

Then, for all nodes j ∈ J̄, we have by construction that φ_j ∈ Z^N_0 . Therefore, using Lemma 2, we get the discretely divergence free modification of φ_j as

~φ_j := φ_j − P_cφ_j ∈ V^N_0 ∀ j ∈ J̄ . (35)

Lemma 4 The above constructed functions φ_j ∈ Z^N_0 , j ∈ J̄, are linearly independent. Let W^N_0 and W^N_0 be the spaces constructed by the quadratic edge bubble functions b_E ∈ S^N , i.e.

W^N_0 := span{b_E n_E : E ∈ E^h_0 } , W^N_0 := W^N_0 ∩ X^N_0 , (36)

where n_E denotes the uniquely assigned normal unit vector to edge E. Then, it holds

Z^N_0 = span{φ_j : j ∈ J̄} ⊕ W^N_0 . (37)

Let NEL denote the number of elements, NE_0 the number of inner edges and NV_0 the number of the inner vertices of T^h. Furthermore, let the boundary of Ω consist of the disjoint closed components Γ_k, k = 0, . . . , NH, where Γ_0 denotes the exterior boundary and Γ_k, k = 1, . . . , NH, the boundary of the k-th hole of Ω. Then, it holds

dim(W^N_0 ) = NE_0 − NEL + 1 = NV_0 + NH . (38)

Proof. Let us assume that there is a linear combination with coefficients c_j ∈ R such that ∑ j∈J̄ cj φj = 0. Using the notation of (32) we define the index sets Jm := ⋃ E∈E^h_0 {jm(E)} for m ∈ {1, 2}. Then, it holds J̄ = J \ J_1 and y^{(j)} = y^{(j)} for all j ∈ J̄ \ J_2. Therefore, by construction of the φ_j, there exist some constants d_j ∈ R such that 0 = ∑ j∈J̄ c_j φ_j = ∑ j∈J\(J_1∪J_2) c_j φ_j + ∑ j∈J_1∪J_2 d_j φ_j .

Since the basis functions φ_j , j ∈ J, are linearly independent, we conclude that c_j = 0 for all j ∈ J̄ \ J_2. For a node j ∈ J_2, let E_j be the edge such that j = j_2(E_j ). Then, using (32), we have for all x ∈ Ω 0 = ∑ j∈J_2 c_j φ_j(x) = ∑ j∈J_2 c_jb_{Ej} (x)t_{Ej} . If we choose x as the midpoint of the edge E_j and use the property (30) of the quadratic edge bubble functions b_E we get 0 = c_j (3/2)t_{Ej} , i.e. c_j = 0. Thus, we have proved that the functions φ_j , j ∈ J̄, are linearly independent.

Now we show that Z^N_0 is the direct sum of the spaces U^N := span{φ_j : j ∈ J̄} and W^N_0 . Let v^N ∈ U^N ∩ W^N_0 . Then, there exist coefficients α_j, c_E ∈ R such that

v^N (x) = ∑ j∈J̄ α_j φ_j(x) = ∑ E∈E^h_0 c_E b_E (x)n_E .

For a fixed edge E ∈ E^h_0 , by construction of the φ_j it holds ⟨ φ_j · n_E , 1 ⟩ E = 0 for all j ∈ J̄.

Thus, using (30) it follows ⟨ v^N · n_E, 1 ⟩ E = 0 = c_E |E| . This implies c_E = 0 for all E ∈ E^h_0 , i.e. v^N = 0. Hence, the sum of the spaces U^N and W^N_0 is a direct sum. Since both spaces are subspaces of Z^N_0 we have U^N ⊕ W^N_0 ⊂ Z^N_0 . By definition (34) of J̄ we have card(J̄) = card(J_v ∪ J_e ∪ J_r) − card(E^h_0 ). Using (26) we get dim(Z^N_0 ) = card(J_v ∪ J_e ∪ J_r) and

dim(U^N ⊕ W^N_0 ) = dim(U^N ) + dim(W^N_0 ) = card(J̄) + card(E^h_0 ) = dim(Z^N_0 ) .

Thus, we have shown that Z^N_0 = U^N ⊕ W^N_0 .

The spaces U^N and W^N_0 , by construction of the φ_j and by definition (36), are subspaces of Z^N_0 . Therefore, we have U^N ⊕ W^N_0 ⊂ Z^N_0 . Due to Z^N_0 ⊂ Z^N_0 an arbitrary function v^N ∈ Z^N_0 can be written as v^N = u^N + w^N with u^N ∈ U^N and w^N ∈ W^N_0 . Since U^N ⊂ Z^N_0 , we get w^N = v^N − u^N ∈ Z^N_0 , i.e. w^N ∈ W^N_0 . Hence v^N ∈ U^N ⊕ W^N_0 which proves (37).

