A General Transfer Operator for Arbitrary

Finite Element Spaces

F. Schieweck^∗

Abstract We construct and analyze a transfer operator from any given (e.g. nonconforming) to an arbitrary desired (e.g. higher order conforming) finite element space. This transfer operator also defines a stable interpolation operator for element-wise smooth functions satisfying Dirichlet boundary conditions. It can be generalized in a natural way for rough L^1-functions. The practical computation of the transfered function can be implemented efficiently. For the transfer operator, we prove local and global stability estimates in the L^2-norm and the H^1-semi-norm. Furthermore, we prove local and global error estimates between the exact solution of some problem and the “post-processed” numerical solution computed by the action of the transfer operator applied to the discrete solution of the problem in the primary given finite element space. As applications we discuss a posteriori error estimation, graphical output and multigrid prolongation.

Keywords: nonconforming and conforming finite elements, interpolation operator, stability and error estimates, a posteriori error estimation, post-processing, multigrid prolongation

1991 Mathematics Subject Classification (MSC): 65N15, 65N30, 65D05

1 Introduction

Transfer operators between finite element spaces are needed in several areas for the numerical solution of partial differential equations. One main application is their use within

∗Institut für Analysis und Numerik, Otto-von-Guericke-Universität Magdeburg, Postfach 4120, D-39016 Magdeburg, Germany, URL: http://david.math.uni-magdeburg.de/home/schieweck 1 multigrid methods where a finite element function from a coarse space has to be transfered into a fine one. Whereas for nested spaces the transfered function is the original function in the new basis representation, some special care has to be taken in the case of non-nested spaces which occurs, for example, for nonconforming finite elements. In this paper, we propose a general transfer operator that is suited for any occurring case within the multigrid method. Despite of its generality this transfer operator can be implemented efficiently.

Other applications of transfer operators are associated with nonconforming finite elements. For mathematical reasons, in certain applications it is useful to weaken the continuity requirement of finite element approximations and to work with nonconforming finite elements. For example, in fourth order problems, one can avoid the necessity to work with C^1-smooth elements by using a nonconforming approach. Another example is the Stokes or Navier-Stokes problem where standard low-order conforming element pairs do not satisfy the Babuška-Brezzi stability condition (see [5]). Here the nonconforming P_1/P_0 triangular element pair of Crouzeix and Raviart (see [8]) satisfies that condition and provides an optimal order of convergence. The same is true for the analogue of this element pair in the case of quadrilateral elements which has been proposed by Rannacher and Turek (see [14]) and which has proved to be attractive for the numerical solution of the Navier-Stokes equations (see [15], [16], [19]). Moreover, an advantage of these nonconforming finite elements is that each degree of freedom belongs to at most two elements which simplifies the local communication for a parallelization of the method, particularly in the 3D case (see [15], [16]).

However, for practical reasons (e.g. graphical post-processing), one wants to have a finite element approximation of the solution which is “nice” in some sense , i.e. which is at least continuous. The obvious idea used in practice is to compute in a post-processing step from a solution u^N_h in a given nonconforming finite element space V^N_h an approximation u^C_h in some desired conforming finite element space V^C_h .

In this paper, we define and analyze a general transfer operator R_h : V^{(1)}_h → V^{(2)}_h for an arbitrary pair of finite element spaces V^{(1)}_h and V^{(2)}_h . Concerning the above mentioned application we have in mind, for example, that V^{(1)}_h is the given nonconforming space V^N_h and V^{(2)}_h the desired conforming space V^C_h which could be even a space of globally C^1-smooth functions. Our aim is to show that this operator provides a practically useful connection between the nonconforming and the conforming finite element world which opens up the possibility to work in that world that is most advantageous for the problem under consideration. The operator R_h is based on averaging of local nodal functionals. The computation of the “smoothed function” u^{(2)}_h = R_hu^{(1)}_h can be implemented easily and efficiently by one loop over the elements followed by one loop over the nodes corresponding to the space V^{(2)}_h .

The low computational costs associated with our operator R_h are an advantage in comparison to the well-known interpolation operator proposed by Clément [7]. To compute the action of the Clément operator applied to a given function v, one has to consider for each node the patch of all elements that contain this node. Then, the L^2-projection of v with respect to this patch has to be calculated which would be relatively expensive for practical use. In contrast to that, for our transfer operator, we do not need calculations on patches of elements. We only need the evaluation of the nodal functionals (associated with the target space V^{(2)}_h ) applied to the given function v on each single element combined with an averaging process. Moreover, we can generalize our transfer operator R_h : V^{(1)}_h → V^{(2)}_h to an interpolation operator R^{(g)}_h : L^1(Ω) → V^{(2)}_h which has the same projection property as R_h, i.e. R^{(g)}_h v = v for all v ∈ V^{(2)}_h . Thus, the V^{(2)}_h -function R^{(g)}_h v is defined for the same class of “rough” functions v as for the operator of Clément [7]. However, in contrast to the Clément operator, we need for the computation of R^{(g)}_h v only an L^2-projection of v on the reference element and not on patches of elements. Furthermore, R^{(g)}_h v satisfies Dirichlet boundary conditions which is not the case for the Clément-operator. An advantage of our operator R_h compared to the Scott-Zhang operator [18] is that it is defined for a more general class of finite elements. The operator of Scott and Zhang is only defined for Lagrange-type finite elements since its construction exploits the fact that the global basis functions of V^{(2)}_h restricted to a fixed (d − 1)-dimensional element face E (where Ω ⊂ R^d) are identically zero for all nodes j which do not belong to E. Moreover, the Scott-Zhang operator is defined for functions v with a weak but global smoothness, say for v ∈ W^{ℓ,p}(Ω), such that by the trace theorem for each (d − 1)-dimensional element face E, the function v has a trace in L^1(E). In contrast to that, our operator is defined for element-wise smooth functions with no global smoothness assumption.

In contrast to the analysis in [7] and [18], where the interpolation error between a given “rough” function v and its interpolate R_hv is estimated, we present here another point of view. Since our given rough function v = u^{(1)}_h in general is not in H^1_0 (Ω) and only element-wise smooth, we can not expect a high order of the interpolation error u^{(1)}_h −R_hu^{(1)}_h . Therefore, we prove local and global estimates for the error between the exact solution u and the “smoothed” approximation R_hu^{(1)}_h in the L^2-norm and the H^1-semi-norm. These estimates show that this error is controlled by the error of the primary used finite element method u − u^{(1)}_h and the interpolation error of the exact solution u by means of a desired finite element function v^{(2)}_h ∈ V^{(2)}_h . This means that the error of the post-processed discrete solution u − R_hu^{(1)}_h is of a certain order if the primary finite element solution u^{(1)}_h is of that order and the desired finite element space V^{(2)}_h is rich enough to guarantee at least the same high order.

One “nice” feature of our analysis is that it is independent of the concrete problem which has to be solved by the finite element method. The only fact that we have to assume is that our computed primary finite element solution u^{(1)}_h ∈ V^{(1)}_h is close to a sufficiently smooth solution u of the continuous problem.

