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Abstract

We study second order nonconforming finite elements as members of a new family

of higher order approaches which behave optimally not only on multilevel refined grids,

but also on perturbed grids which are still shape regular but which consist no longer

of asymptotically affine equivalent mesh cells. We present two approaches to prevent

this order reduction: The first one is based on the use of nonparametric basis functions

which are defined as polynomials on the original mesh cell. In the second approach,

we define all basis functions on the reference element but add one or more nonconform-

ing cell bubble functions which can be removed at the end by static condensation. For

the last approach, we prove optimal estimates for the approximation and consistency

error and derive optimal estimates for the discretization error in the case of a Poisson

problem. Furthermore, we construct and analyze numerically corresponding geometri-

cal multigrid solvers which are based on the canonical full order grid transfer operators.

Based on several benchmark configurations, for scalar Poisson problems as well as for the

incompressible Navier-Stokes equations (representing the desired application field of these

nonconforming finite elements), we demonstrate the high numerical accuracy, flexibility

and efficiency of the discussed new approaches which have been successfully implemented

in the FeatFlow software (www.featflow.de). The presented results show that the pro-

posed FEM-multigrid combination (together with discontinuous pressure approximations)

appear to be very advantageous candidates for realistic flow simulation tools, particularly

on (parallel) high performance computing systems.
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1 Introduction

Typical grid oriented approaches for solving incompressible CFD problems, for example via

finite element, finite volume or finite difference schemes, require the coupling of different phys-

ical fields which restricts the choice of the approximation spaces, for instance for pressure and

velocity. It turns out that nonconforming finite elements, which impose continuity in a weaker

sense only, are perfect candidates to satisfy the corresponding LBB condition, particularly in

combination with discontinuous pressure approximations [9, 10, 23]. As an example, Crouzeix

and Raviart [24] developed a stable lowest order nonconforming finite element on triangles,

resp., tetraeders with piecewise linear velocities and piecewiese constant pressure approxima-

tions. In combination with special upwind discretizations [64, 65], also higher Re numbers get

feasible in the context of the incompressible Navier-Stokes equations. Moreover, Rannacher

and Turek [60] proposed and analyzed a corresponding finite element on quadrilateral, resp.,

hexehedral meshes which however requires a nonparametric variant to lead to robust and

efficient results on arbitary deformed and stretched meshes. Further examples for first order

nonconforming finite elements can be found in [34] as well as in [14, 15, 28, 59].

Regarding highly efficient (geometrical) multigrid methods, special solution approaches

have been developed in [70, 72] for the stationary as well as nonstationary Navier-Stokes

equations, while parallel implementations can be found for 2D in [61, 62] as well as in

[11, 12, 57, 58, 66, 73] for the 3D case. Theoretical analysis of multigrid solvers for non-

conforming finite elements can be found in [6, 7, 8, 20, 21, 22, 38, 41] as well as in [31]

regarding multilevel-splitting approaches. Also for convection-dominated problems, special

stabilization techniques for nonconforming finite elements could be derived and analyzed, for

instance via FEM upwinding [62, 64, 65], streamline-diffusion [39, 40, 49, 69], interior penalty

[13], resp., edge-oriented FEM stabilization [71], high-resolution TVD/FCT techniques [44, 45]

and subgrid viscosity methods [2]. In particular, most of these techniques have been real-

ized in the framework of numerical flow simulations based on the Navier-Stokes equations

and special extensions, as for instance multiphase flow, turbulence, viscoelastic fluids, heat

transfer, so that it can be stated that nowadays nonconforming finite element discretization

techniques together with efficient multigrid solvers are well accepted and often used for the

numerical simulation of PDEs, particularly for problems arising in structural mechanics and

fluid dynamics.

Another important aspect is the accuracy and reliability of numerical approximations

which is typically based on a posteriori error estimation. Corresponding techniques have been

developed for nonconforming FEM, too, for instance in [1, 16, 17, 18, 19, 26, 27, 32, 36, 42, 63].

Moreover, special techniques for anisotropic grid refinement, for instance in the case of very
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small scales of the solution w.r.t. certain directions, could be derived [4, 47, 50, 67, 68]

so that nonconforming finite elements of first order have been successfully used for very

complex, highly challenging problems in realistic scenarios. Thus, comparing nonconforming

finite elements with conforming FEM of the same order, particularly for the solution of

incompressible flow problems, the following advantages of nonconforming elements can be

stated:

• They allow much more efficient parallel implementations since the degrees of freedom

on the element boundary are located at the edges, resp., faces such that the local

communication of common data affects at most two elements.

• Due to their special structure, they lead to reduced couplings between pressure and

velocity which is advantageous in the framework of discrete projection methods [70]

which are preferable for highly nonstationary problems.

• They allow a natural coupling with H(div) elements which is advantageous for porous

media [46].

• They allow easier coupling strategies of finite elements w.r.t. different polynomial degree,

resp., mesh width since the compatibilty conditions for d-dimensional elements have to

be satisfied via (d − 1)-dimensional faces only.

Up to now, the nonconforming finite elements used in the context of CFD simulations are

all of first order only, particularly for complex situations on quite general geometries. However,

there exist already theoretical approaches for the construction of corresponding higher order

finite elements. Again, Crouzeix and Raviart [24] proposed a nonconforming element of 3rd

order. Moreover, Hennart et al. [35] discussed a family of higher order nonconforming finite

elements on quadrilateral, resp., hexahedral meshes, while inf-sup-stable element pairs of

arbitrary order on triangles can be found by Matthies und Tobiska [56]. Based on the work of

Hennart et al. [35], Matthies [52] developed and analyzed families of nonconforming Stokes

elements on quadrilaterals for the Stokes equations. Lee and Sheen [48] proposed a new

quadratic element on rectangular meshes which is an analogon to the quadratic element of

Fortin and Soulie [29] on triangles. Recently, Apel and Matthies [4] analyzed the robustness

of nonconforming elements of arbitrary order on anisotropic meshes.

However, all mentioned higher order nonconforming FEM have in common that they have

been developed for parallelograms, resp., parallelepipeds only which is not sufficent for realistic

applications. Matthies and Schieweck [54] proposed the combination of reference transfor-

mations together with modified compatibility conditions between neighboured elements to
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reduce the numerical complexity, particularly in 3D. Numerical tests for scalar convection-

diffusion problems show the optimal approximation properties on multilevel refined meshes

which are based on globally uniform refinements of a given unstructured coarse mesh. These

techniques can be extended to hanging node refinements, too, however the case of general

shape-regular quadrilateral, resp., hexahedral elements is still open. As an alternative, Ran-

nacher and Turek [60] proposed a special nonparametric variant without transformations onto

the reference element which however has not been tested yet for higher order finite elements.

Summarizing the state-of-the-art for higher order nonconforming finite elements, we can

conclude that, in contrast to the nonconforming first order approaches, they are far from

being popular for realistic CFD simulations. On the other hand, numerical studies [25, 30, 37]

show the superiority and big potential of higher order approaches, for instance via biquadratic

(conforming) velocities and piecewiese linear discontinuous pressure approximations (Q2/Pdc
1 ).

The corresponding results for the first second order members of a new class of higher order

nonconforming finite elements will be presented in this paper which is organized as follows:

After introducing the notations and definitions in Section 2, we explain in Section 3 the new

class of nonconforming finite elements, while Section 4 and 5 discuss the techniques to get

robustness for general meshes. Finally, Section 6 presents the corresponding multigrid solvers

which are followed by several numerical test calculations for the incompressible Navier-Stokes

equations in Section 7.

2 Notation and Preliminaries

2.1 General Notations

Let Ω ⊂ Rd, d = 2, 3, be a bounded domain with a polygonal or polyhedral boundary. For

a domain G ⊂ Ω, let | · |m,p,G and ‖ · ‖m,p,G denote the usual seminorm and norm in the

Sobolev spaces W m,p(G) and (W m,p(G))d, respectively. For the Hilbert spaces Hm(G) and

(Hm(G))d, we omit the index p and denote the seminorm and norm by | · |m,G and ‖ · ‖m,G.

The inner product in L2(G) and (L2(G))d will be denoted by (·, ·)G, whereas for a sufficiently

smooth (d − 1)-dimensional face E of G, the inner product in L2(E) is denoted by 〈 ·, · 〉E .

