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Positivity for perturbations

of polyharmonic operators with

Dirichlet boundary conditions in two dimensions.

Hans-Christoph Grunau and Guido Sweers

Abstract

Higher order elliptic partial differential equations with Dirichlet boundary con-
ditions in general do not satisfy a maximum principle. Polyharmonic operators on
balls are an exception. Here it is shown that inR2 small perturbations of polyhar-
monic operators and of the domain preserve the maximum principle. Hence the
Green function for the clamped plate equation on an ellipse with small eccentricity
is positive.

Keywords: maximum principle, polyharmonic, higher order elliptic, Green
function, clamped plate equation

1 Historical comments and the main result

Maximum and comparison principles have proved to be a powerful tool in the theory
of second order elliptic differential equations. So, for a better understanding of higher
order elliptic differential equations it is an obvious step to investigate the question
whether similar results do exist there. That is, ifΩ is an appropriate bounded domain,
does a functionu that satisfies the higher order elliptic differential inequalityLu ≥ 0,
with zero Dirichlet boundary condition, have a fixed positive sign? As an example one
may think of the clamped plate equation{

∆2u = f in Ω,

u|∂Ω = ∂
∂nu|∂Ω = 0.

Here the question can be rephrased as:

For which shapes does upwards pushing imply upwards bending?

The pushing resp. bending is denoted byf, resp.u andΩ ⊂ R2 is the shape.

Throughout this paper only two dimensional domainsΩ ⊂ R2 will be considered,
if nothing different is stated. We have to leave the question open, whether the results
of the present paper can be generalized to higher dimensions.

Boggio [3] (1901) and Hadamard [13] (1908) conjectured that in arbitrary reason-
able domainsΩ, f ≥ 0 impliesu ≥ 0. Boggio in [4] could show this in case of the
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ball (Ω = B = unit ball). Furthermore, for any polyharmonic operator,(−∆)m
, and

ballsB ⊂ Rn, he calculated the Green functionGm,n (·, ·) for the Dirichlet problem
and showed thatGm,n (·, ·) > 0 in B2. In 1909 Hadamard [14] already knew, that the
positivity conjecture is false in annuli with small inner radius. But he, and also Boggio,
as Hadamard mentioned, believed, that there is no serious doubt, that Green’s function
should be positive at least in convex domains.

Starting about 40 years later, numerous counterexamples [5], [6], [8], [9], [16],
[17], [18], [22], [24] disprove the Boggio-Hadamard conjecture. The most striking
examples have been found by Coffman, Duffin and Garabedian. For example, Garabe-
dian ([9], see also [10, p. 275]) found that in an ellipse inR2, with the ratio of the
half axes' 2, the Green function for the biharmonic operator∆2 changes sign (for an
elementary proof, see also [22]). Coffman and Duffin [6] could show the same result,
i.e. change of sign of Green’s function, in rectangles, including the square. That means
that neither in arbitrarily smooth, uniformly convex domains nor in rather symmetric
domains, we may expect Green’s function to be positive. Things are still worse: even
the first Dirichlet-eigenfunction of∆2 need not be unique and of one sign, see [5], [16].

In a recent paper [12] we could show that a polyharmonic operator in a ball which
is slightly perturbed in the lower order terms still has the positivity preserving property
mentioned above. In the present paper we shall show that in two dimensions one can
even allow some small perturbation in the highest order term of the operator as well as
in the shape of the domain and still has the positivity preserving property.

The higher order elliptic problem that we consider is{
Lu ≥ 0 in Ω,
Dmu = 0 on∂Ω,

(1)

where

L =

− ∑
1≤i≤j≤2

aij (x)
∂

∂xi

∂

∂xj

m

+
∑

|α|≤2m−1

bα (x)
(

∂

∂x1

)α1
(

∂

∂x2

)α2

, (2)

aij ∈ C2m−1,γ(Ω), bα ∈ C0,γ(Ω) andDmu = 0 on∂Ω is the zero Dirichlet boundary
condition: (

∂

∂x

)α

u|∂Ω = 0 for all α with |α| ≤ m− 1.

For the sake of easy statement we define closeness of domains and operators.