At the end of this paper we discuss some applications of the transfer operator R_h. The first one is the use of R_h for a posteriori error estimation in the case of nonconforming finite elements. The computable quantities η^{post}_K , being defined as the local norms of the “postprocessing error” u^{(1)}_h −R_hu^{(1)}_h on the elements K, can be used for a posteriori error control. For a model problem, we present an a posteriori error estimate for the error u − R_hu^{(1)}_h in the H^1-semi-norm which contains the usual quantities η^{conf}_K , that are well-known for the case of a conforming finite element space (see [20], [1]), and the quantities η^{post}_K . By the triangle inequality this also gives an a posteriori error estimate for the discretization error u − u^{(1)}_h of the nonconforming finite element method. This estimate can be regarded as an alternative to existing a posteriori error estimates for the nonconforming case which have been proposed for instance in [10], [11], [12]. Moreover, the quantities η^{post}_K can be used as local error indicators since they measure in some sense the local “smoothness” of the discrete solution u^{(1)}_h . The results concerning the a posteriori error control have been proved in a recent paper [17].

The second application is the use of R_h for graphical output and the third one is its use as a prolongation operator within a multigrid method. For both applications, the definition of R_h : V^{(1)}_h → V^{(2)}_h is generalized to the case that the finite element space V^{(2)}_h corresponds to a grid T^{(2)}_h , which is derived from the original grid T_h of the space V^{(1)}_h by a regular refinement process. We present a generalization of the original transfer operator R_h that defines a general prolongation operator from any coarse level space to any fine level space in a multigrid method. The advantage of this prolongation operator is that it can be implemented on an abstract level in an object-oriented program only once for all possible cases of a coarse and a fine level space. Although such an implementation is very general it can be done in an efficient way.

2 Preliminaries and Notations

Let Ω ⊂ R^d, d ∈ {2, 3}, be a bounded polyhedral domain and T_h a regular decomposition of Ω into elements K ∈ T_h. The diameter of an element K is denoted by h_K and the elements are assumed to be shape regular in the usual sense (see e.g. [4]). Let us note that this assumption includes the case of a locally refined grid where the ratio h/h_K with h := max_{K∈Th} h_K may be very large for elements K in some critical subregions of Ω. We consider three finite element spaces defined on the same decomposition T_h, a given primary (e.g. nonconforming) space V^{(1)}_h , some desired (e.g. conforming) space V^{(2)}_h and an auxiliary space V^A_h . For the definition of these spaces, we use the reference transformation F_K : ^K → K that maps a fixed reference element ^K onto the actual element K ∈ T_h. We assume, for simplicity, that we have only one reference element ^K. However, our analysis can be generalized to the situation that we have a fixed finite set of reference elements which occurs for example if the decomposition of Ω contains both triangular and quadrilateral elements.

In the following, for a given domain G ⊂ R^d, we denote by P_m(G) the set of all polynomials on G with total degree less or equal to m.

Let us characterize the finite element space V^{(i)}_h , i = 1, 2, as a subspace of a corresponding discontinuous space ~V^{(i)}_h , i.e.

V^{(i)}_h ⊂ ~V^{(i)}_h := { v ∈ L^2(Ω) : v | |_K ∈ P^{(i)}_K ∀ K ∈ T_h } , (1)

where

P^{(i)}_K := { p = ^p ∘ F^{−1}_K : ^p ∈ ^P^{(i)} } with P_0( ^K) ⊂ ^P^{(i)} ⊂ P_{ri} ( ^K) (2)

is the space of local shape functions of V^{(i)}_h on element K defined by some given reference space ^P^{(i)}. A function v_h ∈ ~V^{(i)}_h belongs to V^{(i)}_h if it is continuous with respect to the nodal functionals that are associated with V^{(i)}_h and if it satisfies some desired boundary conditions.

Moreover, in this paper, we use as an auxiliary space V^A_h the following discontinuous finite element space

V^A_h := { v ∈ L^2(Ω) : v | K ∈ P^A_K ∀ K ∈ T_h } , (3)

where

P^A_K := { p = ^p ∘ F^{−1}_K : ^p ∈ ^P^A } with ^P^{(1)} + ^P^{(2)} ⊂ ^P^A . (4)

A possible choice for ^P^A would be for instance ^P^A = P_{r3} ( ^K) with r_3 = max(r_1, r_2). By construction this auxiliary space has the property

V^{(1)}_h + V^{(2)}_h ⊂ V^A_h (5)

which will be exploited in the subsequent analysis.

Finally, let us introduce some general notations. We denote by card(M) the number of elements of a finite set M. Let Y^′ be the dual space of a given space Y . For a set G ⊂ R^d, we denote by int(G) and G the interior and closure of G, respectively. Further, let ‖·‖_{m,p,G} and | · |_{m,p,G} denote the usual norm and semi-norm in the Sobolev space W^{m,p}(G) where we omit the index p if p = 2. We use the notation C for a general constant which may have different values at different occurrences but which is independent of the mesh parameters h_K of the elements K ∈ T_h.

3 A General Transfer Operator

For the definition of the transfer operator we need a more detailed characterization of the desired finite element space V^{(2)}_h by means of its basis functions and nodal functionals. Let {φ^{(2)}_j : j ∈ J^{(2)}} be the finite element basis of V^{(2)}_h . The indices j ∈ J^{(2)} are called “nodes”. For a given element K ∈ T_h, we denote by J^{(2)}(K) the set of all nodes j ∈ J^{(2)} that are associated with K, i.e.

J^{(2)}(K) := { j ∈ J^{(2)} : supp(φ^{(2)}_j ) ∩ int(K) ≠ ∅ } . (6)

The element nodes j ∈ J^{(2)}(K) are associated with a set of local basis functions φ^{(2)}_j | K and a set of local nodal functionals N_{j,K} ∈ (C^s(K))^′ which are “dual” (see [4]) in the sense that

N_{i,K} (φ^{(2)}_j | |_K ) = δ_{ij} ∀ i, j ∈ J^{(2)}(K), (7) where δ_{ij} denotes the Kronecker delta. Note that we simply write N_{i,K} instead of N^{(2)}_{i,K} since we do not consider nodal functionals for the finite element spaces V^{(1)}_h and V^A_h . The parameter s depends on the type of the nodal functionals and corresponds to the highest order of derivatives that have to be evaluated for a function v in order to define N_{j,K}(v). Typical examples for nodal functionals in the case s = 0 are point values N_{j,K}(v) := v_{|K} (a_j ), where a_j ∈ K is a given point, or integral mean values N_{j,K}(v) := |Γ_j|^{−1} ∫ Γ_j v | K ω_j dγ, where Γ_j is a face of element K with the (d − 1)-dimensional measure |Γ_j | and ω_j a given polynomial weighting function.

Now, by means of the local nodal functionals N_{j,K} , we define global functionals N_j on a general space Y (T_h, s) of piecewise smooth functions given by

Y (T_h, s) := { v ∈ L^2(Ω) : v | |_K ∈ C^s(K) ∀ K ∈ T_h} . (8) For a node j ∈ J^{(2)}, let T_{h,j} := { K ∈ T_h : j ∈ J^{(2)}(K) } (9) be the set of all elements that are associated with this node. Then, as a natural choice for N_j ∈ (Y (T_h, s))^′, we define the value N_j (v) as a weighted mean value of all local values N_{j,K} (v_{|K} ) that are associated with the node j ∈ J^{(2)}, i.e.