By Pm(D) we denote the space of all polynomials on the domain D ⊂ Rn, 1 ≤ n ≤ d, with

total degree less than or equal to m and by Qm(D) the space of those polynomials where the

maximum power in each coordinate is less than or equal to m. For p ∈ [1,∞], both the usual

p-norm of a vector in Rd and the induced p-norm of a d× d-matrix are denoted by ‖ · ‖p. For

a set G ⊂ Rd, we denote by int(G) and G the interior and closure of G, respectively. If G is a

domain in Rd we denote by |G| the d-measure of G and if E is a (d−1)-dimensional manifold

we denote by |E| the (d − 1)-measure of E.
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Let n with 1 ≤ n ≤ d denote a given dimension, N0 the set of the non-negative integers,

s ∈ N0 and A
(n)
s the following set of multi-indices

A(n)
s :=

{
α = (α1, . . . , αn) ∈ Nn

0 :
∑n

k=1
αk ≤ s

}
.

For i ∈ N0, let Li(t) denote the i-th one-dimensional Legendre polynomial normalized such

that Li(1) = 1. Then, we define for α ∈ A
(n)
s the n-dimensional Legendre polynomials with

degree of at most s as

L(n)
α (ξ) :=

n∏

k=1

Lαk
(ξk) ∀ ξ = (ξ1, . . . , ξn) ∈ Rn,

i.e., in particular, we have L
(1)
α (t) = Lα(t) for α ∈ N0, t ∈ R. Furthermore, for multi-indices

α, β ∈ Nn
0 we denote by δα,β the Kronecker Delta which is 1 if α = β and 0 in all other cases.

Throughout this paper, C will denote a generic constant which may have different values at

different places. All these constants occurring inside of any estimate will be independent of

the local and global mesh parameters hK and h defined below.

2.2 Multilevel Grids

Let the bounded domain Ω ⊂ Rd be partitioned by a grid Th consisting of elements K ∈ Th

which are assumed to be open quadrilaterals or hexahedra such that Ω = int
( ⋃

K∈Th
K

)
. For

an element K ∈ Th, we denote by hK the diameter of the element K. The mesh size h of Th is

given by h := maxK∈Th
hK . We denote by FK : K̂ → K the mapping between the reference

element K̂ := (−1,+1)d and the original element K. In the sequel of this paper, the mapping

FK is assumed to be multi-linear, i.e. FK ∈ (Q1(K̂))d. Therefore, the two-dimensional faces

of 3D hexahedral elements K ∈ Th can be curved in general. The mesh family {Th} is assumed

to be shape-regular in the sense presented in [55], see also [53].

We say that {Th} is a family of multilevel grids if it is generated by a refinement process

in the following way. We start with an initial partition T 0 of the domain Ω into elements

K ∈ T 0 of grid level 0, i.e. Ω = int
( ⋃

K∈T 0 K
)
. The grid T 0 is assumed to be regular in the

usual sense, i.e., the intersection K1 ∩K2 of any two different elements K1,K2 ∈ T 0 is either

empty or a common (d−m)-dimensional face of K1 and K2 where m ∈ {1, . . . , d}. In order to

generate the elements of grid level 1, each element K ∈ T 0 is refined, i.e., it is split into 2d new

elements of the grid T 1 called son-elements of K which are denoted by σi(K), i = 1, . . . , 2d,

see Figure 1, right. These son-elements are defined as follows: Let K̂i, i ∈ {1, . . . , 2d}, be

the son-elements of the reference element K̂ = (−1, 1)d which are congruent d-cubes with

|K̂i| = 1, see Figure 1, left. The i-th son-element σi(K) of the original element K is defined

as σi(K) := FK(K̂i), i = 1, . . . , 2d. Note that it can happen in the three-dimensional case
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Figure 1: Refinement of element K into son-elements σi(K), i = 1, . . . , 2d.

that son-elements σi(K) have curved faces even if the element K has only planar faces, see

Remark 3.3 in [51] for an example. Having created the elements of the grid T 1, we continue

this refinement process to generate further grids T 2, . . . ,T ℓ. Then, our actual grid Th is

the grid T ℓ on the finest grid level ℓ. An advantage of multilevel grids is that the reference

mapping FK behaves – up to a power of the mesh size h – like an affine mapping which leads

to the following result.

Lemma 1. Let {Th} be a family of shape-regular multilevel grids generated from a coarse

grid T 0 as described above. Then, there exist constants C1(m,T 0), 0 ≤ m ≤ d, such that the

estimates
|FK |m,∞, bK ≤ C1(m,T 0)hm

K ∀ 0 ≤ m ≤ d,

|FK |
m,∞, bK

= 0 ∀ m ≥ d + 1,
(1)

are satisfied for all K ∈ Th.

Proof. See Lemma 5 in [53].

These properties for the reference mapping in the case of multilevel grids are essential to

prove that the so-called parametric version of the nonconforming elements, where the basis

is defined on the reference element, has optimal aproximation properties [53].

Finally, we introduce some notation to describe the element faces. For an element K ∈ Th,

we denote by E(K) the set of all (d − 1)-dimensional faces of K. Let Eh :=
⋃

K∈Th
E(K) be

the set of all element faces of the grid Th. We split Eh as Eh = E i
h ∪ Eb

h where E i
h denotes the

set of all inner faces and Eb
h the set of all faces located at the boundary of Ω. For each inner

face E ∈ E i
h, there exist exactly two different elements denoted by K(E) and K ′(E) such that

E is one of their faces. For the boundary faces E ∈ Eb
h, there is only one element denoted by

K(E) which has E as one of its faces and we set formally K ′(E) := ∅. For an element K ∈ Th

and a face E ∈ E(K), we denote by nK
E the unit normal on E pointing outward with respect

to K. We assign to each face E ∈ Eh the unit normal nE := n
K(E)
E .
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3 Parametric version of nonconforming higher order elements

3.1 Parametric nonconforming FE spaces

In the following, we present the approach of [54] for a parametric definition of a nonconforming

FE space via the fixed reference element combined with a new compatibility condition. Let

r ≥ 1 denote the fixed degree of our finite element space and let us suppose that we have

already defined the finite element
(
K̂, V̂r, N̂r

)
on the reference cell K̂ = (−1, 1)d with the

function space V̂r and the set N̂r of nodal functionals. Then, we define the function space

Vr(K) on the original element K ∈ Th as

Vr(K) :=
{
v = v̂ ◦ F−1

K : v̂ ∈ V̂r

}
. (2)

Let H1,h(Ω) denote the space of elementwise H1-functions with respect to Th, i.e.,

H1,h(Ω) := {v ∈ L2(Ω) : v|K ∈ H1(K) ∀K ∈ Th}. (3)

Furthermore, we will introduce the jump [v]E of a function v across a (d−1)-dimensional face

E ∈ E i
h as

[v]E :=
(
v|K(E)

)∣∣
E
−

(
v|K ′(E)

)∣∣
E

∀v ∈ H1,h(Ω). (4)

In the two-dimensional case and in the case of tetrahedral elements, the global nonconforming

finite element space is defined by

Ṽg,h :=

{
vh ∈ H1,h(Ω) : vh|K ∈ Vr(K) ∀K ∈ Th,

∫

E
q [vh]E dγ = 0 ∀E ∈ E i

h ∀q ∈ Pr−1(E),

∫

E
q(vh − g) dγ = 0 ∀E ∈ Eb

h ∀q ∈ Pr−1(E)

}
, (5)

see Hypothesis H.2 in [24]. However, if we use this definition also in the case of hexahedral

elements we get the following problem: It is not clear what the polynomial space Pr−1(E)

means in the general case where the element faces E ∈ Eh are curved. Moreover, in this

case, the finite element basis functions have to be computed separately for each element by

evaluating surface integrals and solving a local linear system of equations which leads to

higher computing costs and memory requirements to store these solutions.

Due to these drawbacks, we introduce the global finite element space in a different way.

As new compatibility conditions we take
∫

Ud−1

q(ξ)
[
vh

(
TE(ξ)

)]
E

dξ = 0 ∀q ∈ Pk(Ud−1), E ∈ E i
h, (6)

where k = r − 1 and Um := (−1, 1)m is the m-dimensional unit cube. The mapping TE :

Ud−1 → E is defined to be the multi-linear transformation

TE(ξ) := FK(E)

(
T̂ bE(ξ)

)
∀ξ ∈ Ud−1 (7)
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based on an affine mapping T̂ bE : Ud−1 → Ê := F−1
K(E)(E) which will be defined below. Now,

we define our global nonconforming finite element space Vh as

Vh :=
{

vh ∈ H1,h(Ω) : vh|K ∈ Vr(K) ∀K ∈ Th, vh satisfies (6) with k = r − 1
}

. (8)

The advantage of the new compatibility condition (6) compared to the usual one in (5) is that

in the 3D case only integrals over the unit square U2 have to be evaluated instead of surface

integrals over curved element faces.