Finally, we want to prove (38). By construction of the space X^N_c we have dim(X^N_c ) = dim(M^N_0 ) + 1 − NEL. Using the fact that X^N_0 = X^N_c ⊕ Z^N_0 together with (11) we get

dim(Z^N_0 ) = dim(X^N_0 ) − dim(X^N_c ) = dim(V^N_0 ) + NEL − 1 .

On the other hand, by Z^N_0 = U^N ⊕ W^N_0 and dim(W^N_0 ) = NE_0 we have

dim(Z^N_0 ) = card(J̄) + NE_0 .

Due to Lemma 3 the spaces Z^N_0 and V^N_0 have the same dimension. Using (37) we can conclude

dim(Z^N_0 ) = card(J̄) + dim(W^N_0 ) = dim(V^N_0 ) = card(J̄) + NE_0 − NEL + 1 ,

which proves the first equation of (38). The second part of (38) is a consequence of a wellknown theorem on the relation between the numbers of the d-dimensional objects, d = 0, 1, 2, of the mesh T^h.

This shows that we have to construct NV_0 + NH further basis functions of Z^N_0 in addition to the functions φ_j with j ∈ J̄. These new basis functions will be constructed as basis functions of the space W^N_0 which consists of vector-valued edge bubble functions satisfying one constraint per element.

For the construction of the first NV_0 functions, we can use the same idea as in [6], [2] where to each inner vertex of the mesh a vector-valued basis function is assigned for the approximation of the curl of a scalar stream function. In the following, we want to describe

Higher Order Discretely Divergence Free Elements 13

.^{...} .. .. .. .. .. .. .. ..............................................

................ .. .. .. .. .. .. .. .. ................................

.........

.................

...............

... ... ... ... ... ... ... ... ... ... ..................

........................................... ........................ .. . . . .. .. . . . .. . . ... ... ... ... ... ... ... .......

.......

.......

.......

.......

....

.. ... . ................ ........... .. .. .. .....

........

................... E a_j n_{j,E}

Figure 2: vertex node a_j and associated normal vectors n_{j,E} for E ∈ E^h(a_j )

the construction of these vortex basis functions which we will denote by ψ_j with j ∈ J_ψ. Each

node j ∈ J_ψ is uniquely associated with an inner vertex a_j of the mesh T^h. Let us denote by

E^h(a_j ) the set of all edges E ∈ E^h corresponding to the vertex a_j in the sense that a_j ∈ E.

Furthermore, to a given vertex a_j and an edge E ∈ E^h(a_j ), we assign the unit vector n_{j,E}

which is normal to edge E and directed counterclockwise around a_j (see Figure 2). Then we

define the function ψ_j ∈ W^N_0 as

ψ_j (x) := ∑ E∈E^h(a_j ) |E|^{−1}b_E (x) n_{j,E} . (39)

One can easily verify that ψ_j ∈ W^N_0 ⊂ Z^N_0 . Thus, for each node j ∈ J_ψ, we define the

discretely divergence free function ~φ_j ∈ V^N_0 as

~φ_j := s_j(ψ_j − P_cψ_j ) with s_j := {card(E^h(a_j ))}^{−1} ∑ E∈E^h(a_j ) |E| . (40)

In contrast to [6], [2], we have introduced the scaling factors s_j = O(h) in order to ensure

that the L^2-norm of these functions is of the same order (with respect to h) as for the former

constructed functions ~φ_j with j ∈ J̄.

To complete the basis for W^N_0 , we have to construct additionally NH many functions, say

θ_j ∈ W^N_0 with j ∈ J_Γ. Each node j ∈ J_Γ is uniquely assigned to a boundary component Γ_{k(j)}

with 1 ≤ k(j) ≤ NH. Let us denote by E^h_0 (Γ_{k(j)}) the set of all inner edges E ∈ E^h_0 touching

the boundary component Γ_{k(j)} in the sense that E ∩ Γ_{k(j)} ≠ ∅. Furthermore, to each edge

E ∈ E^h_0 (Γ_{k(j)}), we assign the unit vector n_{j,E} which is normal to the edge E and directed

counterclockwise around the uniquely determined vertex a_ℓ with a_ℓ = E ∩ Γ_{k(j)}. Then we

define the function θ_j ∈ W^N_0 as

θ_j(x) := ∑ E∈E^h_0 (Γ_{k(j)}) |E|^{−1}b_E (x) n_{j,E} , j ∈ J_Γ . (41)

For this function, it is easy to verify that θ_j ∈ W^N_0 . Thus, for a node j ∈ J_Γ, we define the discretely divergence free function ~φ_j ∈ V^N_0 by

~φ_j := s_j(θ_j − P_cθ_j) with s_j := {card(E^h_0 (Γ_{k(j)}))}^{−1} ∑ E∈E^h_0 (Γ_{k(j)}) |E| . (42)

Lemma 5 The functions ψ_j , j ∈ J_ψ, and θ_j, j ∈ J_Γ, defined by (39) and (41), form a basis of W^N_0 , i.e.