N_j(v) := (ω_{Σ,j})^{−1} ∑ K∈T_{h,j} ω_{j,K}N_{j,K} (v | |_K ) ∀ v ∈ Y (T_h, s) (10)

with

ω_{Σ,j} := ∑ K∈T_{h,j} ω_{j,K} , (11) where the quantities ω_{j,K} are some user-chosen positive weights. There are at least two practically useful choices. The first one is ω_{j,K} = 1 for all j and K, where an isotropic “spread of information” is guaranteed. For the second one, there is exactly one weight equal to one, say ω_{j,K}∗_j corresponding to an arbitrary chosen element K^∗_j ∈ T_{h,j} , and the other weights ω_{j,K} for all K ∈ T_{h,j} \{K^∗_j } are set to zero. For this choice, the computational costs for computing the values N_j (v), j ∈ J^{(2)}, are lower than for the first choice. By means of these global nodal functionals we define a general transfer operator R_h : Y (T_h, s) → V^{(2)}_h as R_hv := ∑ j∈J^{(2)} N_j(v) φ^{(2)}_j . (12)

Note that, by (12), R_hv is defined in particular for all v ∈ V^A_h since by definition V^A_h is a subspace of Y (T_h, s). In the following, we only need the restriction of R_h to V^A_h and denote this operator again by R_h : V^A_h → V^{(2)}_h .

The computation of the function v = R_hu ∈ V^{(2)}_h for a given piecewise smooth function u ∈ Y (T_h, s) can be implemented easily and efficiently in the following way. The task is to compute the vector v = (v_j )_{j∈J} (2) of the nodal values v_j in the basis representation v = R_hu = ∑ j∈J^{(2)} vj φ (2) j . One needs an auxiliary vector c = (c_j )_{j∈J} (2) and the functionality to compute the values of the local nodal functionals N_{j,K} (u) for given u ∈ Y (T_h, s), j ∈ J^{(2)} and K ∈ T_h. Then, the algorithm to compute the vector v is the following.

Computation of v = (v_j) for v = R_hu = ∑ j∈J^{(2)} vjφ (2) j : (a) initialize v := 0 ; c := 0 ; (b) for K ∈ T_h do

for j ∈ J^{(2)}(K) do v_j := v_j + N_{j,K}(u) ; c_j := c_j + ω_{j,K} ;

enddo enddo (c) for j ∈ J^{(2)} do

v_j := v_j /c_j ; enddo

In the case that u ∈ V^{(1)}_h , the computation of the nodal functionals N_{j,K}(u) can be done by means of the basis representation u = ∑ i∈J^{(1)} uiφ (1) i where φ^{(1)}_i , i ∈ J^{(1)}, are the basis functions of V^{(1)}_h and u_i ∈ R the nodal values of u. For K ∈ T_h, let J^{(1)}(K) denote the index set of all V^{(1)}_h -nodes associated with element K. Then we have N_{j,K} (u) = ∑ i∈J^{(1)}(K)

u_iN_{j,K} (φ^{(1)}_i ) ∀ j ∈ J^{(2)}(K) . (13)

In many cases, the values N_{j,K}(φ^{(1)}_i ) do not change for all elements K of the same class. Thus, they can be computed and stored in a pre-processing step which simplifies and accelerates the above described computation of R_hu.

Remark 1 An example of our operator R_h : V^{(1)}_h → V^{(2)}_h can be found in [13]. Here the space V^{(1)}_h is the space of nonconforming piecewise linear finite elements on a triangular grid T_h (see [8]) and V^{(2)}_h the space of conforming piecewise linear finite elements on the same grid. For an element K ∈ T_h, the local nodal functionals N_{j,K} corresponding to V^{(2)}_h are the point values at the vertices a_j of the element K, i.e. N_{j,K}(v) := v | |_K (a_j ). Then, the formulas (25) and (26) in [13] for the definition of the transfer operator between the spaces V^{(1)}_h and V^{(2)}_h are equivalent to our definition (9) – (12).

The next lemma shows the projection property of the operator R_h, i.e. that R_h is the identity on the subspace V^{(2)}_h of V^A_h , which is an essential property for our analysis.

Lemma 2 For the transfer operator R_h defined in (12) it holds

R_hv = v ∀ v ∈ V^{(2)}_h . (14)

Proof. Suppose that v ∈ V^{(2)}_h has the basis representation v = ∑ j∈J^{(2)} vj φ (2) j with v_j ∈ R.

The property φ^{(2)}_j | |_K ≡ 0 for all j ∈ J (2) \ J (2)(K) implies the following local representation of v v | |_K = ∑ j∈J^{(2)}(K)

v_j φ^{(2)}_j | |_K ∀ K ∈ T_h.

Applying the functional N_{j,K} to both sides of this equation and using (7) leads to N_{j,K}(v | |_K ) = v_j ∀ K ∈ T_{h,j}. Thus, by the definition (10) of N_j we obtain N_j(v) = v_j. Using the local representation of R_hv, we get for arbitrary K ∈ T_h R_hv | |_K = ∑ j∈J^{(2)}(K)

N_j(v) φ^{(2)}_j | |_K = ∑ j∈J^{(2)}(K)

v_j φ^{(2)}_j | |_K = v | |_K

which proves (14).

We can generalize our operator R_h to an operator R^{(g)}_h : L^1(Ω) → V^{(2)}_h in the following way. The idea is similar to the approach of Clément [7], i.e. a function v ∈ L^1(Ω), which is not smooth enough to apply the local nodal functionals N_{j,K} (·) associated with the space V^{(2)}_h , at first will be regularized on each element K ∈ T_h by a projection to the local space P^{(2)}_K (see (2)) of polynomial shape functions of V^{(2)}_h . Concerning the practical computation, note that our approach with an element-wise projection is much cheaper than that of Clément since for the computation of the Clément operator one has to calculate for each node an L^2-projection on a patch of elements related to this node. In order to guarantee an efficient implementation we will use in our approach an L^2-projection corresponding to the reference element ^K instead of the original element K. Let us recall that F_K : ^K → K denotes the reference transformation which maps the fixed reference element ^K onto the actual element K ∈ T_h. For a given function v ∈ L^1(K), we associate the function ^v ∈ L^1( ^K) defined by ^v := v ∘ F_K . Let us assume that the basis functions of the reference space ^P^{(2)} (see (2)) are { ^φ^{(2)}μ : μ ∈ ^J^{(2)}} and that for a local node j ∈ J^{(2)}(K), which is associated with the local basis function φ^{(2)}_j | |_K ∈ P^{(2)}_K , the “reference node” ^j ∈ ^J (2) is defined such that

^φ^{(2)}_{^j} = ^ φ^{(2)}_j | |_K ∀ j ∈ J^{(2)}(K) . (15)