Definition 1.1 Let ε > 0. We call Ω ε-close inCk,γ-sense toΩ∗, if there exists a
Ck,γ-mappingg : Ω∗ → Ω such thatg

(
Ω∗
)

= Ω and

‖g − Id‖Ck,γ(Ω∗) ≤ ε.
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Remark 1. For convexΩ∗, k ≥ 1 andε small we easily find thatg is bijective
and even thatg−1 ∈ Ck,γ(Ω), ||g−1 − Id||Ck,γ(Ω) = O(ε). Local injectivity follows
directly. SinceΩ∗ is assumed to be convex, we find

|g (x)− g (y)| ≥ |x− y| − |g (x)− x− (g (y)− y)| ≥

≥ |x− y| −
∥∥(g − Id)′

∥∥
C0 |x− y| ≥ (1− ε) |x− y| ,

implying thatg is globally injective.

Definition 1.2 Let ε > 0 and letL be as above. We call the operatorL ε-close in
Ck,γ-sense to(−∆)m onΩ, if additionallyaij ∈ Ck,γ(Ω) and

‖aij − δij‖Ck,γ(Ω) ≤ ε,

‖bα‖C0(Ω) ≤ ε.

Remark 2. Forε small,L is uniformly elliptic.

Our main result shows that it is the large deviation from the constant flexure of the ball
that yields a change of sign for the Green function:

Theorem 1.3 There existsε0 = ε0(m) > 0 such that, forε ∈ [0, ε0) we have: If
∂Ω ∈ C2m,γ , Ω is ε-close inC2m-sense toB andL is ε-close inC2m−1,γ-sense to
(−∆)m onΩ, then everyu 6≡ 0 that satisfies(1) is strictly positive inΩ.

Remark 3. In principle ε0 = ε0(m) could be calculated explicitly. We expect
ε0(m) ↘ 0 asm→∞.

The theorem will be proven in two steps. First we will assumeaij = δij and con-
sider “small” perturbations of the domain, see Section 2. This result and the theory of
canonical forms will allow for perturbations of the leading coefficients of the operator
too, see Section 3.

Corollary 1.4 LetEε =
{
(x1, x2) ;x2

1 + (1 + ε)x2
2 ≤ 1

}
denote ellipses close to the

unit ball. There existsεm > 0 such that for all|ε| ≤ εm the Green function is positive
for {

(−∆)m
u = f in Eε,

Dmu = 0 on∂Eε.

Remark 4. In 1951 Garabedian showed in [9] (see also [10, p. 275]) that the Green
function on some eccentric ellipses (ratio of half axes≈ 2 for m = 2) changes sign.
Our Corollary answers the question whether the Green function changes sign on any
ellipse that is not a ball.
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2 Domain perturbations

Throughout the rest of this paper we may assumem > 1.
We take the crucial lemma from our previous paper [12, sect. 5], which has been

proved by means of Green’s function estimates.

Lemma 2.1 There is aδ0 = δ0(m) > 0 such that the following holds. LetΩ be
a simply connected, bounded smoothC2m,γ-domain,L be as in Theorem1.3 with
aij = δij . Leth : B → Ω be a biholomorphic mapping withh ∈ C2m,γ(B), h−1 ∈
C2m,γ(Ω).

If
||h− Id||C2m−1(B) ≤ δ0,

||bα||C0(Ω) ≤ δ0,

for |α| < 2m, then the Green function ofL in Ω under homogeneous Dirichlet bound-
ary conditions is positive.

Remark 1. The existence of holomorphic mappings with qualitative properties as
in the lemma is ensured by theorems of Riemann and Warschawski, see [19].

Remark 2.An explicit conformal mapping from the unit ball to any ellipse is given
in the note of H. A. Schwarz [21]. So one could think that Corollary 1.4 above could
be proven by an explicit analysis of this mapping. But, since elliptic functions are
involved, this seems to be at least very difficult.

This example shows the need for a notion of closeness of domains as in Definition
1.1. Such a condition may be checked more easily.

Theorem 1.3 withaij = δij will be proven, if we can show thatC2m-closeness to the
ball with respect to differentiable mappings implies alsoC2m−1-closeness with respect
to holomorphic mappings.