W^N_0 = span{ψ_j : j ∈ J_ψ} ⊕ span{θ_j : j ∈ J_Γ} . (43)

Proof. By (38) it holds

dim(W^N_0 ) = NV_0 + NH = card(J_ψ) + card(J_Γ) .

Thus, the lemma is proved if we show that each function of W^N_0 can be represented as a linear combination of the functions ψ_j and θ_j. Let an arbitrary w^N ∈ W^N_0 be given having the representation w^N (x) = ∑ E∈E^h_0 c_E b_E (x)n_E

with some coefficients c_E ∈ R. Since W^N_0 ⊂ X^N it holds by the definition (22) of X^N that ⟨ w^N · n^K, 1 ⟩ ∂K = 0 for each K ∈ T^h. Applying Lemma I.2.2 of [4] to the case that the domain is the element K, we get that there exists a function v_K ∈ (H^1(K))^2 such that

∇ · v_K = 0 in K , v_K = w^N on ∂K . (44)

Since w^N ∈ (H^1_0 (Ω))^2 we can compose all the local functions v_K to one global function v ∈ (H^1_0 (Ω))^2 such that v|_K := v_K for all K ∈ T^h. Due to (44) and the homogeneous boundary conditions of w^N we get that v satisfies the conditions

∇ · v = 0 in Ω , ⟨ v · n, 1 ⟩_{Γk} = 0 ∀ k = 0, 1, . . . , NH , (45)

where the Γ_k denote the closed boundary components of Γ and n the normal unit vector with respect to Γ. Applying Theorem I.3.1 of [4] and the consequence after its proof, we know that there exists a stream function Φ ∈ H^2(Ω) such that v = curl Φ where curl Φ := (∂Φ/∂x_2, −∂Φ/∂x_1)^T . By the embedding theorem this implies that Φ is continuous on Ω. Furthermore, since v|_Γ = 0, we have

Φ(x) = Φ_k ∀ x ∈ Γ_k , k = 0, 1, . . . , NH , (46)

where Φ_k ∈ R are some constants with the normalization Φ_0 = 0. We conclude that in the sense of traces it holds w^N | |_E = curl Φ | |_E ∀ E ∈ E^h_0 ,

Higher Order Discretely Divergence Free Elements 15

...........

...........

...........

...........

...........

...........

............

............

............

............

...........

...........

...........

...........

...........

...........

...........

... ... ... .. ... ... .. ... ... .. . .....

.... . . . ... ... ... ... ... ... ... ... ... ... . ..... ..... . .. .

... ... ... ... ... ... ... ... ... ... . ..... ...... .

..........

...........

..........

...........

...........

...... .......

............... τ_E m_E n_E E x^1_E = a_{ℓ1(E)} x^2_E = a_{ℓ2(E)}

n_{ℓ2(E),E} n_{ℓ1(E),E}

Figure 3: edge E with associated midpoint, vertices, tangential and normal vectors

which implies ⟨ w^N · n_E, 1 ⟩ E = c_E|E| = ⟨ curl Φ · n_E, 1 ⟩_E = Φ(x^2_E ) − Φ(x^1_E) , (47)

where x^1_E and x^2_E denote the vertices at the end points of edge E defined as follows (see Figure

3). For the uniquely assigned normal unit vector n_E = (n_{E,1}, n_{E,2})^T to edge E, we define the

tangential vector τ_E := (−n_{E,2}, n_{E,1})^T . Let m_E denote the midpoint of edge E. Then, we

define x^1_E := m_E − (|E|/2)τ_E and x^2_E := m_E + (|E|/2)τ_E . Let us denote the two nodes of J_ψ,

which are associated with the vertices x^1_E and x^2_E , by ℓ_1(E) and ℓ_2(E), i.e. let a_{ℓi(E)} = x^i_E

with ℓ_i(E) ∈ J_ψ for i = 1, 2 and E ∈ E^h_0 . Then, according to the definition of the normal

vector n_{j,E} for equation (39), we have n_{ℓ1(E),E} = −n_E and n_{ℓ2(E),E} = n_E. Thus, using (47)

it follows

w^N (x) = ∑ E∈E^h_0 |E|^{−1}{Φ(a_{ℓ1(E)}) n_{ℓ1(E),E} + Φ(a_{ℓ2(E)}) n_{ℓ2(E),E}} b_E (x) = ∑ j∈J_ψ∪J_V (Γ) Φ(a_j ) { ∑ E∈E^h_0 ∩E^h(a_j ) |E|^{−1}b_E (x)n_{j,E} } ,

where, here and in the following, for a subset γ ⊆ Γ, we denote by J_V (γ) the set of indices

j of vertices a_j ∈ γ. For a node j ∈ J_ψ, by definition a_j is an interior vertex such that