Now we define the projection operator ^π : L^1( ^K) → ^P^{(2)} by ∫ ^K (^π ^w) ^φ d^x = ∫ ^K ^w ^φ d^x ∀ ^φ ∈ ^P^{(2)} . (16) Since ^P^{(2)} ⊂ L^∞( ^K), the projection ^v := ^π ^w is uniquely defined for each ^w ∈ L^1( ^K). Its practical computation can be done as follows. Let ^G = ( ^G_{ν,μ}) ∈ R^{^n×^n} with ^n := card( ^P^{(2)}) denote the Gram-matrix defined by ^G_{ν,μ} := ∫_^ K ^φ^{(2)}μ ^φ^{(2)}ν d^x and ^G^{−1} = ( ( ^G^{−1})_{ν,μ} ) its inverse which can be computed for a practical implementation once only in a pre-processing step. Then, a simple calculation yields the formula ^π ^w = ∑ i∈ ^J^{(2)} ^v_i ^φ^{(2)}_i with ^v_i := ∑ μ∈ ^J^{(2)} ( ^G^{−1})_{i,μ} ∫ ^K ^w ^φ^{(2)}_μ d^x . (17)

Now, for each element K ∈ T_h, we define the projection π_K : L^1(K) → P^{(2)}_K via the operator ^π by

(π_K w)(x) := (^π ^w)(^x) ∀ x ∈ K , ^x := F^{−1}_K (x) , (18)

where ^w := w ∘ F_K is the “reference function” to w. If we assume the basis representation ^v := ^π ^w = ∑ μ∈ ^J^{(2)} ^v μ ^φ (2) μ with some nodal values ^v_μ ∈ R then it follows that v = π_K w = ∑ j∈J^{(2)}(K) ^v ^j φ (2) j where ^j denotes the reference node to j ∈ J^{(2)}(K) defined by (15). Using the duality relation (7) of the local nodal functionals and formula (17) we obtain N_{j,K}(π_K w) = ∑ μ∈ ^J^{(2)} ( ^G^{−1})_{^j,μ} ∫ ^K ^w ^φ^{(2)}_μ d^x , (19)

where again ^j denotes the reference node to j and ^w := w ∘ F_K .

By means of the operator π_K we define for each local node j ∈ J^{(2)}(K) the generalized local nodal functional N^{(g)}_{j,K} ∈ (L^1(K))^′ from the original nodal functional N_{j,K} ∈ (C^s(K))^′ by N^{(g)}_{j,K}(w) := N_{j,K}(π_K w) ∀ w ∈ L^1(K) . (20)

For a global node j ∈ J^{(2)}, these local functionals form a global nodal functional N^{(g)}_j ∈ (L^1(Ω))^′ by means of

N^{(g)}_j (v) := (ω_{Σ,j})^{−1} ∑ K∈T_{h,j} ω_{j,K}N^{(g)}_{j,K}(v | |_K ) ∀ v ∈ L^1(Ω) , (21)

where the ω_{j,K} are some user-chosen positive weights and ω_{Σ,j} is defined by (11). Finally, we define our generalized operator R^{(g)}_h : L^1(Ω) → V^{(2)}_h as

R^{(g)}_h v := ∑ j∈J^{(2)} N^{(g)}_j (v) φ^{(2)}_j ∀ v ∈ L^1(Ω) . (22)

Note that, if the weights ω_{j,K} in (10) and (21) are the same, then it holds N^{(g)}_j (v) = N_j(v) for all v ∈ V^{(2)}_h since π_K w = w for all w = v | |_K ∈ P^{(2)}_K . Therefore, the generalized operator R^{(g)}_h maintains the projection property of Lemma 2 that R^{(g)}_h v = v for all v ∈ V^{(2)}_h .

4 Local L^2-Stability

In this section, we present a local L^2-stability estimate of the transfer operator R_h : V^A_h → V^{(2)}_h which plays an essential role in the subsequent analysis. Let us first introduce some notation. We denote by {φ^A_j : j ∈ J^A} the finite element basis of V^A_h and by J^A(K) the set of all nodes j ∈ J^A that are associated with element K ∈ T_h in an analogous manner as in (6). For a given element K, let

δ(K) := ⋃ j∈J^{(2)}(K) ⋃ ~K∈T_{h,j} ~K (23) be the vicinity of K consisting of all elements ~K ∈ T_h that have a V^{(2)}_h -node in common with K, i.e. J^{(2)}(K) ∩ J^{(2)}( ~K) ≠ ∅.

In the following, we list some basic assumptions that are needed for the proof of our stability estimate. For the basis functions of V^{(2)}_h , we assume that there is a constant C_1 such that

(A1) ‖φ^{(2)}_j ‖_{0,K} ≤ C_1h^{d/2}_K ∀ j ∈ J^{(2)}(K), K ∈ T_h.

Furthermore, we suppose that the values of the local nodal functionals of the space V^{(2)}_h applied to the basis functions of V^A_h are uniformly bounded, i.e. that there exists a constant C_2 such that

(A2) | |N_{j,K}(φ^A_i | |_K ) | | ≤ C_2 ∀ j ∈ J^{(2)}(K), i ∈ J^A(K), K ∈ T_h. Finally, we require that changes of the mesh size within the vicinity δ(K) of an element K are uniformly bounded by a constant factor C_3, i.e. C^{−1}_3 h_{~K} ≤ h_K ≤ C_3 h_{~K} ∀ ~K ⊂ δ(K), ~K, K ∈ T_h. (24) These assumptions are not restrictive since (A1) and (A2) are fulfilled for the usual finite element spaces and (24) is satisfied if the mesh T_h consists of shape regular elements.

Now we can prove the following local L^2-stability estimate of the operator R_h.

Lemma 3 Suppose that the spaces V^{(2)}_h and V^A_h fulfill the assumptions (A1) and (A2) and that the mesh T_h consists of shape regular elements such that (24) is satisfied. Then, for the transfer operator R_h : V^A_h → V^{(2)}_h defined in (12), there exists a constant C_S such that ‖R_hv‖_{0,K} ≤ C_S ‖v‖_{0,δ(K)} ∀ v ∈ V^A_h , K ∈ T_h . (25) Proof. Let v ∈ V^A_h and K ∈ T_h be given. From the local representation of R_hv on K and the estimate (A1) we obtain ‖R_hv‖_{0,K} = ‖ ∑ j∈J^{(2)}(K)

N_j(v) φ^{(2)}_j ‖_{0,K} ≤ C_1h^{d/2}_K ∑ j∈J^{(2)}(K) |N_j (v)|. (26)

Let v = ∑ i∈J^A vi φ A i be the basis representation of v and v = (v_i)_{i∈J} A ∈ R^{J A} the corresponding coefficient vector. Then, from the local representation of v we get N_{j, ~K} (v | |_{~K} ) = ∑ i∈J^A( ~K) v_i N_{j, ~K}(φ^A_i | |_{~K} ) ∀ ~K ∈ T_{h,j} .