For a discrete function vh ∈ Vh, the continuous Dirichlet boundary condition u = g on ∂Ω

is discretized by
∫

Ud−1

q(ξ)
{

vh

(
TE(ξ)

)
− g

(
TE(ξ)

)}
dξ = 0 ∀q ∈ Pk(Ud−1), E ∈ Eb

h, (9)

with k = r − 1. We define the space Vg,h to approximate the solution u as

Vg,h :=
{
vh ∈ Vh : vh satisfies (9) with k = r − 1

}
. (10)

Furthermore, let V0,h denote the space Vg,h with g = 0.

It is easy to show that the space Ṽg,h in (5) with the usual compatibility condition is

identical with our new space Vg,h for all grids in the two-dimensional case and for grids Th

consisting of affine equivalent elements (parallelepipeds) in the three-dimensional case. This

is mainly caused by the fact that in these cases the mapping TE is affine.

3.2 Construction on the reference element

Let Ê denote the set of all (d−1)-faces of the reference element K̂ = (−1, 1)d. In the following,

we will define the set N̂r of nodal functionals on the reference element which consists of two

subsets. In the first subset, we assign to each face Ê ∈ Ê and each multi-index α ∈ A
(d−1)
r−1

the functional

N̂ bE,α
(v̂) := |Ê|−1

∫

Ud−1

(
v̂ ◦ T̂ bE

)
(ξ)L(d−1)

α (ξ) dξ , (11)

where T̂ bE
: Ud−1 → Ê is an affine mapping defined as follows, see Figure 2. Let â bE,i

,

i = 1, . . . , 2d−1, denote the vertices of the face Ê and b bE := 21−d
∑2d−1

i=1 â bE,i the barycenter of

Ê. We assume that the vertices are numbered for d = 2 from right to left and for d = 3 in a

counterclockwise sense if one looks from inside of K̂ at Ê. Then, we define

T̂ bE(ξ) := b bE +

d−1∑

k=1

ξkr̂
(k)
bE

∀ ξ = (ξ1, . . . , ξd−1) ∈ Ud−1, (12)

where r̂
(1)
bE

:= 1
2

(
â bE,2 − â bE,1

)
and, in the case d = 3, r̂

(2)
bE

:= 1
2

(
â bE,4 − â bE,1

)
. In the second

subset of nodal functionals, we assign to each multi-index β ∈ A
(d)
r−2 the functional

N̂ bK,β(v̂) := |K̂|−1

∫

bK
v̂(x̂)L

(d)
β (x̂) dx̂ . (13)
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K̂

Ê

T̂ bE

−1 1ξ

â bE,1

â bE,2

b bE

Figure 2: Mapping T̂ bE
: Ud−1 → Ê for d = 2.

Now, the set N̂r is given by

N̂r :=
{
N̂ bE,α

: Ê ∈ Ê , α ∈ A
(d−1)
r−1

}
∪

{
N̂ bK,β

: β ∈ A
(d)
r−2

}
. (14)

After choosing the set N̂r of nodal functionals, we have to look for suitable function spaces

V̂r. A first requirement is that its dimension is equal to the number of nodal functionals in

N̂r. A second demand is that the polynomial space Pr should be a subspace of V̂r since we

want to have finite elements of order r. Moreover, the set N̂r has to be unisolvent on V̂r.

In [52], three possible families were considered in the two-dimensional case. One of them

turned out to be suitable also on anisotropic meshes [3]. Following Hennart et al. [35], we

can use for r = 2 in the two-dimensional case the local polynomial space

V̂2 := P2(K̂) ⊕ span{x̂2ŷ, x̂ŷ2, x̂3ŷ − x̂ŷ3} (15)

and in the three-dimensional case (see Example 10 in [35])

V̂2 := P2(K̂) ⊕ span{x̂2ŷ, x̂ŷ2, ŷ2ẑ, ŷẑ2, ẑ2x̂, ẑx̂2, x̂3ŷ − x̂ŷ3, ŷ3ẑ − ŷẑ3, ẑ3x̂ − ẑx̂3}. (16)

For the case r = 1, we use the well-known parametric mean value oriented element of Ran-

nacher and Turek [60].

Due to the unisolvence of N̂r with respect to the space V̂r, there exists a unique dual basis

of V̂r, i.e.

V̂r = span
{

φ̂G,α : (G,α) ∈
(
Ê × A

(d−1)
r−1

)
∪

(
{K̂} × A

(d)
r−2

)}
(17)

with

N̂G,α

(
φ̂H,β

)
=

{
1, if (G,α) = (H,β),

0, otherwise.
(18)

The corresponding basis functions can be computed and implemented automatically by means

of a computer algebra software package like, for instance, MAPLE. In the following, the basis

functions φ̂G,α with (G,α) ∈ {K̂} ×A
(d)
r−2 are called nonconforming element-bubble functions

since they are zero on the element boundary in a weaker integral sense.
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Finally, we will define the finite element interpolation operator on the reference element

Π̂ : H1(K̂) → V̂r. Let us denote by {N̂G,α} the set of all nodal functionals N̂r collecting

the face nodal functionals N̂ bE,α
from (11) and the bubble nodal functionals N̂ bK,β

from (13).

Then, for a given function v̂ ∈ H1(K̂), we define the interpolate Π̂v̂ ∈ V̂r by

Π̂ v̂(x̂) :=
∑

G,α

N̂G,α(v̂)φG,α(x̂). (19)

Obviously, the operator Π̂ : H1(K̂) → V̂r is continuous and satisfies

Π̂ v̂ = v̂ ∀ v̂ ∈ V̂r.

3.3 Construction of a global basis by reference mapping

Now we want to determine a global basis of the space Vh defined in (8) by means of the basis

functions on the reference element. To this end, we define on each element K ∈ Th the set

of those global basis functions, which are non-zero on K. Using the basis on the reference

element, we define at first the set of the nonconforming element-bubble functions φK,β with

β ∈ A
(d)
r−2 as

φK,β(x) :=

{
φ̂ bK,β(F−1

K (x)), ∀x ∈ K,

0, otherwise.
(20)

Then, for each face E ∈ Eh, we define the set of the corresponding face basis functions φE,α

with α ∈ A
(d−1)
r−1 on the two related elements K(E) and K ′(E) (see Figure 3) as

φE,α(x) :=





φ̂ bE,α(F−1
K(E)(x)), if x ∈ K(E), Ê := F−1

K(E)(E),

s(α ′)φ̂ bE′,α ′(F
−1
K ′(E)(x)), if x ∈ K ′(E), Ê ′ := F−1

K ′(E)(E),

0, otherwise.

(21)

Here Ê denotes the reference face related to the original face E in the first element K(E)

K(E)K ′(E)

(K,β)(E,α) ∼ (Ê, α)(Ê′, α′) ∼ (E,α)

Figure 3: Face node (E, α) (left) and element-bubble node (K, β) (right).

adjacent to E and Ê′ the reference face of E in the second element K ′(E) adjacent to E. In

the case of a boundary face E ∈ Eb
h, there is no second element and we formally set K ′(E) = ∅.
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In (21), for a given inner face E ∈ E i
h and a given multi-index α ∈ A

(d−1)
r−1 , the multi-index

α ′ ∈ A
(d−1)
r−1 and the sign s(α ′) ∈ {−1, 1} are defined as follows. One can show that there

exist a bijective mapping µ : {1, . . . , d− 1} → {1, . . . , d− 1} and signs sk ∈ {−1, 1}, such that

FK(E)

(
T̂ bE

(ξ)
)

= FK ′(E)

(
T̂ bE′(ξ

′)
)

∀ξ ∈ Ud−1, (22)

where ξ′ = (ξ′1, . . . , ξ
′
d−1) ∈ Ud−1 with ξ′k := sk ξµ(k) for k = 1, . . . , d − 1. Then, we define

α ′ = (α ′
k) := (αµ(k)) ∈ A

(d−1)
r−1 , s(α ′) :=

d−1∏

k=1

(sk)
α ′

k ∈ {−1,+1}. (23)

For the implementation of the corresponding finite element method, the mapping µ and the

signs sk can be easily computed. In the two-dimensional case, the situation is very simple

since

α′ = α′
1 = α1 = α ∈ A

(1)
r−1 = {0, . . . , r − 1} and s(α′) = (−1)α.