E^h_0 ∩ E^h(a_j ) = E^h(a_j ). Therefore, with (39), (46) and Φ_0 = 0, it follows

w^N (x) = ∑ j∈J_ψ Φ(a_j ) ψ_j (x) + NH∑ k=1 Φ_k ∑ ℓ∈J_V (Γ_k ) { ∑ E∈E^h_0 ∩E^h(a_ℓ) |E|^{−1}b_E (x)n_{ℓ,E} } . (48)

Now, let j ∈ J_Γ be a node associated with the function θ_j in (41) and the boundary component

Γ_{k(j)}. Then, each edge E ∈ E^h_0 (Γ_{k(j)}) is associated with exactly one addend in the sum ∑ E∈E^h_0 ∩E^h(a_ℓ) in (48), where ℓ ∈ JV (Γk(j)) is the uniquely determined index such that aℓ =

E ∩ Γ_{k(j)}. Furthermore, the normal unit vector n_{j,E} defined in front of (41) is the same as

the vector n_{ℓ,E} in (48). Thus, we have ∑ ℓ∈J_V (Γ_{k(j)}) { ∑ E∈E^h_0 ∩E^h(a_ℓ) |E|^{−1}b_E (x)n_{ℓ,E} } = ∑ E∈E^h_0 (Γ_{k(j)}) |E|^{−1}b_E(x) n_{j,E} = θ_j (x) , which shows that the function w^N is a linear combination of the functions ψ_j , j ∈ J_ψ, and θ_j, j ∈ J_Γ.

Now, we can easily prove our main result.

Theorem 6 The functions ~φ_j ∈ X^N_0 defined by (35), (40) and (42) form a basis of the subspace of discretely divergence free functions V^N_0 ⊂ X^N_0 , i.e.

V^N_0 = span{ ~φ_j : j ∈ ~J} with ~J := J̄ ∪ J_ψ ∪ J_Γ . (49)

Proof. From Lemma 4 and Lemma 5 it follows that

Z^N_0 = span{φ_j : j ∈ J̄} ⊕ span{ψ_j : j ∈ J_ψ} ⊕ span{θ_j : j ∈ J_Γ}

and that the functions φ_j, ψ_j and θ_j are linearly independent. Due to Lemma 3 the operator I − P_c : Z^N_0 → V^N_0 is an isomorphism. This implies that the functions ~φ_j = (I − P_c)φ_j for j ∈ J̄, ~φ_j = s_j(I − P_c)ψ_j for j ∈ J_ψ and ~φ_j = s_j(I − P_c)θ_j for j ∈ J_Γ are linearly independent functions in V^N_0 . Since

card( ~J) = card(J̄) + card(J_ψ) + card(J_Γ) = dim(Z^N_0 ) = dim(V^N_0 ) ,

it follows that the functions ~φ_j with j ∈ ~J form a basis of V^N_0 .

The functions ~φ_j , j ∈ J_Γ, in contrast to the other functions ~φ_j , j ∈ ~J \ J_Γ, have a nonlocal support which is a strip of elements located adjacent to the corresponding boundary component Γ_{k(j)}. This would be a disadvantage concerning the sparsity pattern of the stiffness matrix associated with the basis functions ~φ_j . However, this disadvantage can be avoided in the same way as in [12]. There it has been proposed to use, instead of the functions ~φ_j , j ∈ J_Γ, the local functions ~φ_j of the same type as defined in (40) and (39) where each node j is associated with a vertex of T^h located at one of the boundary components Γ_1, . . . , Γ_{NH}. Then, all these local basis functions generate a larger space, say ~V^N , that does not satisfy the boundary conditions of X^N_0 . However, a function v = ∑ j v_j ~φ_j ∈ ~V^N is contained in the right space V^N_0 if the coefficients v_j ∈ R of the new local “vortex basis functions” are identical for all vertices a_j that are located at the same boundary component Γ_k, 1 ≤ k ≤ NH. This can be managed by a projection technique [12].

The presented technique for the construction of a discretely divergence free basis can be applied in a straightforward way to the case of triangular finite element pairs which are infsup-stable and use a discontinuous pressure approximation (see, e.g., Section II.2.2 in [4]). Moreover, adaptive mesh refinement based on the use of hanging nodes as well as more general boundary conditions can be treated.