For each ~K ∈ T_h, let ‖v‖_{ℓ2( ~K)} := ( ∑ i∈J^A( ~K) v^2_i )_{1/2}

be the Euclidean norm of the local coefficient vector associated with the element ~K. Using (A2) and the fact that card(J^A( ~K)) ≤ d_A := dim( ^P^A) for all ~K ∈ T_h, we get | |N_{j, ~K}(v | |_{~K} ) | | ≤ C_2 d^{1/2}_A ‖v‖_{ℓ2( ~K)} ∀ ~K ∈ T_{h,j} . (27) By well-known arguments as the transformation onto reference element and equivalence of norms on finite dimensional spaces (see e.g. [6]) we can show that there exists a constant C_4 such that ‖v‖_{ℓ2( ~K)} ≤ C_4 h^{−d/2}_{~K} ‖v‖_{0, ~K} ∀ ~K ∈ T_h. (28) Combining (28) with (27) and (24), we obtain for each j ∈ J^{(2)}(K) the estimate | |N_{j, ~K}(v | |_{~K} ) | | ≤ C h^{−d/2}_K ‖v‖_{0, ~K} ∀ ~K ∈ T_{h,j} with the constant C = C_2 d^{1/2}_A C_4 C^{d/2}_3 . The fact that ~K ⊂ δ(K) for all ~K ∈ T_{h,j}, where j ∈ J^{(2)}(K), and the definition (10) of N_j (v) imply |N_j(v)| ≤ C h^{−d/2}_K ‖v‖_{0,δ(K)} ∀ j ∈ J^{(2)}(K). Together with (26) this proves (25).

Remark 4 We can prove the same results of Lemma 3 if we replace the operator R_h : V^A_h → V^{(2)}_h by the generalized operator R^{(g)}_h : V^A_h → V^{(2)}_h defined as the restriction of R^{(g)}_h given in (22) to the subspace V^A_h ⊂ L^1(Ω). For the proof, we have to replace the local nodal functionals N_{j,K}(·) by N^{(g)}_{j,K}(·) defined in (20). From (19) we see that the assumption (A2) for the functionals N^{(g)}_{j,K}(·) will be satisfied for a very general class of spaces V^A_h .

5 Error Estimates

5.1 L^2-Estimates

Using the local L^2-stability of R_h and the fact that this operator is the identity on the subspace V^{(2)}_h of V^A_h , we can prove the following local error estimate.

Theorem 5 Assume that the elements K ∈ T_h are shape regular such that (24) is satisfied. Furthermore, suppose that the spaces V^{(2)}_h and V^A_h fulfill the assumptions (A1) and (A2). Let u ∈ L^2(Ω) be the exact solution of some problem and u^{(1)}_h ∈ V^{(1)}_h the finite element solution of a corresponding discrete problem. Then, for the approximation R_hu^{(1)}_h ∈ V^{(2)}_h of u^{(1)}_h , it holds the error estimate ‖u − R_hu^{(1)}_h ‖_{0,K} ≤ C { ‖u − u^{(1)}_h ‖_{0,δ(K)} + inf_{v(2)}

h ∈V^{(2)}_h ‖u − v^{(2)}_h ‖_{0,δ(K)} } (29)

for each element K ∈ T_h with a constant C independent of K.

Proof. Let v^{(2)}_h be an arbitrary element of V^{(2)}_h and K ∈ T_h. Using (5) we have u^{(1)}_h −v^{(2)}_h ∈ V^A_h and the stability estimate (25) yields

‖R_h(u^{(1)}_h − v^{(2)}_h )‖_{0,K} ≤ C_S ‖u^{(1)}_h − v^{(2)}_h ‖_{0,δ(K)} .

With R_hv^{(2)}_h = v^{(2)}_h we obtain

‖u − R_hu^{(1)}_h ‖_{0,K} = ‖(u − v^{(2)}_h ) − R_h(u^{(1)}_h − v^{(2)}_h )‖_{0,K} ≤ ‖u − v^{(2)}_h ‖_{0,K} + C_S‖u^{(1)}_h − v^{(2)}_h ‖_{0,δ(K)} ≤ (1 + C_S)‖u − v^{(2)}_h ‖_{0,δ(K)} + C_S ‖u − u^{(1)}_h ‖_{0,δ(K)}

which implies the estimate (29).

From this local L^2-estimate we immediately get the following global one.

Theorem 6 Under the assumptions of Theorem 5, it holds the error estimate

‖u − R_hu^{(1)}_h ‖_{0,Ω} ≤ C { ‖u − u^{(1)}_h ‖_{0,Ω} + inf_{v(2)}

h ∈V^{(2)}_h

‖u − v^{(2)}_h ‖_{0,Ω} } . (30)

Proof. Let v^{(2)}_h be a fixed element of V^{(2)}_h . Then, from (29) we obtain for each K ∈ T_h

‖u − R_hu^{(1)}_h ‖^2_{0,K} ≤ C ∑ ~K⊂δ(K) { ‖u − u^{(1)}_h ‖^2_{0, ~K} + ‖u − v^{(2)}_h ‖^2_{0, ~K} } (31)

Using the shape regularity of the elements, it follows by geometrical arguments that there is a constant C_5 such that

max_{~K∈Th} card ( {K ∈ T_h : ~K ⊂ δ(K)} ) ≤ C_5 . (32)

Then, summation of (31) for all K ∈ T_h yields

‖u − R_hu^{(1)}_h ‖^2_{0,Ω} ≤ CC_5 { ‖u − u^{(1)}_h ‖^2_{0,Ω} + ‖u − v^{(2)}_h ‖^2_{0,Ω} } . Since v^{(2)}_h can be any element of V^{(2)}_h , we obtain (30).

5.2 H^1-Estimates

In this section, we want to present error estimates in a discrete H^1-semi-norm which is a natural generalization of the usual H^1-semi-norm to the case of element-wise smooth functions. For a subdomain G ⊂ Ω, let

T_h(G) := {K ∈ T_h : K ⊂ G} (33)

be the set of all elements belonging to G. Then, for G ⊂ Ω with G = ⋃ K∈T_h(G) K and for

functions v ∈ V^A_h + H^1(Ω), we define the discrete H^1-semi-norm by |v|_{1,h,G} := ( ∑ K∈T_h(G) |v|^2_{1,K} )_{1/2} . (34)

In contrast to L^2-estimates, here we have to assume at least the following weak continuity condition for functions of the finite element spaces V^{(1)}_h and V^{(2)}_h

(A3) ∫ ∂K∩∂K^′ ( v_h | |_K − v_h | |_{K′} ) ds = 0 ∀ v_h ∈ V^{(1)}_h + V^{(2)}_h , K, K′ ∈ T_h ,

where the integral in (A3) has to be understood as a (d − 1)-dimensional integral. On the other hand, this condition is a minimal requirement to ensure consistency for a finite element discretization, i.e. it is a very natural assumption. Furthermore, for our proof of H^1-estimates, we have to take into account the boundary conditions that are imposed on the discrete spaces V^{(1)}_h and V^{(2)}_h . For simplicity, we consider here the case of homogeneous Dirichlet boundary conditions, i.e. we suppose V^{(i)}_h ≈ H^1_0 (Ω), i = 1, 2, in the following weak sense

(A4) ∫ ∂K∩∂Ω vh ds = 0 ∀ vh ∈ V (1) h + V^{(2)}_h , K ∈ T_h.

The basic tool for deriving H^1-error estimates for the approximation R_hu^{(1)}_h ∈ V^{(2)}_h of a finite element solution u^{(1)}_h ∈ V^{(1)}_h is again a local stability estimate of the transfer operator R_h which is presented in the next lemma.