Proposition 2.2 Let δ0 be given. Then there is someε0 = ε0(δ0,m) > 0, such that
for ε ∈ [0, ε0) we have the following.
If theC2m,γ-domainΩ is ε-close inC2m-sense toB, then there is a biholomorphic
mappingh : B → Ω, h ∈ C2m,γ(B), h−1 ∈ C2m,γ(Ω) with

||h− Id||C2m−1(B) ≤ δ0.

Proof. Let g : B → Ω be a mapping according to Definition 1.1 such that
||g − Id||C2m(B) < ε. The numberε is assumed to be small enough. According
to [7], cf. also [23, sect. 4.2], the holomorphic mappingh−1 : Ω → B, which has the
desired qualitative properties, may be constructed in the following way. First set

w(x) := 2πG(x, 0).
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HereG is the Green function for−∆ in Ω under homogeneous Dirichlet condition.
Next define the conjugate harmonic function

w∗(x) :=
∫ x

1/2

(
− ∂

∂ξ2
w (ξ) dξ1 +

∂

∂ξ1
w (ξ) dξ2

)
,

where the integral is taken with respect to any curve from1
2 to x in Ω \ {0}. w∗ is well

defined up to multiples of2π. One finds thath−1 is well defined by

h−1(x) := exp (−w (x)− iw∗ (x)) for x ∈ Ω,

whereR2 andC are identified. The functionh−1 maps0 onto0 and the point12 some-
where into the positive real half-axis. Moreover, forx ∈ ∂Ω we find that

∣∣h−1(x)
∣∣ =

|exp (−iw∗ (x))| = 1 and henceh−1 (∂Ω) ⊂ ∂B. Forx ∈ Ω\ {0} we havew (x) > 0
and hence

∣∣h−1(x)
∣∣ < 1 implying h−1 (Ω) ⊂ B.

The Green functionG(x, 0) is defined by

G(x, 0) = − 1
2π

(log |x| − r(x)) , x ∈ Ω,

where {
∆r = 0 in Ω,

r (x) = ϕ(x) := log |x| for x ∈ ∂Ω.

Since
h−1(x) = x exp (−r (x)− ir∗ (x)) for x ∈ Ω,

again identifyingR2 andC, one finds that

||r||C2m−1(Ω) = O(ε) (3)

will imply ||h−1−Id||C2m−1(Ω) = O(ε) and consequently||h−Id||C2m−1(B) = O(ε).
The estimate in (3) will follow from the extension of the boundary dataϕ|∂Ω to some
ϕ̂ onΩ with

||ϕ̂||C2m(Ω) = O(ε). (4)

Indeed, the estimate for||r||C0(Ω) is immediate by the maximum principle. Further-
more, by means of elliptic estimates for second order equations (see [1, Theorem 7.3],
[11, chapt. 6.4]) we find||r||C2m−1,γ(Ω) = O(ε). Note that due to the closeness ofΩ
to B in C2m-sense, according to Definition 1.1, the constants in these estimates may
be chosen independently ofΩ.

It remains to show the existence of someϕ̂ that satisfies (4). This is done as follows.
SinceΩ is ε-close toB in C2m-sense, one can show that(ϕ ◦ g)|∂B

may be extended

toϕg onB with ||ϕg||C2m(B) = O(ε). That means we have to estimate the “tangential

derivatives” ofϕ ◦ g|∂B
only.

Setψ (t) := ϕ (g (cos t, sin t)). We are done, if we have shown that

max
j=0,...,2m

max
t∈[0,2π]

∣∣∣∣∣
(
d

dt

)j

ψ

∣∣∣∣∣ = O(ε).
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We observe thatψ(t) = O(ε), sincelog |g(cos t, sin t)| = log (1 +O(ε)) = O(ε). Let
us denotẽg(t) := g(cos t, sin t). For j ≥ 1 a tedious application of chain and product
rule yields: (

d
dt

)j
ψ =

(
d
dt

)j
(ϕ ◦ g̃) =

=
j∑

|α|=1

((Dαϕ) ◦ g̃)

 ∑
p1 + . . . + p|α| = j

1 ≤ pl

dj,α,~p

|α|∏
l=1

(
d
dt

)pl
g̃(βl)


with some suitable coefficientsdj,α,~p, βl = 1 for l = 1, . . . , α1 and βl = 2 for
l = α1 + 1, . . . , |α|. We want to compare this with the corresponding expression
with g replaced byId. Denoteg̃0(t) = Id ◦ (cos t, sin t).