The implementation of the discretely divergence free basis functions within an existing finite element code can be done as follows. We assume that this code is able to compute the entries of the element stiffness matrices A^K = (a^K_{ij} ) and B^K = (b^K_{ij} ) associated with the bilinear forms a(·, ·) and b(·, ·) in (3), i.e.

a^K_{ij} := (∇φ_j , ∇φ_i)_K and b^K_{ij} := −(∇ · φ_j , χ^K_i )_K ,

where the φ_j are the original basis functions of the velocity space X^N_0 and the χ^K_i are the local basis functions of the pressure space M^N_0 corresponding to element K. Now, the restriction to element K of each discretely divergence free basis function ~φ_i, i ∈ ~J(K), associated with K, can be represented as a linear combination of the original basis functions φ_j , j ∈ J(K), i.e. there exist constants c^K_{i,j} ∈ R such that ~φ_i(x) = ∑ j∈J(K) c^K_{i,j} φ_j (x) ∀ x ∈ K . (50)

Note that in this formula, for i ∈ J_ψ ∪ J_Γ, we use at first the scaling factors s_i = 1 instead of the true values defined in (40) and (42). From the construction process for the ~φ_i it follows that many of the constants c^K_{i,j} are a priori zero. The non-zero constants can be computed easily by means of the inverse of the matrix D^K defined in (17). D^K can be generated by selecting some of the columns of the element stiffness matrix B^K . Now, in order to assemble the global stiffness matrix Ã of the subspace problem (8), we have to compute the entries of the element stiffness matrix Ã^K = (ã^K_{ij} ) defined by the basis functions ~φ_j , j ∈ ~J(K), as ã^K_{ij} := (∇ ~φ_j , ∇ ~φ_i)_K . Applying (50), the values ã^K_{ij} can be determined by simple algebraic calculations from the entries of the stiffness matrix A^K and the coefficients c^K_{i,j}. At the end, once the global stiffness matrix Ã has been assembled, we modify Ã corresponding to the correct scaling factors s_j, j ∈ J_ψ ∪ J_Γ. These scaling factors are computed beforehand within one global loop over all elements of the mesh.

4 Nonhomogeneous Boundary Values

In this section, we will treat the following problem. Let a boundary function g^N : Γ → R^2 be given which is assumed to be the trace of some finite element function in X^N , i.e. we know that there exists an extension ~g^N : Ω → R^2 of g^N with ~g^N ∈ X^N . Now, the problem is to construct a discretely divergence free extension of g^N , i.e. to find, in a practicable and rather inexpensive way, a function ~g^N such that

~g^N ∈ V^N with ~g^N (x) = g^N (x) ∀ x ∈ Γ . (51)

One important application for this problem is the treatment of nonhomogeneous Dirichlet boundary conditions for the Stokes problem (1). Let the boundary condition of (1) be changed into u = g on Γ , (52)

where g : Γ → R^2 is some given function satisfying ⟨ g · n, 1 ⟩_Γ = 0 with the normal unit vector n on Γ directed outward with respect to Ω.

Now, the discrete velocity u^N is no longer in V^N_0 but has to satisfy u^N ∈ V^N and u^N |_Γ = g^N where g^N is a suitable approximation of g such that g^N is the trace of some finite element function in X^N and ⟨ g^N · n, 1 ⟩ Γ = ⟨ g · n, 1 ⟩_Γ. If we have constructed an extension ~g^N ∈ V^N of g^N we can split u^N as

u^N = u^N_0 + ~g^N with u^N_0 ∈ V^N_0

and our discrete Stokes problem is equivalent to the modified subspace problem: Find u^N_0 ∈ V^N_0 such that a(u^N_0 , v^N ) = (f, v^N )_Ω − a(~g^N , v^N ) ∀ v^N ∈ V^N_0 . (53)

Another important application for problem (51) is the management of the continuity requirements for adaptive mesh refinement based on the use of hanging nodes. Here the considered domain, say G, is only one coarse grid element, which has been subdivided into several fine grid elements. The given boundary function g^N : ∂G → R^2 is the trace on ∂G of the finite element function defined outside of G. Then, the discretely divergence free extension of the boundary values g^N into G fulfills the continuity requirements within the space V^N .

A necessary condition to find a ~g^N satisfying (51) is obviously NH∑ k=0 ⟨ g^N · n, 1 ⟩ Γ_k = 0 , (54)

where the Γ_k denote the closed boundary components of Γ.