At first, we have to define a new local vicinity δ^′(K) of a given element K which differs from the vicinity δ(K) defined in (23) only if K is located near the boundary ∂Ω. Two different elements K, K^′ ∈ T_h are called “face-neighbors” if ∂K ∩ ∂K^′ is a common (d − 1)-dimensional face of K and K^′. For K ∈ T_h, let γ^∗ := ∂Ω ∩ δ(K) be a non-empty set of points with a dimension less than d − 1, i.e. a vertex or, in the 3D case, an edge of the element K. Furthermore, in this case, let K^∗ ∈ T_h(δ(K)) be an element in δ(K) with γ^∗ ⊂ K^∗. Then, there exists a chain of elements κ_i ∈ T_h, i = 1, . . . , m_K , such that κ_1 := K^∗, γ^∗ ⊂ κ_i for all 1 ≤ i ≤ m_K , κ_i and κ_{i+1} are face-neighbors for all 1 ≤ i < m_K if m_K > 1 and the “final chain element” K^b := κ_{mK} has a (d − 1)-dimensional boundary face Γ^b ⊂ ∂K^b ∩ ∂Ω with γ^∗ ⊂ Γ^b. Now, we define

δ^′(K) := δ(K) ∪ m_K⋃

i=1 κ_i (35)

as the new vicinity of K in the above defined case where K is in some sense near to the boundary ∂Ω. In all other cases concerning the location of K, we define δ^′(K) := δ(K). Due to the shape-regularity of the grid T_h, all the numbers m_K are uniformly bounded, i.e. m_K ≤ C for all K ∈ T_h, and furthermore we have, similarly to (24), that there exists a constant C^′_3 such that

(C^′_3)^{−1} h_{~K} ≤ h_K ≤ C^′_3 h_{~K} ∀ ~K ⊂ δ^′(K), ~K, K ∈ T_h. (36)

Lemma 7 Let V^{(i)}_h , i = 1, 2, be subspaces of ~V^{(i)}_h defined by (1) such that the assumptions (A1), (A2), (A3) and (A4) are fulfilled. The mesh T_h is supposed to consist of shape regular elements such that (36) is satisfied. Then, for the transfer operator R_h defined in (12), there exists a constant C^′_S such that

|R_hv|_{1,K} ≤ C^′_S |v|_{1,h,δ}′_{(K)} ∀ v ∈ V^{(1)}_h + V^{(2)}_h , K ∈ T_h . (37)

Proof. Let v ∈ V^{(1)}_h + V^{(2)}_h and K ∈ T_h be fixed. The proof of (37) consists of 4 steps. Step 1. We construct a function c_K ∈ V^{(2)}_h which is a constant approximation of v in the vicinity δ^′(K) of the element K (defined as above). More precisely, let

c_K (x) = v | K^∗ (zK^∗ ) ∀ x ∈ δ ′(K), (38)

where K^∗ ∈ T_h(δ^′(K)) is a properly chosen element and z_K∗ inK^∗ a suitable point defined as follows.

In the case, when δ^′(K) has a positive distance to the boundary ∂Ω, i.e. when δ^′(K) ⊂ int(Ω), we choose K^∗ = K and z_K∗ as the barycentre of K. It is clear that in this case there exists an extension (by zero nodal values) of the constant function c_K | |_{δ′(K)} to the whole domain Ω such that c_K ∈ V^{(2)}_h , that means in particular that the homogeneous Dirichlet boundary conditions due to V^{(2)}_h ≈ H^1_0 (Ω) are satisfied.

In the remaining case, i.e. when δ^′(K) ∩ ∂Ω ≠ ∅, we choose c_K (x) := 0 for all x ∈ Ω in order to guarantee that c_K ∈ V^{(2)}_h ≈ H^1_0 (Ω). Therefore, in order to satisfy (38), we choose K^∗ ∈ T_h(δ^′(K)) as a boundary element, that has a (d − 1)-dimensional boundary face Γ^∗ ⊂ ∂K^∗ ∩ ∂Ω, and we choose z_K∗ ∈ Γ^∗ as a point with v | |_{K∗} (z_{K∗} ) = 0. The existence of such an element K^∗ follows from the definition of the vicinity δ^′(K) and the existence of such point z_K∗ is a consequence of v ∈ V^{(1)}_h + V^{(2)}_h and the assumption (A4). Step 2. We will prove the following estimate ‖v − c_K ‖_{0.∞, ~K} ≤ C_6 h_K ∑ T ∈T_h(δ^′ (K)) |v|_{1,∞,T} ∀ ~K ∈ T_h(δ^′(K)) . (39)

In the case ~K = K^∗, the standard interpolation estimate ‖v − c_K ‖_{0.∞,K}∗ = ‖v − v(z_K∗ )‖_{0.∞,K}∗ ≤ h_K∗ |v|_{1,∞,K}∗ (40) and relation (36) imply the estimate (39) with C_6 = C^′_3. In the case ~K ∈ T_h(δ^′(K)) with ~K ≠ K∗, there exists a chain of face-neighbored elements

K^∗ =: K_0 → · · · → K_n := ~K

such that for all μ = 1, . . . , n, the elements K_{μ−1} and K_μ have a common (d−1)-dimensional face Γ_μ := ∂K_{μ−1} ∩ ∂K_μ. From v ∈ V^{(1)}_h + V^{(2)}_h and the consistency condition (A3), it follows that there exists a point x_μ ∈ Γ_μ such that v | K_{μ−1} (xμ) = v | K_μ (xμ) ∀ μ = 1, . . . , n . (41) Using a standard interpolation estimate and the relation (36) we get for the point x_n ∈ K_n ‖v − v(x_n)‖_{0.∞,Kn} ≤ h_{Kn} |v|_{1,∞,Kn} ≤ C^′_3 h_K |v|_{1,∞,Kn} . Applying this estimate and using K_n = ~K and (38) with v^∗ := v | |_{K∗} (z_{K∗} ) we obtain ‖v − c_K ‖_{0.∞, ~K} ≤ ‖v − v(x_n)‖_{0.∞, ~K} + | v(x_n) − v^∗| ≤ C^′_3 h_K |v|_{1,∞, ~K} + | v(x_n) − v^∗| . (42)

Furthermore, we have x_1 ∈ K_0 = K^∗, i.e. x_1 and z_K∗ belong to the same element K^∗, which implies | v(x_1) − v^∗| ≤ C^′_3 h_K |v|_{1,∞,K}∗ . (43) In the case n = 1, from (42) and (43) we obtain the estimate (39) with C_6 = C^′_3. In the case n ≥ 2, using (43), (36) and the fact that x_{μ+1}, x_μ ∈ K_μ for all μ = 1, . . . , n − 1, we can estimate | v(x_n) − v^∗| ≤^{n−1} ∑ μ=1 | v(x_{μ+1}) − v(x_μ)| + | v(x_1) − v^∗| ≤^{n−1} ∑ μ=1 C^′_3 h_K |v|_{1,∞,Kμ} + C^′_3 h_K |v|_{1,∞,K}∗ . Together with (42) this implies the estimate (39) with C_6 = C^′_3.

Step 3. From (39) we will now derive an estimate of v − c_K in the L^2-norm. Let ~K ∈ T_h(δ^′(K)) be a given element in the vicinity of K. Then, using (39), inverse inequalities (see e.g. [6]) and the local mesh-size relation (36) we get ‖v − c_K ‖^2_{0, ~K} ≤ C h^d_{~K} ‖v − c_K ‖^2_{0,∞, ~K} ≤ C h^d_{~K} h^2_K ( ∑ T ∈T_h(δ^′(K)) |v|_{1,∞,T} )_2

≤ C h^2_K card(T_h(δ^′(K))) ∑ T ∈T_h(δ^′ (K)) (h_{~K} /h_T )^d |v|^2_{1,T} .