(
d
dt

)j
ψ =

j∑
|α|=1

((
(Dαϕ) ◦ g̃ − (Dαϕ) ◦ g̃0

)
+ (Dαϕ) ◦ g̃0

)
×

×

 ∑
p1 + . . . + p|α| = j

1 ≤ pl

dj,α,~p

|α|∏
l=1

(((
d
dt

)pl
g̃(βl) −

(
d
dt

)pl
g̃
(βl)
0

)
+
(

d
dt

)pl
g̃
(βl)
0

) .

Sinceϕ (g̃0(t)) = log |(cos t, sin t)| ≡ 0, all expressions containing̃g0 only (and not
a difference), sum up to zero. In the remaining sum, every term contains at least one
factor of the form

(Dαϕ) ◦ g̃ − (Dαϕ) ◦ g̃0 or
(

d
dt

)pl
(
g̃(βl) − g̃

(βl)
0

)
.

For ε small, each of these factors is at mostO(ε). The other factors remain uniformly
bounded with respect toε ∈ [0, ε0), ε0 chosen appropriately. We come up with

max
j=0,...,2m

max
t∈[0,2π]

∣∣∣( d
dt

)j
ψ
∣∣∣ = O(ε),

as required. �

3 Operator perturbations

Denote

L0 = −
∑

1≤i≤j≤2

aij (x)
∂

∂xi

∂

∂xj
. (5)

First we assume thataij ∈ C3(Ω), thatΩ is convex and that∂Ω ∈ C3. In order to
simplify the notation we will use in the major part of this section(x, y) instead of
(x1, x2) and seta := a11, b := 1

2a12 andc := a22.
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Second order linear equations in two variables can be reduced to a canonical form.
See e.g. [10, p. 66-68]. For equations of elliptic type it means that there exist qua-
siconformal transformations(x, y) 7→ (ξ, η) such that withv (x, y) = V (ξ, η) we
have

(L0v) (x, y) = A (ξ, η)
(
−∆V (ξ, η)− w (ξ, η) · ∇V (ξ, η)

)
. (6)

For references about reduction to canonical form see e.g. [2], [10], [20]. Here we have
to deal with geometrically very simple domains. In this case some global properties of
the mapping(x, y) 7→ (ξ, η) can be shown rather directly. For the reader’s convenience
we include these proofs in the following.

For the transformation that we use we fix the boundary condition of the second
componentη to equal the second component of the identity.

We find thatη satisfies the second order elliptic boundary value problem{
Mη = 0 in Ω,

η = y on∂Ω,
(7)

with M defined by

Mφ =
∂

∂x

aφx + bφy√
ac− b2

+
∂

∂y

bφx + cφy√
ac− b2

. (8)

Lemma 3.1 Let Ω be as above. Then(7) has a unique solutionη ∈ C2,γ(Ω) and
∇η 6= 0 in Ω. Moreover, every level linèη,t(Ω), defined by

`η,t(Ω) =
{
(x, y) ∈ Ω; η (x, y) = t

}
,

with min{y; (x, y) ∈ Ω} < t < max{y; (x, y) ∈ Ω}, consists of oneC1-arc connect-
ing two boundary points.

Proof. Existence and regularity forη follows from standard elliptic theory. We have
to show that∇η 6= 0. First we fix p̂ ∈ ∂Ω. If the tangential directionτ (p̂) at p̂ is not
parallel(1, 0) , then ∂η

∂τ = ∂y
∂τ = τ2 (p̂) 6= 0 and∇η is not parallel withn (p̂) , where

n (p̂) is the normal direction. Ifτ (p̂) and(1, 0) are parallel, then, sinceΩ is convex
eitherη ≥ η (p̂) or η ≤ η (p̂) on ∂Ω and not identical0, the maximum principle and
Hopf’s boundary point Lemma imply∂η