At first, we present the construction of ~g^N in the special case where we assume ⟨ g^N · n, 1 ⟩ Γ_k = 0 ∀ k = 0, 1, . . . , NH . (55)

For situations like flow around obstacles, where the interior closed boundary components Γ_k, k ≥ 1, represent boundaries of obstacles at which no-slip boundary conditions are imposed, the assumption (55) is satisfied independent of the boundary conditions imposed at the exterior boundary Γ_0. In order to describe the construction of ~g^N we have to introduce some notation. Recalling that the functions φ_j , j ∈ J, denote the basis functions of the space X^N_0 , we denote by J(Γ) the set of nodes associated with the boundary Γ and assume that the functions φ_j , j ∈ J ∪ J(Γ), form a basis of the space X^N . Since g^N is the trace of a finite element function in X^N there exist coefficients g_j ∈ R such that

g^N (x) = ∑ j∈J(Γ) g_j φ_j (x) ∀ x ∈ Γ . (56)

In the same way as in Section 3 we can define for each basis function φ_j , j ∈ J(Γ), an associated function φ_j ∈ X^N and the index sets

J̄(Γ) := J_v(Γ) ∪ J̄_e(Γ) with J̄_e(Γ) := ⋃ E∈E^h(Γ) ( J_e(E) \ {j_1(E)} ) , (57)

where J_v (Γ) denotes the set of nodes in J(Γ) associated with a boundary vertex of T^h, J_e(E) the set of nodes associated with the interior of the boundary edge E ∈ E^h(Γ) and j_1(E) that node j ∈ J_e(E) for which the associated function φ_j is defined via the quadratic edge bubble function b_E , i.e. φ_j(x) := b_E (x)n_E . Here and in the following we suppose that, for a boundary edge E ∈ E^h(Γ), the associated normal unit vector is n_E = n where n denotes the normal unit vector on Γ in outward direction with respect to Ω. Due to the construction of the functions φ_j, we get from (56) that there exist coefficients c_E ∈ R such that

g^N (x) = ∑ j∈J̄(Γ) g_j φ_j(x) + ∑ E∈E^h(Γ) c_E b_E (x)n_E ∀ x ∈ Γ . (58)

Since, for an arbitrary edge E, it holds ⟨ φ_j · n_E, 1 ⟩ E = 0 for all j ∈ J̄(Γ), we conclude that the constants c_E are determined by ⟨ g^N · n, 1 ⟩ E = c_E |E| ∀ E ∈ E^h(Γ) . (59)

Now, our aim is to write the sum of the b_E -terms in (58) as a sum of functions ψ_j ∈ X^N . Let J_V (Γ_k) denote the set of indices j of vertices a_j ∈ Γ_k. Then, to each boundary vertex a_j ∈ Γ_k, 0 ≤ k ≤ NH, we can assign a function ψ_j ∈ X^N in the same way as in Section 3 by equation (39). For each closed boundary component Γ_k, we denote by a_{jk,m} ∈ Γ_k, m = 1, . . . , ν_k with ν_k := card(J_V (Γ_k)), the chain of all vertices on Γ_k defined as follows. We start at an arbitrary vertex a_{jk,1} ∈ Γ_k. Then, we move along Γ_k, in counterclockwise direction if k = 0 and in clockwise direction if k > 0, and the next vertex that we pass is a_{jk,2} ∈ Γ_k. We continue this process to get the other vertices a_{jk,3} until the last vertex on Γ_k. We define formally j_{k,0} := j_{k,νk} . Then, for each m = 1, . . . , ν_k, the vertices a_{jk,m−1} and a_{jk,m} are the end points of a boundary edge on Γ_k which we denote by E_{k,m}. Now, let us consider the function w^N ∈ X^N defined by w^N (x) := NH∑ k=0 ν_k∑

m=1 Φ_{k,m}ψ_{jk,m} (x) , (60) where Φ_{k,m} ∈ R are some suitable constants which will be determined such that w^N is the extension of the sum of the b_E-terms in (58)

Using the structure of the functions ψ_j defined in (39), we get for an arbitrary edge E_{k,m} ⊂ Γ_k, m = 1, . . . , ν_k, w^N (x) = |E_{k,m}|^{−1} { Φ_{k,m} − Φ_{k,m−1} } b_{Ek,m} (x)n_{Ek,m} ∀ x ∈ E_{k,m} , (61) where Φ_{k,0} := Φ_{k,νk} . Comparing with (58), this leads to the following choice for the constants Φ_{k,m} ∈ R Φ_{k,0} := 0 , Φ_{k,m} := Φ_{k,m−1} + |E_{k,m}|c_{Ek,m} ∀ m = 1, . . . , ν_k , (62) where the constants c_{Ek,m} are determined by (59). Due to the assumption (55) this choice guarantees that Φ_{k,νk} = 0 = Φ_{k,0}. Therefore, by (61) and (58) we get

g^N (x) = ∑ j∈J̄(Γ) g_j φ_j(x) + NH∑ k=0 ν_k∑

m=1 Φ_{k,m}ψ_{jk,m} (x) ∀ x ∈ Γ . (63)

In the same way as in (35) and (40) we can define the discretely divergence free functions ~φ_j ∈ V^N by

~φ_j := { (I − P_c)φ_j for j ∈ J̄(Γ) s_j(I − P_c)ψ_j for j = j_{k,m} with 0 ≤ k ≤ NH, 1 ≤ m ≤ ν_k .