It has been proven in [54] that the functions locally defined above form a basis, i.e., for the

space Vh defined in (8), it holds

Vh = span
{
φE,α : E ∈ Eh, α ∈ A

(d−1)
r−1

}
⊕ span

{
φK,β : K ∈ Th, β ∈ A

(d)
r−2

}
. (24)

The representation (24) together with (20) and (21) shows that it is sufficient to compute

the basis functions only once on the reference element and to use the reference mapping for

the definition of the basis functions on the elements K ∈ Th. This is an advantage of the

parametric version of the nonconforming elements.

Finally, we define the global interpolation operator Ih : H1(Ω) → Vh elementwisely for

each K ∈ Th by means of the reference mapping FK : K̂ → K and the operator Π̂ of § 3.2 as

Ihv
∣∣
K

(x) := Π̂
(
v ◦ FK

)(
F−1

K (x)
)

∀ x ∈ K. (25)

Due to the construction of the nodal functionals, this formally discontinuous function Ihv is

really contained in Vh.

For multilevel grids, the parametric version of the nonconforming space Vh has optimal

approximation properties. Since we have by construction that Pr(K̂) ⊂ V̂r, we can conclude

from Theorem 9 in [53] the following error estimate.

Theorem 2. Let {Th} be a family of shape-regular multilevel grids generated from a coarse

grid T 0. Then, there exists a constant C2(T
0) such that the local interpolation error estimate

|v − Ihv|m,K ≤ C2(T
0)hr+1−m

K ‖v‖r+1,K , ∀v ∈ Hr+1(Ω),

holds true for all K ∈ Th and m ∈ {0, 1}.
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3.4 The Q̃2-element in two dimensions

As the ”Q̃r-element” we will call the resulting nonconforming finite element constructed with

the degree r. Here, the local polynomial space V̂2 on the reference element K̂ = (−1, 1)2 is the

one defined in (15). Its dimension is 9, i.e., we need 9 nodal functionals to define the degrees

of freedom. Let us denote by Ei, i = 1, . . . , 4, the faces of an element K ∈ Th which are related

to the reference faces Êi of K̂, see Figure 4. We assume that these faces are numbered in a

9

6

1 5

4

7 3

28

FK

K̂

Ê1

Ê2

Ê3

Ê4 E1

E2

E3

E4 K

Figure 4: Degrees of freedom of the Q̃2-element.

counterclockwise sense. Let T̂i = T̂ bEi

: (−1, 1) → Êi denote the affine parametrization of the

reference face Êi defined in Section 3.2 and oriented in a counterclockwise sense. Furthermore,

we denote by v̂ : K̂ → R the usual reference function associated with the original function

v : K → R by the relation v̂(x̂) := v(F−1
K (x̂)) for all x̂ ∈ K̂. Using (11) and the fact that

L
(1)
0 (ξ) = 1 and L

(1)
1 (ξ) = ξ, we get the following 8 nodal functionals associated with the faces

of K

NK
i (v) := N̂i(v̂) := N̂ bEi,0

(v̂) = |Êi|
−1

∫ 1
−1 v̂

(
T̂i(ξ)

)
dξ , i = 1, . . . , 4,

NK
4+i(v) := N̂4+i(v̂) := N̂ bEi,1

(v̂) = |Êi|
−1

∫ 1
−1 v̂

(
T̂i(ξ)

)
ξ dξ , i = 1, . . . , 4.

The last nodal functionals on K we get from (13) using L
(2)
(0,0)(x̂) = 1

NK
9 (v) := N̂9(v̂) := N̂ bK,(0,0)(v̂) = |K̂|−1

∫

bK
v̂(x̂) dx̂ .

To compute the basis functions φ̂k, k = 1, . . . , 9, on the reference element K̂ we choose basis

polynomials p̂j as

{p̂1(x̂, ŷ), . . . , p̂9(x̂, ŷ)} := {1, x̂, ŷ, x̂2, x̂ŷ, ŷ2, x̂2ŷ, x̂ŷ2, x̂3ŷ − x̂ŷ3} (26)

and compute the coefficients c
(k)
j in the φ̂k-ansatz

φ̂k(x̂, ŷ) =
9∑

j=1

c
(k)
j p̂j(x̂, ŷ) (27)
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by solving the linear 9 × 9-system

9∑

j=1

N̂i(p̂j)c
(k)
j = δi,j , ∀ i = 1, . . . , 9. (28)

In order to investigate the approximation properties of the Q̃2-element we have solved on the

unit square Ω = (0, 1)2 the Poisson problem with a prescribed smooth exact solution

u(x, y) = sin(πx) sin(πy) ,

the right hand side f = −△u and corresponding Dirichlet boundary conditions. The grid

T ℓ on level ℓ ≥ 1 was generated in a first step by applying ℓ recursive uniform refinements

starting from the coarsest grid T 0, which consists of just one element K = Ω. In a second

step this multilevel grid was modified by a stochastical perturbation of the vertices of the grid

with a size of 1% until 20% of the mesh size h, see Figure 5.

Figure 5: Grids on level ℓ = 3 which are stochastically deformed with 10% (left) and 20%

(right).

Table 1 shows that the Q̃2-element works well on slightly perturbed (shape-regular) mul-

tilevel grids (perturbation < 5%) but it loses its optimal order of O(h3) in the L2-norm and

O(h2) in the H1-norm on significantly perturbed grids (perturbation ≥ 5%).

The reason for this reduction in the order of approximation of the nonconforming Q̃r-

element is the fact that for a non-affine reference mapping FK : K̂ → K, which occurs

on general shape-regular meshes, the restriction Vr(K) of the finite element space Vh to

an element K ∈ Th, defined in (2), does not contain the polynomial space Pr(K) in real

coordinates. However, it has been shown in [5] that the condition Pr(K) ⊂ Vr(K) is necessary

for optimal order of approximation.
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1% deformation 5% deformation 10% deformation 20% deformation

level L2-error factor L2-error factor L2-error factor L2-error factor

2 1.61E-02 1.63E-02 1.66E-02 1.81E-02

3 2.07E-03 7.79 2.17E-03 7.49 2.39E-03 6.96 3.19E-03 5.66

4 2.58E-04 8.02 2.69E-04 8.06 3.09E-04 7.75 5.01E-04 6.38

5 3.23E-05 7.99 3.41E-05 7.90 4.04E-05 7.65 7.32E-05 6.84

6 4.04E-06 8.00 4.29E-06 7.94 5.44E-06 7.43 1.28E-05 5.72

7 5.05E-07 8.00 5.52E-07 7.78 8.45E-07 6.43 2.78E-06 4.60

8 6.31E-08 8.00 7.52E-08 7.34 1.62E-07 5.22 6.58E-07 4.23

9 7.90E-09 7.99 1.21E-08 6.22 3.71E-08 4.36 1.64E-07 4.01

H1-error factor H1-error factor H1-error factor H1-error factor

2 2.27E-01 2.28E-01 2.30E-01 2.39E-01

3 5.60E-02 4.06 5.80E-02 3.94 6.22E-02 3.71 7.67E-02 3.12

4 1.38E-02 4.04 1.43E-02 4.05 1.60E-02 3.88 2.51E-02 3.06

5 3.46E-03 4.00 3.61E-03 3.97 4.23E-03 3.79 8.08E-03 3.10

6 8.63E-04 4.00 9.19E-04 3.93 1.26E-03 3.35 3.55E-03 2.28

7 2.16E-04 4.00 2.45E-04 3.75 4.67E-04 2.70 1.72E-03 2.07

8 5.40E-05 4.00 7.42E-05 3.31 2.06E-04 2.27 8.43E-04 2.04

9 1.35E-05 3.99 2.82E-05 2.63 1.00E-04 2.05 4.24E-04 1.99

Table 1: Discretization error u − uh of the Q̃2-element in the L2-norm and the H1-norm on

multilevel grids with stochastical deformation.