Since h_{~K} /h_T ≤ (C^′_3)^2 for all ~K, T ∈ T_h(δ^′(K)) and card(T_h(δ^′(K))) ≤ C due to the shaperegularity of T_h, it follows the L^2-norm estimate ‖v − c_K ‖_{0, ~K} ≤ C h_K |v|_{1,h,δ}′_{(K)} ∀ ~K ∈ T_h(δ^′(K)) . (44) Step 4. Now we are able to prove (37). Since c_K ∈ V^{(2)}_h , it follows from Lemma 2 that c_K = R_hc_K . Using the fact that c_K is constant on K and applying an inverse inequality for functions of the space V^{(2)}_h we get |R_hv|_{1,K} = |R_hv − c_K |_{1,K} = |R_h(v − c_K )|_{1,K} ≤ C h^{−1}_K ‖R_h(v − c_K )‖_{0,K} . The local L^2-stability (25) of the operator R_h and the estimate (44) for all elements ~K ⊂ δ(K) ⊂ δ^′(K) yield ‖R_h(v − c_K )‖_{0,K} ≤ C_S ‖v − c_K ‖_{0,δ(K)} ≤ C C_S h_K |v|_{1,h,δ}′_{(K)} , which finally proves the estimate (37).

Using the local H^1-stability of R_h proved in Lemma 7 and the fact that R_h is the identity operator on the subspace V^{(2)}_h of V^A_h , we can prove the following local and global error estimates.

Theorem 8 Suppose that the assumptions of Lemma 7 are fulfilled. Let u ∈ H^1_0 (Ω) be the exact solution of some problem and u^{(1)}_h ∈ V^{(1)}_h the finite element solution of a corresponding discrete problem. Then, for the approximation R_hu^{(1)}_h ∈ V^{(2)}_h of u^{(1)}_h , it holds for each element K ∈ T_h the local error estimate |u − R_hu^{(1)}_h |_{1,K} ≤ C { |u − u^{(1)}_h |_{1,h,δ}′_{(K)} + inf_{v(2)}

h ∈V^{(2)}_h |u − v^{(2)}_h |_{1,h,δ}′_{(K)} } (45)

with a constant C independent of K. Furthermore, it holds the global estimate |u − R_hu^{(1)}_h |_{1,h,Ω} ≤ C { |u − u^{(1)}_h |_{1,h,Ω} + inf_{v(2)}

h ∈V^{(2)}_h |u − v^{(2)}_h |_{1,h,Ω} } . (46)

Proof. The proof of the error estimates (45) and (46) is completely analogous to the proof of the corresponding L^2-norm estimates (29) and (30) in Theorem 5 and Theorem 6. The only modification is to replace the L^2-norm by the discrete H^1-semi-norm.

6 Applications

6.1 A Posteriori Error Estimation

Let us consider the following model problem: Find a function u such that −△u = f in Ω , u = 0 on ∂Ω ,

(47)

where Ω is a bounded polygonal domain and f ∈ L^2(Ω) a given function. If u_h ∈ V_h ⊂ H^1_0 (Ω) is a conforming finite element approximation for problem (47), then it is well-known (see e.g. [20], [1]) that η^{conf} := ( ∑ K∈T_h (η^{conf}_K )^2 )_{1/2} (48) with

(η^{conf}_K )^2 := h^2_K ‖f + △u_h‖^2_{0,K} + 1 2 ∑ E∈ E(K) h_E ‖ [n_E · ∇u_h]_E ‖^2_L2_{(E)} (49)

is a suitable a posteriori error estimator, where E(K) denotes the set of the inner (d − 1)- dimensional faces of the element K, h_E denotes the diameter of the face E ∈ E(K), n_E is a unit vector normal to E and [v]_E denotes the jump of the function v(·) along the element face E. For this estimator, it holds |u − u_h|_{1,Ω} ≤ C_7 η^{conf} . (50) However, if u^N_h ∈ V^{(1)}_h ⊄ H^1_0 (Ω) is a nonconforming finite element approximation of the weak solution u ∈ H^1_0 (Ω) of problem (47), then it is also well-known from the literature (see [10], [9], [11]) that the estimators η^{conf}_K have to be modified into ~η_K by adding some extra terms containing the jumps of the derivatives of u^N_h in the tangential directions t_E of the element faces E ∈ E(K). For the corresponding modified estimator ~η := (∑ K∈T_h ~η 2 K )_{1/2} the a posteriori error estimate |u − u^N_h |_{1,h,Ω} ≤ C ~η (51) has been proved for the two-dimensional case. However, the analysis in [10] can not be generalized in a straightforward way to the three-dimensional case.

Using our post-processing operator R_h : V^{(1)}_h → V^{(2)}_h ⊂ H^1_0 (Ω) to compute a conforming approximation R_hu^N_h of the solution, we can define the following computable “postprocessing error”

η^{post} := ( ∑ K∈T_h (η^{post}_K )^2 )_{1/2} with η^{post}_K := |u^N_h − R_hu^N_h |_{1,K} (52)

Then, we can apply the well-known techniques for the conforming case ([20], [1]) together with some simple additional arguments to prove the following a posteriori error estimate [17] |u − R_hu^N_h |_{1,Ω} ≤ C_7 η^{conf} + η^{post} , (53) where C_7 and η^{conf} are the quantities in (50) and (48), (49). Note that from (53) we directly get the a posteriori error estimate for the nonconforming finite element solution u^N_h ∈ V^{(1)}_h |u − u^N_h |_{1,h,Ω} ≤ C_7 η^{conf} + 2η^{post} (54) and let us emphasize that this error bound can be proved for the general d-dimensional case Ω ⊂ R^d.

6.2 Graphical Output

The basic element of any graphical output consists in drawing a straight line. For example, the visualization of any curved line is realized by drawing a suitable sequence of straight lines. One basic task for the visualization of a scalar finite element function u_h is to plot a set of “contour-lines” L_i, i = 1, . . . , M, where L_i is the set of those points x in the domain Ω where the function u_h has a constant value, i.e. u_h(x) = c_i for all x ∈ L_i.