(64)

By construction the function P_cv^N is zero at the boundary Γ for each v^N ∈ X^N . Thus, it follows from (63) that the function

~g^N (x) := ∑ j∈J̄(Γ) g_j ~φ_j (x) + NH∑ k=0 ν_k∑

m=1 s^{−1}_{jk,m} Φ_{k,m} ~φ_{jk,m} (x) (65)

is a discretely divergence free extension of the boundary function g^N , i.e. ~g^N is a solution of (51). Moreover, the support of ~g^N consists only of one layer of elements located at the boundary Γ.

Now, we consider the general case that, instead of the assumption (55), it holds ⟨ g^N · n, 1 ⟩ Γ_k = δk ∀ k = 0, 1, . . . , NH , (66)

where the δ_k are some computable constants satisfying

∑_{NH} k=0 δ_k = 0 due to the necessary condition (54). The idea to solve problem (51) is to construct functions σ_k ∈ X^N such that the function g^N_0 : Γ → R^2 , defined as

g^N_0 (x) := g^N (x) + NH∑ k=1 α_kσ_k(x) ∀ x ∈ Γ (67) with suitable constants α_k ∈ R, satisfies the assumption (55). To construct the function σ_k we define a chain of edge-neighboured elements going from Γ_{k−1} to Γ_k, K_{k,1} → · · · → K_{k,m} → K_{k,m+1} → · · · → K_{k,μk} , such that each element K_{k,m}, m = 1, . . . , μ_k, has exactly one “inflow edge” e_{k,m−1} ∈ E^h and one “outflow edge” e_{k,m} ∈ E^h where, for 0 < m < μ_k, the edge e_{k,m} is the common edge of the elements K_{k,m} and K_{k,m+1}, e_{k,0} ⊂ Γ_{k−1} and e_{k,μk} ⊂ Γ_k. To each edge e_{k,m} we assign a normal unit vector n_{ek,m} which is directed outward with respect to element K_{k,m} for m ≥ 1 and inward with respect to element K_{k,1} if m = 0. Then, by means of the quadratic edge bubble functions b_E (see (30)), we define the function σ_k ∈ X^N as

σ_k(x) := μ_k∑

m=0 |e_{k,m}|^{−1} b_{ek,m} (x)n_{ek,m} , ∀ k = 1, . . . , NH. (68)

It is easy to verify that σ_k ∈ X^N and

⟨ σ_k · n, 1 ⟩_{Γi} =

−1 for i = k − 1 1 for i = k 0 otherwise

∀ i = 0, . . . , NH . (69)

Thus, choosing the constants

α_k := k−1∑ m=0 δ_m , ∀ k = 1, . . . , NH, (70)

and using the fact that

∑_{NH} k=0 δ_k = 0, we can show that the function g^N_0 defined by (67) satisfies the assumption (55). Hence, a discretely divergence free extension ~g^N_0 ∈ V^N of g^N_0 can be constructed. Furthermore, the functions (I − P_c)σ_k are discretely divergence free and have the same boundary values on Γ as the functions σ_k. Therefore, the function

~g^N (x) := ~g^N_0 (x) − NH∑ k=1 α_k(I − P_c)σ_k(x) (71)

is a solution of problem (51).

For the practical implementation, the chain of elements associated with the function σ_k can be constructed by a marching process starting from an element located at Γ_{k−1} and going towards Γ_k where each next element that is added to the chain has to be adjacent to the previously chosen element.

5 Computation of the Pressure

Once the velocity u^N ∈ V^N_0 has been computed (e.g. by a multigrid algorithm), the pressure p^N ∈ M^N_0 can be calculated by the following post-processing procedure without solving any global system of equations. For all elements K ∈ T^h, the local pressure p^N | |_K is decomposed uniquely into a constant p_{0,K} ∈ R and its orthogonal complement ~p_K ∈ L^2_0(K) ∩ P_{rK −1}(K):

p^N (x) := p_{0,K} + ~p_K (x) ∀ x ∈ K , K ∈ T^h . (72)

In a first step, for each element K, the local pressure ~p_K can be determined from (9) by solving the local problem: Find ~p_K ∈ M^N_0 (K) = P_{rK −1}(K) ∩ L^2_0(K) such that

b(φ_i, ~p_K ) = b(φ_i, p^N ) = (f, φ_i)_Ω − a(u^N , φ_i) ∀ i ∈ J_c(K) . (73)

The stiffness matrix of this local problem is the n^K_0 × n^K_0 matrix (−D^K )^T (see (16)) which is regular due to assumption (17).