4 Robust approximation by a nonparametric version

The idea of the nonparametric version of nonconforming elements, see [60], is to choose on

each element such shape functions which are polynomial in the real coordinates. This ensures

the condition Pr(K) ⊂ Vr(K) of [5] for optimal approximation. The way to obtain polynomial

shape functions in the real coordinates is to work with an affine mapping F̃K : K̂ → K

F̃K(x̂) := cK + BK x̂ ∀x̂ ∈ K̂, (29)

which is a linearization of the usual reference mapping FK : (−1, 1)d → K with the constant

vector cK := FK(0), the Jacobi matrix BK := DFK(0) and the variable K-dependent ref-

erence element K̂ := F̃−1
K (K). The vector cK is the barycenter of the element K and the

column vectors of the matrix BK are bj
K := cj − cK , j = 1, . . . , d, where cj is the barycenter

of an associated face Ej of K, see Figure 6. The coordinates x̂j, j = 1, . . . , d, of x̂ ∈ K̂ can

be regarded as the local coordinates of the real world coordinates xj of a point x = (xj) ∈ K
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F̃K

K̂ K
x̂1

x̂2

Ê1

Ê2

Ê3

Ê4

1

1

1

-1

E1

E2

E3

E4

cK
c1

c2

Figure 6: Affine reference mapping F̃K : K̂ → K.

with

x = F̃K(x̂) = cK + b1
K x̂1 + . . . + bd

K x̂d.

Thus, for functions v̂ : K̂ → R, which are polynomial in the coordinates x̂j , the corresponding

function v : K → R with v(x) := v̂(x̂) is also polynomial in the real world coordinates xj

of x ∈ K. Moreover, the condition Pr(K) ⊂ Vr(K) for optimal approximation properties is

satisfied if the local space V̂r on the reference element satisfies the condition Pr(K̂) ⊂ V̂r.

So, in the nonparametric version of nonconfoming elements, we formally also work with a

reference mapping F̃K , but this mapping is affine in contrast to the usual mapping FK of the

parametric version. For the special case that an element is a parallelogram or a parallelepiped,

both versions are identical since here the usual multilinear reference mappping FK is affine.

In the following, we will describe the definition of the basis functions for the nonparametric

version. At first we choose polynomial basis functions p̂j : K̂ → R for the local approximation

space V̂r on the reference element K̂ := F̃−1
K (K) such that

V̂r := span{p̂j : j = 1, . . . ,m}. (30)

For the case r = 2, we would use the same polymonials as in (26) for the parametric version.

The basis function φ̂k ∈ V̂r is computed as a linear combination of the polynomials p̂j with

coefficients c
(k)
j

φ̂k(x̂) =

m∑

j=1

c
(k)
j p̂j(x̂) ∀ x̂ ∈ K̂. (31)

These m coefficients are determined by the m conditions

N̂i(φ̂k) = δi,k ∀ i = 1, . . . ,m.

The difference to the parametric version is that the nodal functionals N̂i depend on K, i.e.,

they change when the element K is changing. For a given face Ê of K̂ and a multiindex
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α ∈ A
(d−1)
r−1 , the associated nodal functional is defined by an integral over the related original

face E = F̃K(Ê), i.e.

N̂ bE,α
(v̂) := |E|−1

∫

E
v(x)L(d−1)

α

(
ξE(x)

)
dE, (32)

where ξ = ξE(x) ∈ Ud−1 denotes the parameter value associated to x ∈ E such that x = TE(ξ)

with the mapping TE : Ud−1 → E defined in (7) for the parametric version. For K̂ = F̃−1
K (K)

and a multiindex β ∈ A
(d)
r−2, the associated nodal functional is defined by an integral over the

original element K, i.e.

N̂ bK,β(v̂) := |K|−1

∫

K
v(x)L

(d)
β

(
F−1

K (x)
)
dK. (33)

The K-dependent set N̂r of nodal functionals related to K̂ is then

N̂r = {N̂i : i = 1, . . . ,m} =
{
N̂ bE,α

: Ê ∈ Ê , α ∈ A
(d−1)
r−1

}
∪

{
N̂ bK,β

: β ∈ A
(d)
r−2

}
.

In the nonparametric version, the computational costs to determine the local basis functions

for an element K ∈ Th are:

• compute the matrix N ∈ Rm×m with the entries Ni,j = N̂i(p̂j) by applying correspond-

ing Gaussian integration formulas to (32) and (33).

• compute the matrix of coefficients C ∈ Rm×m with the entries Ci,j = c
(j)
i for the basis

functions φ̂k defined in (31) by C = N−1.

• evaluate the basis functions φ̂k, k = 1, . . . ,m, at all Gaussian integration points x̂(j) ∈

K̂ = F̃−1
K (K) for assembling the local element matrix and right hand side vector of the

discretization.

In the parametric version, since the reference element K̂ = (−1, 1)d is fixed here for all

elements K ∈ Th, the local basis functions φ̂k as well as the Gaussian integration points on

K̂ do not change for different elements such that the values of the basis functions at the

integration points can be precomputed before starting the assembling process. Thus, the

increased computational costs of the nonparametric version are a disadvantage compared to

the parametric version. The main advantage of nonparametric elements is that they guarantee

optimal approximation properties for general shape-regualr meshes. This will be shown in

Table 3 below. In the following, we will call the nonparametric nonconforming finite element

of degree r as the ”Q̃n
r -element”.
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5 Robust approximation by nonconforming bubble functions

Our aim is, on the one hand, to use the parametric version due to its lower computational costs

and, on the other hand, to avoid the reduction in the order of approximation on general shape-

regular grids. The following idea seems to be a good compromise to achieve both. We add on

each element one ore more nonconforming bubble functions such that the polynomial space

Qr(K̂) is a subspace of the local approximation space V̂r on the reference element. Then, the

resulting nonconforming finite element space Vh contains as a subspace the global conform-

ing Qr space which guarantees optimal approximation properties on general shape-regular

meshes. The additional computational costs are relatively small since the nonconforming

bubble functions can be eliminated during the assembling process by static condensation. We

will call the resulting nonconforming finite element as the ”Q̃b
r-element”.

5.1 The Q̃b
2-element in the 2D-case

In the two-dimensional case with r = 2, we only need one additional nonconforming bubble

function. In order to achieve the property Q2(K̂) ⊂ V̂ b
2 we add to the space V̂2 of the

Q̃2-element the polynomial p̂10(x̂, ŷ) = x̂2ŷ2 such that

V̂ b
2 := P2(K̂) ⊕ span{x̂2ŷ, x̂ŷ2, x̂2ŷ2, x̂3ŷ − x̂ŷ3} = span{p̂1, . . . , p̂10}. (34)

As the basis functions φ̂k of V̂2 we choose the basis functions φ̂1, . . . , φ̂9 of the parametric

Q̃2-element and the function φ̂10 defined by

φ̂10(x̂, ŷ) := p̂10(x̂, ŷ) −
9∑

j=1

N̂j(p̂10)φ̂j(x̂, ŷ).

Obviously, it holds N̂i(φ̂10) = 0 for all i = 1, . . . , 9, such that the function φ̂10 is a nonconform-

ing bubble function since it is zero in an intgral sense on the boundary faces of K̂. Therefore,

the additional nonconforming bubble functions do not reduce the order of the consistency

error.

The following numerical results confirm that the new Q̃b
2-element has optimal approxima-

tion properties on general shape-regular grids. The test problem is the same as for Table 1.