∂y (p̂) > 0. It shows that∇η 6= 0 on ∂Ω and
hence that the Brouwer degreedeg(∇η,Ω, 0) is well defined. Moreover, we will show
that the homotopy[0, 1] × ∂Ω → R2, (t, p) 7→ t(0, 1) + (1 − t)∇η(p) is admissible.
This is obvious for the two pointsp with τ(p) and(1, 0) parallel. Ifτ(p) and(1, 0) are
not parallel,t(0, 1) + (1 − t)∇η(p) = 0 for t ∈ [0, 1], p ∈ ∂Ω would give: t 6= 1,
ηx(p) = 0, ηy(p) = t/(t−1), hence0 6= τ2(p) = ∂η

∂τ (p) = ηx(p)τ1(p)+ηy(p)τ2(p) =
τ2(p) · t/(t− 1), a contradiction. Consequently we have

deg (∇η,Ω, 0) = deg ((0, 1) ,Ω, 0) = 0.

Now suppose that∇η (p̂) = 0 for somep̂ ∈ Ω. Then the Carleman-Hartman-
Wintner Theorem (see [20] and the appendix) implies thatp̂ is an isolated zero of∇η
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and moreover, that the local degree of∇η at p̂ satisfiesdeg (∇η,Bε (p̂) , 0) < 0 (for
someε > 0 small). By the additivity property of the degree we obtain a contradiction
with deg (∇η,Ω, 0) = 0. Hence∇η 6= 0 in Ω.

Since∇η 6= 0 in Ω the level lines areC1. Note that the maximum principle implies
that every component of a level setΩ

+

η,t = {p ∈ Ω; η (p) > t} or Ω
−
η,t = {p ∈

Ω; η (p) < t} has to intersect the boundary. SinceΩ is convex and because of the
boundary condition forη the boundary level sets(∂Ω)+η,t and(∂Ω)−η,t are connected

and hence the level setsΩ
+

η,t andΩ
−
η,t are (simply) connected. The last claim of the

Lemma follows from the fact that

`η,t(Ω) = ∂(Ω
+

η,t) ∩ ∂(Ω
−
η,t).

�

The first componentξ is defined up to a constant by the Beltrami equations{
ξx = bηx+cηy√

ac−b2
in Ω,

ξy = −aηx+bηy√
ac−b2

in Ω.
(9)

We fix ξ by ξ (0, 0) = 0. Since the differential equation in (7) implies thatξxy = ξyx

and sinceΩ is simply connected, we find thatξ is well defined by (9). Denote

F (x, y) := (ξ (x, y) , η (x, y)) (10)

andΩ∗ = F (Ω) .

Lemma 3.2 Let Ω, η and ξ be as above. Then the transformationF : Ω → Ω∗ is
bijective and its Jacobian satisfies

JF > 0 onΩ.

Proof. SinceF is continuous up to the boundaryF (Ω) = F (Ω). For the bijectivity
note that∇η 6= 0 in Ω implies∇ξ 6= 0 in Ω andJF > 0 onΩ. Indeed

JF = det (∇ξ ∇η) =
1√

ac− b2

(
aη2

x + 2bηxηy + cη2
y

)
> 0 (11)

implies∇ξ 6= 0 in Ω. The inequality in (11) also implies thatξ is strictly monotone
on any level linè η,t(Ω). Since we know from the previous lemma that every level
line `η,t(Ω) consists of one component, the strict monotonicity ofξ implies that the
transformation(x, y) → (ξ, η) is globally bijective. Notice that (11) in itself would
only imply that the transformation is locally bijective. �

It remains to show that this transformation is close to the identity wheneverL0 is
close to−∆.
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Lemma 3.3 Now suppose additionally that∂Ω is C2m,γ . LetA,w, ξ andη be as in
(6). For all δ > 0 there isε > 0 such that ifL0 is ε-close inC2m−1,γ-sense to−∆ on
Ω, then

‖(ξ (·) , η (·))− Id‖C2m,γ ≤ δ,

‖A (ξ, η)− 1‖C2m−1,γ ≤ δ,

‖w (ξ, η)‖C2m−2,γ ≤ δ.