If for some element K ∈ T_h, u_h | |_K is a linear function, then the “K-part” of the i-th contour-line L^K_i := L_i ∩ K is a straight line. That means, a piecewise linear finite element function would be desirable for graphical output. This leads to the idea that we take for our desired finite element space V^{(2)}_h the space of piecewise linear continuous functions on a triangular or tetrahedral grid T^{(2)}_h , where T^{(2)}_h is derived from the original grid T_h by a regular refinement process. This means that T^{(2)}_h is a regular decomposition of the domain Ω such that for each element K^{(2)} ∈ T^{(2)}_h , there exists exactly one “father-element” K = F(K^{(2)}) ∈ T_h with K^{(2)} ⊂ K. Then, the definition of the transfer operator R_h : V^{(1)}_h → V^{(2)}_h in Section 3 can be generalized to the situation where V^{(1)}_h is associated with the grid T_h and V^{(2)}_h with the grid T^{(2)}_h . We simply define, as in (12), R_hv := ∑ j∈J^{(2)} Nj(v) φ (2) j with

N_j(v) := ( ω^{(2)}_{Σ,j} )_{−1} ∑ K∈T^{(2)}_{h,j} ω_{j,K}N_{j,K}(v | K ) (55)

where

T^{(2)}_{h,j} := { K ∈ T^{(2)}_h : j ∈ J^{(2)}(K) } and ω^{(2)}_{Σ,j} := ∑ K∈T^{(2)}_{h,j} ω_{j,K} . (56)

Here again N_{j,K}(·) denotes the local (w.r.t. K ∈ T^{(2)}_h ) nodal functional associated with the node j ∈ J^{(2)} of the space V^{(2)}_h , i.e. in our context of a piecewise linear finite element space V^{(2)}_h that N_{j,K}(·) corresponds to a point value N_{j,K} (v) := v | K (a_j ) where a_j is the j-th vertex-node.

Let us note that the above ideas can be applied in particular to the case where V^{(1)}_h is a conforming finite element space constructed with polynomials of higher degree. Thus, our theory justifies the graphical post-processing for hp-FEM by means of piecewise linear finite elements on a suitably refined grid.

6.3 Prolongation for Multigrid Methods

We can generalize the definition of our transfer operator R_h : V^A_h → V^{(2)}_h such that it can be used as a prolongation operator for a multigrid method. Let us assume that we have at some level k in a multi-level hierarchy a coarse grid T_k and a fine grid T_{k+1} where each element K ∈ T_{k+1} was created from its uniquely determined “father element” F(K) ∈ T_k by a regular refinement procedure. We denote the finite element spaces corresponding to the grid T_k and T_{k+1} by V_k and V_{k+1}, respectively. Note that these spaces need not to be nested and that we can treat the case of conforming and nonconforming finite element spaces in the same way. The only thing that is needed is the fact that each element K ∈ T_{k+1} is completely contained in its father element F(K) ∈ T_k because this property guarantees that each coarse grid function v_k ∈ V_k is piecewise smooth with respect to T_{k+1}, i.e.

V_k ⊂ Y (T_{k+1}, s) := { v ∈ L^2(Ω) : v | K ∈ C^s(K) ∀ K ∈ T_{k+1} } , (57)

where Y (T_{k+1}, s) is defined as in (8) for T_h = T_{k+1} with some s depending on the type of the nodal functionals associated with the space V_{k+1}. Now, we define a transfer operator R_k : Y (T_{k+1}, s) → V_{k+1} in the same way as R_h in the previous subsection by (55) and (56) where T^{(2)}_h corresponds to T_{k+1} and V^{(2)}_h to V_{k+1}. Because of (57) the restriction of the operator R_k to the space V_k defines a prolongation operator R_k : V_k → V_{k+1}.

The computation of R_kv_k ∈ V_{k+1} for a given coarse grid function v_k ∈ V_k can be implemented efficiently. Moreover, the advantage of this general prolongation operator is that its implementation on an abstract level within an object-oriented program has to be done once only for all different cases of finite element spaces V_k and V_{k+1}. This idea has been realized already in practice and proved to be efficient within multigrid methods [2].

Let us note that the above construction of the prolongation operator R_k : V_k → V_{k+1} fits into the general framework of [3] for multigrid methods in the case of nonconforming finite element discretizations. This gives a basis for convergence analysis of a multigrid method applied to a model problem where our operator R_k is used for prolongation and its adjoint for defect restriction.

References

[1] Mark Ainsworth and J.Tinsley Oden. A posteriori error estimation in finite element analysis. Comput. Methods Appl. Mech. Engrg., 142(1-2):1–88, 1997.

[2] V. Behns, V. John, G. Matthies, and F. Schieweck. MooNMD – an object-oriented finite element package. Otto-von-Guericke Universität Magdeburg, Fakultät für Mathematik, Technical Report, 2000. In preparation.

[3] D. Braess, M. Dryja, and W. Hackbusch. A multigrid method for nonconforming FE-discretisations with application to non-matching grids. Computing, 63(1):1–25, 1999.

[4] S.C. Brenner and R. Scott. The Mathematical Theory of Finite Element Methods.

Springer-Verlag, 1994.

[5] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods, volume 15 of Springer Series in Computational Mathematics. Springer-Verlag, 1991.

[6] P. Ciarlet and P. Lions. Handbook of Numerical Analysis II. Part 1: Finite Element Methods. North-Holland, 1991.

[7] Ph. Clément. Approximation by finite element functions using local regularization.

RAIRO Anal. Numér., 9(R-2):77–84, 1975.

[8] M. Crouzeix and P.-A. Raviart. Conforming and nonconforming finite element methods for solving the stationary Stokes equations I. RAIRO Anal. Numér., 7:33–76, 1973.

[9] E. Dari, R. Durán, and C. Padra. Error estimators for nonconforming finite element approximations of the Stokes problem. Math. Comp., 64(211):1017 – 1033, 1995.

[10] E. Dari, R. Durán, C. Padra, and V. Vampa. A posteriori error estimators for nonconforming finite element methods. RAIRO Modél. Math. Anal. Numér., 30(4):385 – 400, 1996.

[11] R. H.W. Hoppe and B. Wohlmuth. Element-oriented and edge-oriented local error estimators for nonconforming finite element methods. RAIRO Modél. Math. Anal. Numér., 30(2):237–263, 1996.

[12] G. Kanschat and F.-T. Suttmeier. A posteriori error estimates for nonconforming finite element schemes. Calcolo, 36(3):129–141, 1999.

[13] P. Oswald. On a BPX-preconditioner for P1 elements. Computing, 51(2):125–133, 1993.

[14] R. Rannacher and St. Turek. Simple nonconforming quadrilateral stokes element.

Numer. Methods Partial Differential Equations, 8:97 – 111, 1992.

[15] F. Schieweck. A parallel multigrid algorithm for solving the Navier–Stokes equations.

IMPACT Comput. Sci. Eng., 5(4):345 – 378, 1993.

[16] F. Schieweck. Parallele Lösung der stationären inkompressiblen Navier–Stokes Gleichungen. Otto-von-Guericke Universität Magdeburg, Fakultät für Mathematik, 1996. Habilitation.

http://david.math.uni-magdeburg.de/home/schieweck.

[17] F. Schieweck. A posteriori error estimates with post-processing for nonconforming finite elements. Preprint 11/00, Otto-von-Guericke Universität Magdeburg, Fakultät für Mathematik, 2000.

http://david.math.uni-magdeburg.de/home/schieweck.

[18] L. R. Scott and S. Zhang. Finite element interpolation of nonsmooth functions satisfying boundary conditions. Math. Comp., 54(190):483–493, 1990.

[19] St. Turek. Efficient solvers for incompressible flow problems. An algorithmic and computational approach., volume 6 of Lecture Notes in Computational Science and Engineering. Springer, 1999.

[20] R. Verfürth. A Review of A Posteriori Error Estimation and Adaptive Mesh- Refinement Techniques. Wiley-Teubner series in advances in numerical mathematics. Wiley-Teubner, 1996.