Table 2 shows that the Q̃b
2-element works well with optimal order of O(h3) in the L2-norm

and O(h2) in the H1-norm on all considered grids. For a grid deformation of 20%, Table 3

presents the discretization errors in the L2-norm for the Q2-element, the parametric noncon-

forming Q̃2-element, the new Q̃b
2-element and the nonparametric Q̃n

2 -element. Except for the

Q̃2-element, all elements have nearly the same optimal approximation properties. Table 4

shows the analogous results for the H1-norm.
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1% deformation 5% deformation 10% deformation 20% deformation

level L2-error factor L2-error factor L2-error factor L2-error factor

2 1.61E-02 1.62E-02 1.66E-02 1.80E-02

3 2.07E-03 7.77 2.17E-03 7.48 2.39E-03 6.96 3.17E-03 5.69

4 2.58E-04 8.02 2.69E-04 8.07 3.05E-04 7.82 4.68E-04 6.78

5 3.23E-05 7.99 3.40E-05 7.91 3.95E-05 7.73 6.37E-05 7.35

6 4.04E-06 8.00 4.25E-06 7.99 4.95E-06 7.98 7.93E-06 8.02

7 5.05E-07 8.00 5.33E-07 7.98 6.23E-07 7.94 1.01E-06 7.85

8 6.31E-08 8.00 6.67E-08 7.99 7.81E-08 7.97 1.27E-07 7.93

9 7.89E-09 8.00 8.34E-09 7.99 9.79E-09 7.98 1.60E-08 7.95

H1-error factor H1-error factor H1-error factor H1-error factor

2 2.26E-01 2.27E-01 2.30E-01 2.40E-01

3 5.59E-02 4.04 5.79E-02 3.92 6.20E-02 3.70 7.62E-02 3.15

4 1.38E-02 4.04 1.43E-02 4.05 1.57E-02 3.96 2.12E-02 3.58

5 3.46E-03 4.00 3.59E-03 3.98 3.99E-03 3.93 5.59E-03 3.80

6 8.63E-04 4.00 8.98E-04 4.00 1.00E-03 3.98 1.41E-03 3.95

7 2.16E-04 4.00 2.25E-04 3.99 2.52E-04 3.98 3.57E-04 3.95

8 5.40E-05 4.00 5.62E-05 4.00 6.32E-05 3.99 9.00E-05 3.97

9 1.35E-05 4.00 1.41E-05 4.00 1.58E-05 3.99 2.26E-05 3.98

Table 2: Approximation properties of the new Q̃b
2-element.

Q2 Q̃2 Q̃b
2 Q̃n

2

level L2 factor L2 factor L2 factor L2 factor

2 1.68E-02 1.80E-02 1.80E-02 1.75E-02

3 3.03E-03 5.5457 3.19E-03 5.6602 3.17E-03 5.6895 3.00E-03 5.8454

4 4.42E-04 6.8580 5.00E-04 6.3787 4.67E-04 6.7802 4.38E-04 6.8514

5 6.07E-05 7.2860 7.31E-05 6.8421 6.36E-05 7.3470 6.02E-05 7.2851

6 7.54E-06 8.0525 1.28E-05 5.7177 7.93E-06 8.0236 7.40E-06 8.1254

7 9.58E-07 7.8659 2.78E-06 4.6028 1.01E-06 7.8532 9.45E-07 7.8347

8 1.20E-07 7.9327 6.57E-07 4.2301 1.27E-07 7.9334 1.19E-07 7.9440

9 1.52E-08 7.9433 1.63E-07 4.0138 1.60E-08 7.9535 1.49E-08 7.9455

10 1.89E-09 8.0218 4.11E-08 3.9773 1.99E-09 8.0144 1.86E-09 8.0382

Table 3: L2-errors and error reduction factors with respect to the previous grid level on grids

with 20% deformation.
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Q2 Q̃2 Q̃b
2 Q̃n

2

level H1 factor H1 factor H1 factor H1 factor

2 2.18E-01 2.39E-01 2.39E-01 2.40E-01

3 7.16E-02 3.0553 7.66E-02 3.1177 7.61E-02 3.1504 7.30E-02 3.2866

4 1.99E-02 3.5895 2.50E-02 3.0599 2.12E-02 3.5847 2.00E-02 3.6394

5 5.27E-03 3.7843 8.07E-03 3.1019 5.58E-03 3.8034 5.29E-03 3.7885

6 1.33E-03 3.9527 3.54E-03 2.2782 1.41E-03 3.9519 1.33E-03 3.9814

7 3.37E-04 3.9529 1.71E-03 2.0672 3.57E-04 3.9540 3.36E-04 3.9511

8 8.50E-05 3.9719 8.42E-04 2.0356 8.99E-05 3.9723 8.46E-05 3.9778

9 2.13E-05 3.9822 4.23E-04 1.9880 2.25E-05 3.9843 2.12E-05 3.9819

10 5.33E-06 3.9988 2.13E-04 1.9830 5.65E-06 3.9961 5.30E-06 4.0047

Table 4: H1-errors and error reduction factors with respect to the previous grid level on grids

with 20% deformation.

5.2 Error analysis

For simplicity of the presentation, we restrict the analysis to the two-dimensional Poisson

equation: Find u : Ω → R such that

−△u = f in Ω,

u = 0 on ∂Ω,
(35)

where Ω ⊂ R2 is a domain with polygonal boundary and f ∈ L2(Ω) a given function. The

weak formulation of this problem reads: Find u ∈ H1
0 (Ω) such that

a(u, v) := (∇u,∇v)Ω = (f, v)Ω ∀v ∈ H1
0 (Ω). (36)

On the space H1,h(Ω) defined in (3), we introduce the seminorm

|v|1,h :=
( ∑

K∈Th

|v|21,K

)1/2
(37)

and the discrete version of the bilinear form a(·, ·)

ah(u, v) :=
∑

K∈Th

(∇u,∇v)K ∀u, v ∈ H1,h(Ω). (38)

Let Vh be the finite element space related to the Q̃b
r-element and V0,h the subspace with

discrete homogeneous boundary conditions defined by (10) with g = 0. Then, the discrete

problem reads: Find uh ∈ V0,h such that

ah(uh, vh) = (f, v)Ω ∀vh ∈ V0,h. (39)

The new nonconforming Q̃b
r-element has the following approximation properties.
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Lemma 3. Let {Th} be a family of shape-regular grids and Vh the finite element space of the

nonconforming Q̃b
r-element which is defined by (8) with the local space Vh(K) derived by (2)

from a reference space V̂r of some order r ≥ 1 such that Qr(K̂) ⊂ V̂r. Then, there exists

an interpolation operator Ih : H2(Ω) → Vh such that the local estimate of the approximation

error

|v − Ihv|m,K ≤ C hr+1−m
K |v|r+1,K , ∀v ∈ Hr+1(Ω), (40)

holds true for all K ∈ Th and m ∈ {0, 1}. Moreover, for a function v ∈ H2(Ω) ∩ H1
0 (Ω), it

holds Ihv ∈ V0,h.

Proof. Let v ∈ Hr+1(Ω) be given and Ihv ∈ C(Ω) the standard interpolate of the function v

in the classical conforming finite element space of type Qr. Then, with the reference mapping

FK : K̂ → K it holds

Ihv|K ◦ FK ∈ Qr(K̂) ⊂ V̂r.

Since Ihv is continuous, the compatibility property (6) is satisfied for Ihv. Due to (8), this

implies Ihv ∈ Vh. The estimate (40) follows from the well known approximation properties

of the conforming finite element space of type Qr. For a function v ∈ H2(Ω) ∩ H1
0 (Ω), the

conforming interpolate Ihv is zero at the boundary of Ω which implies Ihv ∈ V0,h.

In the following, we prove an optimal estimate of the discretization error in the broken

energy norm | · |1,h. Note that the seminorm defined in (37) is a norm on the subspace V0,h.

Theorem 4. Let {Th} be a family of shape-regular grids and V0,h the finite element space of

the nonconforming Q̃b
r-element with discrete homogeneous boundary conditions where r ≥ 1.

Assume that the solution u ∈ H1
0 (Ω) of problem (36) has the regularity property u ∈ Hr+1(Ω).

Then, the solution uh ∈ V0,h of the discrete problem (39) satisfies the error estimate

|u − uh|1,Ω ≤ C hr|u|r+1,Ω. (41)

Proof. Let Ihu ∈ V0,h be the interpolate from Lemma 3 and vh := Ihu − uh ∈ V0,h. Then we

have

|vh|
2
1,h = ah(vh, vh) = ah(u, vh) − (f, vh)Ω︸ ︷︷ ︸

=: e(u, vh)

+ ah(Ihu − u, vh). (42)

In the following, we will estimate the consistency error functional e(u, ·). Partial integration

yields

e(u, vh) =
∑

K∈Th

∑

E∈E(K)

〈
nK

E · ∇u, vh

〉
E

=
∑

E∈Eh

〈nE · ∇u, [vh]E 〉E︸ ︷︷ ︸
=: eE(u, vh)
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where, for boundary edges E ∈ Eb
h, we define [vh]E (x) := vh|K(E)(x) for all x ∈ E. In our

two-dimensional case, the new compatibility condition (6) is equivalent to the usual one in (5),

i.e., we have ∫

E
q [vh]E dγ = 0 ∀E ∈ Eh ∀q ∈ Pr−1(E). (43)

In order to estimate eE(u, vh) we define on element K(E) the polynomial q ∈ Pr−1(K(E)) as

the local L2-projection of the function w := nE · ∇u. Then, the compatibility condition (43)

yields

eE(u, vh) = 〈w − q, [vh]E 〉E ≤ ‖w − q‖0,E ‖ [vh]E ‖0,E .