Proof. First we considerη. Note thatφ (x, y) = η (x, y)− y satisfies Mφ = − ∂
∂x

(
b√

ac−b2

)
− ∂

∂y

(
c√

ac−b2

)
in Ω,

φ = 0 on∂Ω,

with M as in (8). SinceL0 is ε-close inC2m−1,γ-sense to−∆ we find that∥∥∥∥ ∂∂x
(

b√
ac− b2

)
− ∂

∂y

(
c√

ac− b2

)∥∥∥∥
C2m−2,γ

= O (ε)

Since∂Ω isC2m,γ it follows again by elliptic estimates for second order equations (see
[1, Theorem 7.3], [11, chapt. 6.4]) that

‖φ‖C2m,γ = O (ε) . (12)

Hence‖ηx‖C2m−1,γ = O (ε) and‖ηy − 1‖C2m−1,γ = O (ε). Moreover, using (9) we
find thatψ (x, y) = ξ (x, y)− x satisfies

ψx = b√
ac−b2

ηx +
(

c√
ac−b2

− 1
)
ηy + (ηy − 1) ,

ψy = − a√
ac−b2

ηx − b√
ac−b2

ηy

Since ∥∥∥ a√
ac−b2

− 1
∥∥∥

C2m−1,γ
= O (ε) ,

∥∥∥ b√
ac−b2

− 0
∥∥∥

C2m−1,γ
= O (ε) ,

∥∥∥ c√
ac−b2

− 1
∥∥∥

C2m−1,γ
= O (ε) ,

‖∇η − (0, 1)‖C2m−1,γ = O (ε) ,

we find‖∇ψ‖C2m−1,γ = O (ε) . Fromψ (0, 0) = 0 it follows that

‖ψ‖C2m,γ = O (ε) . (13)

From (12) and (13) we conclude that‖(ξ (·) , η (·))− Id‖C2m,γ = O (ε) .
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A andw remain to be estimated. With [10] we calculate that

A = aξ2x + 2bξxξy + cξ2y ,

w = 1
A

(
aξxx + 2bξxy + cξyy

aηxx + 2bηxy + cηyy

)T

.

Since‖a− 1‖C2m−1,γ , ‖b‖C2m−1,γ , ‖c− 1‖C2m−1,γ , ‖ξx − 1‖C2m−1,γ , ‖ξy‖C2m−1,γ

and hence‖ξxx‖C2m−2,γ , ‖ξxy‖C2m−2,γ , ‖ξyy‖C2m−2,γ are all of orderO (ε) we fi-
nally have

‖A− 1‖C2m−1,γ = O (ε) ,

‖w‖C2m−2,γ = O (ε) .

�

Now we switch back to the original notation:a11 = a, a12 = 2b, a22 = c, (x1, x2)
instead of(x, y).

Corollary 3.4 LetL be as in(2) and let∂Ω ∈ C2m,γ . For all δ > 0 there isε > 0
such that the following holds. Suppose that the operatorL0 as in (5) is ε-close in
C2m−1,γ-sense to−∆. Then there isF : Ω̄ → R2 such that

1. F (Ω) is δ-close inC2m,γ-sense toΩ,

2. if u satisfies {
Lu ≥ 0 in Ω,
Dmu = 0 on∂Ω,

thenU (F (x)) := u (x) satisfies{
L̃U ≥ 0 in F (Ω) ,
DmU = 0 on∂F (Ω) ,

(14)

with

L̃ = (−∆)m +
∑

|α|≤2m−1

b̃α (x)
(

∂

∂x1

)α1
(

∂

∂x2

)α2

. (15)

and ∑
|α|≤2m−1

∥∥∥bα − b̃α ◦ F
∥∥∥

C0
< δ. (16)

Proof. The transformationF is defined above. The property in1. follows from the
previous Lemma. The results in2. follow from tedious but straigthforward calculus.
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Indeed we find ( ∑
1≤i≤j≤2

−aij
∂

∂xi

∂
∂xj

)m

U (F (x)) =

=

( ∑
1≤i≤j≤2

−aij
∂

∂xi

∂
∂xj

)m−1

A

(
(−∆U) ◦ F (x)− w ·

(
(∇U) ◦ F (x)

))
=

= Am

((
(−∆)m

U
)
◦ F (x)

)
+

∑
|α|≤2m−1

gα (·)
((

∂
∂x

)α
U
)
◦ F (x) .