Then, in a second step, all pressure constants p_{0,K} ∈ R for K ∈ T^h are determined. We introduce the splitting p_{0,K} = c + p_K where c ∈ R is an unknown global pressure constant which will be determined at the end. Now we compute the constants p_K for all elements K ∈ T^h. We start by setting p_{K0} = 0 for an arbitrary element K_0 which could be located, for instance, at the exterior boundary of Ω. This setting means that the value of the unknown constant is c = p_{0,K0} . Now, starting from K_0, we pass through all other elements by a marching strategy where the next element K is chosen adjacent to an element K^′ that has been passed already. Let E ∈ E^h_0 be the common edge of K and K^′. We choose in equation (9) as a test function v^N_E (x) := b_E (x)n^′_E where n^′_E is the unit vector normal to E and directed outward with respect to K^′, This gives

{p_K − p_K′ }|E| = (f, v^N_E )_Ω − a(u^N , v^N_E ) + (∇ · v^N_E , ~p_K )_K + (∇ · v^N_E , ~p_K′ )_K′ . (74)

From this equation the constant p_K can be computed since p_K′ is known and all terms on the right hand side are computable. At the end, the global constant c is determined from the condition that the discrete pressure solution of (6) satisfies p^N ∈ L^2_0(Ω). This leads to

0 = (p^N , 1)_Ω = ∑ K∈T^h |K|{c + p_K } ,

where |K| denotes the area of element K. Thus, once the constant c has been computed from this equation, the real pressure constants p_{0,K} can be calculated from the previously computed constants p_K .

6 Concluding Remarks

The details of the implementation of the discretely divergence free basis functions as well as the description and numerical study of a corresponding multigrid algorithm will be presented in a forthcoming paper.

Many of the presented ideas for the construction of a discretely divergence free basis can be applied also in the 3D case. In particular, as we will show in a forthcoming paper, we can construct a generating system for the space V^N_0 , i.e. we can find local functions ~φ_j ∈ V^N_0 such that V^N_0 = span{ ~φ_j : j ∈ ~J}, but some of these functions ~φ_j are linearly dependent. However, it should be possible to create a multigrid method also for the case of a generating system. Such methods can be found for example in [5].

References

[1] C. Bernardi and Y. Maday. Uniform inf-sup conditions for the spectral discretization of the Stokes problem. Math. Models Methods Appl. Sci., 9(3):395–414, 1999.

[2] S. C. Brenner. A nonconforming multigrid method for the stationary Stokes equations.

Math. Comput., 55(192):411–437, 1990.

[3] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods, volume 15 of Springer Series in Computational Mathematics. Springer-Verlag, 1991.

[4] V. Girault and P.-A. Raviart. Finite Element Methods for Navier–Stokes equations.

Springer-Verlag, Berlin-Heidelberg-New York, 1986.

[5] M. Griebel. Multilevelmethoden als Iterationsverfahren über Erzeugendensystemen. (Multilevel methods as iteration processes on generating systems). Teubner Skripten zur Numerik. Stuttgart: B. G. Teubner., 1994.

[6] D.F. Griffiths. Finite elements for incompressible flow. Math. Methods Appl. Sci., 1:16– 31, 1979.

[7] D.F. Griffiths. An approximately divergence-free 9-node velocity element (with variations) for incompressible flows. Int. J. Numer. Methods Fluids, 1:323–346, 1981.

[8] F. Hecht. Construction of a basis at free divergence in finite elements and application to the Navier-Stokes equations. In Numerical solutions of nonlinear problems, France- Italy-URSS 6th Joint Symp., INRIA, Rocquencourt/France 1983, 284-297 . 1984.

[9] F. Schieweck. A general transfer operator for arbitrary finite element spaces. Preprint 25/00, Otto-von-Guericke Universität Magdeburg, Fakultät für Mathematik, 2000.

http://www-ian.math.uni-magdeburg.de/home/schieweck.

[10] Ch. Schwab. p− and hp−finite element methods. Theory and applications in solid and fluid mechanics. Numerical Mathematics and Scientific Computation. Oxford: Clarendon Press., 1998.

[11] F. Thomasset. Implementation of finite element methods for Navier-Stokes equations.

Springer Series in Computational Physics. New York - Heidelberg -Berlin: Springer- Verlag., 1981.

[12] S. Turek. Multigrid techniques for a divergence-free finite element discretization. East- West J. Numer. Math., 2(3):229–255, 1994.

[13] S. Turek. Tools for simulating non-stationary incompressible flow via discretely divergence-free finite element models. Int. J. Numer. Methods Fluids, 18(1):71–105, 1994.

[14] X. Ye and G. Anderson. The derivation of minimal support basis functions for the discrete divergence operator. J. Comput. Appl. Math., 61(1):105–116, 1995.

[15] X. Ye and C. A. Hall. The construction of an optimal weakly divergence-free macroelement. Int. J. Numer. Methods Eng., 36(13):2245–2262, 1993.

[16] X. Ye and C. A. Hall. A discrete divergence-free basis for finite element methods. Numer.

Algorithms, 16(3-4):365–380, 1997.