Let K ∈ Th be an element with the edge E. By standard arguments, like transformation to

the reference element K̂, trace theorem on K̂ and back-transformation, we get the estimate

‖v‖0,E ≤ Ch
1/2
K |v|1,K + Ch

−1/2
K ‖v‖0,K ∀v ∈ H1(K). (44)

This implies by means of standard interpolation estimates for the L2-projection

‖w − q‖0,E ≤ Ch
1/2
K |w − q|1,K(E) + Ch

−1/2
K ‖w − q‖0,K(E) ≤ Chr−1/2|u|r+1,K(E).

Let vE denote the trace of the local function vh|K(E) on edge E and, for an inner edge E, v′E

the trace of vh|K ′(E) on E. For the integral mean value cE of vE , it holds due to (43)

cE := |E|−1

∫

E
vE dγ = |E|−1

∫

E
v′E dγ.

Standard estimates for the constant mean value approximation together with (44) yield

‖vE − cE‖0,E ≤ Ch1/2|vh|1,K(E) and ‖v′E − cE‖0,E ≤ Ch1/2|vh|1,K ′(E)

such that

‖ [vh]E ‖0,E ≤ ‖vE − cE‖0,E + ‖v′E − cE‖0,E ≤ Ch1/2
(
|vh|1,K(E) + |vh|1,K ′(E)

)
.

In the case of a boundary edge E ∈ Eb
h, we assume that K ′(E) is the empty set. Thus, we

obtain

|eE(u, vh)| ≤ Chr|u|r+1,K(E)

(
|vh|1,K(E) + |vh|1,K ′(E)

)
.

If we take the sum over all edges E ∈ Eh and apply the Cauchy-Schwarz inequality we get

|e(u, vh)| ≤ Chr |u|r+1,Ω |vh|1,h.

The last term in (42) can be estimated by means of Lemma 3 as

ah(Ihu − u, vh) ≤
∑

K∈Th

Chr
K |u|r+1,K |vh|1,K ≤ Chr|u|r+1,Ω |vh|1,h
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which implies for vh = Ihu − uh

|vh|1,h ≤ Chr|u|r+1,Ω.

Using the triangle inequality, we finally obtain |u−uh|1,h ≤ |u−Ihu|1,h+|vh|1,h ≤ Chr|u|r+1,Ω.

Let us note that, for a convex domain Ω, we can prove by means of the well-known duality

argument the following optimal L2-norm estimate

‖u − uh‖0,Ω ≤ Chr+1|u|r+1,Ω. (45)

6 Multigrid solver for higher order elements

In addition to the good numerical robustness w.r.t. mesh deformation, the proposed higher

order elements admit the application of efficient multigrid solvers, too. In the following, we

shortly discuss the multigrid behaviour and provide convergence results for corresponding

Poisson problems with given analytical solutions and homogeneous Dirichlet boundary con-

ditions, on the unit square as well as on a more complex ‘flow around cylinder’ configuration

(Fig. 7) which will be the basis for the subsequent Navier-Stokes calculations. The resulting

hierarchies of finer meshes are again recursively obtained by connecting opposite midpoints

on the coarser level. If elements at a curved boundary part are refined, the new vertices are

moved to the boundary. The subsequent results for solving the Poisson problems, discretized

Figure 7: Geometry and coarse grid (level 1) for the ‘flow around cylinder’ configuration.

with Q̃2- and Q̃b
2-elements, on the unit square (see Table 5) as well as on the ‘channel geome-

try’ (see Table 6) show the resulting multigrid iteration steps (MG-Iter) and the convergence

rates (MG-Rho) for different refinement levels to gain 5 digits. We apply a standard geomet-

rical multigrid approach which uses the corresponding full order finite element interpolate for
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the prolongation (see [43]) and the transposed matrix for the restriction operator. The results

show the expected level-independent convergence behaviour in Table 5 and 6. Moreover, we

demonstrate the corresponding convergence behaviour for different standard smoothing op-

erators in Table 7 for the more complex ‘flow around cylinder’ configuration which illustrates

the well-known superior convergence behaviour of ILU-type smoothers.

Q̃2 (without bubble)

V-cycle F-cycle

Level MG-Iter MG-Rho MG-Iter MG-Rho

4 5 8.187E-02 5 7.847E-02

5 5 9.917E-02 5 7.405E-02

6 6 1.137E-01 5 7.196E-02

7 6 1.192E-01 5 7.169E-02

8 6 1.229E-01 5 7.166E-02

9 6 1.258E-01 5 7.165E-02

10 6 1.280E-01 5 7.165E-02

Q̃b
2 (with bubble)

V-cycle F-cycle

Level MG-Iter MG-Rho MG-Iter MG-Rho

4 5 8.328E-02 5 7.584E-02

5 5 9.944E-02 5 7.984E-02

6 6 1.125E-01 5 8.027E-02

7 6 1.179E-01 5 8.032E-02

8 6 1.216E-01 5 8.033E-02

9 6 1.245E-01 5 8.033E-02

10 6 1.267E-01 5 8.033E-02

Table 5: Multigrid convergence (with 2 SOR smoothing steps) on the unit square.

Currently, we are extending the ideas in [43], where optimal (superlinear) convergence

of multigrid solvers for conforming quadratic FEM has been shown, to the case of the pro-

posed nonconforming higher order elements. The corresponding theoretical and numerical

analysis w.r.t. optimal grid transfer operators and the use of adaptive step-lenght-correction

of the coarse grid solutions (which is standard for nonconforming FEM) together with nu-

merical studies of the resulting convergence behaviour on much more complex domains and

computational meshes will be the subject of a forthcoming paper.
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Q̃2 (without bubble)

V-cycle F-cycle

Level MG-Iter MG-Rho MG-Iter MG-Rho

3 13 4,071E-01 13 4,074E-01

4 13 4,042E-01 13 4,025E-01

5 13 4,016E-01 12 3,773E-01

6 13 4,046E-01 11 3,477E-01

7 13 4,057E-01 11 3,317E-01

Q̃b
2 (with bubble)

V-cycle F-cycle

Level MG-Iter MG-Rho MG-Iter MG-Rho

3 13 4,071E-01 13 4,074E-01

4 13 4,042E-01 13 4,025E-01

5 13 4,014E-01 12 3,773E-01

6 13 4,043E-01 11 3,477E-01

7 13 4,054E-01 11 3,317E-01

Table 6: Multigrid convergence (with 2 SOR smoothing steps) on the ‘flow around cylinder’

configuration.

Jacobi SOR ILU(0)

Level MG-Iter MG-Rho MG-Iter MG-Rho MG-Iter MG-Rho

2 26 6.406E-01 13 3.934E-01 4 2.801E-02

3 30 6.763E-01 14 4.331E-01 5 5.852E-02

4 29 6.706E-01 14 4.283E-01 4 5.605E-02

5 27 6.526E-01 13 4.044E-01 4 5.540E-02

6 25 6.298E-01 12 3.755E-01 4 5.448E-02

7 23 6.035E-01 11 3.441E-01 5 6.694E-02

Table 7: Multigrid behaviour for the Poisson problem with Q̃b
2-elements for different smooth-

ing operators (2 smoothing steps) on the ‘flow around cylinder’ configuration.
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7 Application to incompressible flow problems

Finally, we demonstrate the high potential of these new nonconforming finite elements for

the simulation of incompressible flow problems which due to the well-known LBB-condition

require special finite element pairs for discretizing velocity and pressure. As explanined in the

introduction, discontinuous pressure approximations together with edge, resp., face-oriented

velocity ansatz spaces promise some advantageous behaviour regarding efficient solvers, par-

ticularly for highly nonstationary flows.

As a first test case, we consider the standard ‘flow around cylinder’ benchmark at Reynolds

number Re=20 (see [73] for the details) with the computational meshes of the previous section.

Here, we use the nonconforming Q̃2-elements for the velocity, and discontinuous, piecewise

linear elements (Pdc
1 ) for the pressure approximations. Table 8 shows the typical multigrid

behaviour for solving the resulting Oseen equations inside of an outer fixed-point iteration

which is based on the Vanka smoother (see [70, 72]). Table 9 provides the corresponding

results for the drag and lift values as essential quantities of the underlying benchmarking

configuration. It clearly shows the high order accuracy of these new finite elements.

Q̃2 / Pdc
1

V-cycle F-cycle

level MG-Iter MG-Rho MG-Iter MG-Rho

2 5 8,022E-02 5 8,022E-02

3 6 1,209E-01 5 9,486E-02

4 7 1,651E-01 5 8,852E-02

5 8 2,181E-01 5 8,195E-02

Q̃b
2 / Pdc

1

V-cycle F-cycle

level MG-Iter MG-Rho MG-Iter MG-Rho

2 5 8,041E-02 5 8,041E-02

3 6 1,212E-01 5 9,514E-02

4 7 1,655E-01 5 8,858E-02

5 8 2,186E-01 5 8,203E-02

Table 8: Multigrid iterations and convergence rates (4 smoothing steps with the Vanka

smoother) for the Oseen equations on the ‘flow around cylinder’ geometry.
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Q̃1 / Pdc
0 Q̃b

2 / Pdc
1 Q2 / Pdc

1

level drag lift drag lift drag lift

1 1.97E-01 2.13E-00 4.19E-02 7.93E-01 4.45E-02 5.47E-01

2 3.88E-02 4.19E-01 7.72E-03 2.14E-01 1.42E-02 1.51E-01

3 4.51E-03 2.15E-01 3.14E-03 4.27E-02 3.92E-03 1.82E-02

4 3.39E-03 1.18E-01 8.63E-04 1.07E-02 9.92E-04 5.12E-03

5 2.17E-03 5.46E-02 - - - -

6 1.25E-03 2.36E-02 - - - -

7 6.82E-04 1.02E-02 - - - -

Table 9: Relative errors for the drag and lift values w.r.t. the reference values ‘drag(ref)’ ≈

5.5796 and ‘lift(ref)’ ≈ 0.0106 for the ‘flow around cylinder’ benchmark problem at Re=20

(see [73] for the details).

In the following tests, we consider the case of convection dominated flow, for instance for

medium and particularly high Re numbers, in combination with FEM methods. Then, numer-

ical difficulties arise since the standard Galerkin formulation usually may lead to numerical

oscillations and to convergence problems of the iterative solvers. Among the stabilization

methods existing in the literature for these types of problems, especially for higher order

finite elements, we use the edge-oriented FEM stabilization (EO-FEM) proposed in [71] which

is based on the penalization of the gradient jumps over element boundaries [13]. In the 2D-

case, the additional stabilization term Ju, acting only on the velocity u in the momentum

equations, takes the following form (with hE = |E|)

〈Ju,v〉 =
∑

edge E

max(γ
1

Re
hE , γ∗h2

E)

∫

E
[∇u]E : [∇v]E ds, (46)

and can be simply added to the original bilinear form. Due to the linear character of this

stabilization technique, efficient Newton-type and multigrid solvers can be quite easily applied

to this kind of stabilization techniques (see [71] for more details, particularly regarding the

parameters γ and γ∗). They have been applied also in the subsequent numerical tests.

As the test problem, we consider the well-known ‘Standing Vortex’ problem [33], in which

case the incompressible Navier-Stokes equations for inviscid flow (Re = ∞)

∂u

∂t
+ u · ∇u + ∇p = 0, ∇ · u = 0 in Ω × (0, T ), u(0) = u0 , (47)

are solved in the unit square Ω = (0, 1)2. The initial value u0 is an axially symmetric vortex

which also represents the exact steady-state solution. In polar coordinates, the velocity u can
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be decomposed into the radial component ur and the angular component uθ. For the initial

value u0 they are given by

ur = 0, uθ =





5r, r < 0.2,

2 − 5r, 0.2 ≤ r ≤ 0.4,

0, r > 0.4,

(48)

where r =
√

(x − 0.5)2 + (y − 0.5)2 denotes the distance from the center of Ω. We aim

with the following simulations to check the robustness and accuracy of the edge-oriented

stabilization in combination with the underlying finite element space in preserving the original

vortex. Therefore, the numerical results produced by the different types of FEM spaces

with edge-oriented stabilization techniques are compared with the exact solution in Fig. 8.

They were obtained at T = 3 (‘three rotations’) on a successively refined mesh consisting

of equidistant quadrilateral cells. It is obvious from these tests that the first order finite

elements require at least two, resp., three more mesh refinements to produce similar results

as obtained with the higher order nonconforming or conforming finite elements which capture

the essential flow features at rather coarse level, without spurious numerical oscillations.

8 Conclusions

In this paper, we have discussed second order nonconforming finite elements as members

of a new family of higher order approaches. As typical for nonconforming finite elements,

numerical problems arise on perturbed grids which are still shape regular but which consist

no longer of asymptotically affine equivalent mesh cells. As a remedy, we presented two

new approaches via nonparametric basis functions (Q̃n
2 -element) as well as via additional

nonconforming cell bubble functions (Q̃b
2-element). For the last approach, we have proven

optimal order of the approximation error and optimal estimates for the discretization error

in the case of the Poisson problem. Moreover, we have discussed corresponding geometrical

multigrid solvers which are based on the canonical full order grid transfer operators together

with standard smoothing operators. Finally, we have shown prototypical numerical results

for the incompressible Navier-Stokes equations, illustrating the high accuracy of the new

Q̃b
2-element for a standard laminar flow configuration as well as for a convection dominated

case in combination with special edge-oriented stabilization techniques. As a summary, the

presented results illustrate that the proposed FEM-multigrid approaches appear to be very

advantageous candidates for flow simulation tools which we currently extend to more complex

flow situations in the 2D- as well as in the 3D-case.
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Figure 8: Cutline at y=0.5 of the y-velocity component for the ‘Standing Vortex’ example

with EO-FEM stabilization for the different elements Q̃1/P0 (LEFT), Q̃2/Pdc
1 (MIDDLE) and

the conforming Q2/Pdc
1 (RIGHT) on three different mesh levels.
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Figure 9: L2-norm of the error and kinetic energy for the ‘Standing Vortex’ example with

EO-FEM for Q̃1/P0-, Q̃2/Pdc
1 - and Q2/Pdc

1 -elements on two different mesh levels.
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chungen. Otto-von-Guericke-Universität Magdeburg, Fakultät für Mathematik, 1996.

Habilitation.

http://www-ian.math.uni-magdeburg.de/∼schiewec/papers.html.

[63] F. Schieweck. A posteriori error estimates with post-processing for nonconforming finite

elements. Math. Modelling and Numerical Analysis, 36(3):489–503, 2002.

[64] F. Schieweck and L. Tobiska. A nonconforming finite element method of upstream type

applied to the stationary Navier–Stokes equation. Math. Modelling and Numerical Anal-

ysis, 23(4):627–647, 1989.

[65] F. Schieweck and L. Tobiska. An optimal order error estimate for an upwind discretization

of the Navier–Stokes equations. Numerical Methods for Partial Differential Equations,

12(407):421, 1996.

[66] P. Schreiber. A New Finite Element Solver for the Nonstationary Incompressible Navier–

Stokes Equations in Three Dimensions. PhD thesis, Universität Heidelberg, 1996.

[67] D. Shi, S. Mao, and S. Chen. An anisotropic nonconforming finite element with some

superconvergence results. J. Comput. Math., 23(3):261–274, 2005.

[68] D. Shi and Y. Zhang. A nonconforming anisotropic finite element approximation with

moving grids for Stokes problem. J. Comput. Math., 24(5):561–578, 2006.

[69] M. Stynes and L. Tobiska. The streamline-diffusion method for nonconforming Q1rot-

elements on rectangular tensor product meshes. IMA Journal of Numerical Analysis,

21:123–142, 2001.

[70] S. Turek. Efficient solvers for incompressible flow problems. Lecture Notes in Computa-

tional Science and Engineering. Springer, Berlin, 1999. volume 6.

[71] S. Turek and A. Ouazzi. Unified edge–oriented stabilization of nonconforming FEM for

incompressible flow problems: Numerical investigations. Journal of Numerical Mathe-

matics, 15(4):299–322, 2007.

[72] S. Turek, A. Ouazzi, and R. Schmachtel. Multigrid methods for stabilized nonconforming

finite elements for incompressible flow involving the deformation tensor formulation.

Journal of Numerical Mathematics, 10:235–248, 2002.
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