The coefficientsgα have at least one derivative ofA of order between1 and2m− 2 as
a factor. Furthermore, in thegα appear derivatives up to order2m − 2 of w, aij and

F. Since
∥∥∥( ∂

∂x

)β
A
∥∥∥

C0
= O (ε) for all β with 1 ≤ |β| ≤ 2m − 2 the claim in (16)

follows with help of Lemma 3.3. �

Proof of Theorem 1.3. Combine the results of Lemma 2.1, Proposition 2.2 and
Corollary 3.4. �

A Appendix; on a result by Carleman, Hartman and
Wintner

The next theorem is a corollary of the Carleman-Hartman-Wintner Theorem (see [20]).
Their result has no direct extension to higher dimensional domains. For the sake of
completeness we include a proof.

Theorem A.1 LetΩ be a domain inR2 and let

L =
∑

1≤i≤j≤2

aij (.)
∂2

∂xi∂xj
+
∑

1≤j≤2

bj (.)
∂

∂xj

be uniformly elliptic onΩ with aij , bj ∈ C2(Ω). Suppose thatφ ∈ C2(Ω) satisfies
Lφ = 0 in Ω and is non-constant. If̂p ∈ Ω is such that∇φ (p̂) = 0, then p̂ is an
isolated singularity:

there existsr > 0 such thatBr (p̂) ⊂ Ω and∇φ 6= 0 onBr (p̂)\ {p̂} ,

and moreover
deg (∇φ,Br (p̂) , 0) < 0.

Proof. From the uniform ellipticity ofL it follows that there existλ1, λ2 > 0 and an
orthogonal matrixQ, with detQ = 1, such that

Q−1

(
a11(p̂) 1

2a12(p̂)
1
2a12(p̂) a22(p̂)

)
Q =

(
λ1 0
0 λ2

)
.
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With the transformationU : R2 → R2, defined by

U (z1, z2) =

(
Q

(
(λ1)

1
2 0

0 (λ2)
1
2

)(
z1
z2

)
+
(
p̂1

p̂2

))T

we find thatϕ (z) := φ (Uz) − φ (p̂) satisfies a uniformly elliptic equation̂Lϕ =
0 on U invΩ with the operatorL̂ satisfying â11 (0) = â22 (0) = 1, â12 (0) = 0.
Moreoverϕ (0) = 0 and∇ϕ (0) = 0. Hence we may use the Carleman-Hartman-
Wintner Theorem (see [20, Th. 7.2.1]). We will also use the result [20, Th. 7.2.4].
Sinceϕ (z) = O (|z|) as|z| → 0 it follows that eitherϕ (z) ≡ 0 onU invΩ, or there
existsm ∈ N+ with

lim
|z|→0

ϕz1 − iϕz2

(z1 + iz2)
m = α ∈ C\ {0} . (17)

If ϕ (z) ≡ 0 onU invΩ thenφ(x) ≡ φ(p̂) on Ω. Now suppose thatϕ (z) 6≡ 0. Then
there isr∗ > 0 with Br∗ (0) ⊂ U invΩ and∇ϕ (z) 6= 0 for z ∈ Br∗ (0)\ {0}. Hence0
is an isolated zero of∇ϕ and a homotopy argument shows that

deg (∇ϕ,Br∗ (0) , 0) =

= deg ((Re(α(z1 + iz2)m) ,−Im (α(z1 + iz2)m)) , Br∗ (0) , 0) ,

implying thatdeg (∇ϕ,Br∗ (0) , 0) = −m < 0. Now take a ballBr(p̂) such that
Br(p̂) ⊂ UBr∗ (0). Since∇ϕ 6= 0 onBr∗ (0)\

(
U invBr(p̂)

)
we have

deg (∇ϕ,Br∗ (0) , 0) = deg
(
∇ϕ,U inv (Br (p̂)) , 0

)
.

According to Heinz [15, Lemma 7], this degree may be defined as follows. For some
ε > 0 we have|∇ϕ| ≥ ε on ∂

(
U inv (Br (p̂))

)
. Any χ ∈ C0(R2,R) with suppχ ⊂

Bcε(0), c ∈ (0, 1) to be chosen below, and
∫

R2 χ(z) dz = 1 is a normalized admissible
testing function for∇ϕ. We have

−m = deg
(
∇ϕ,U inv (Br (p̂)) , 0

)
=

=
∫

Uinv(Br(p̂))

χ (∇ϕ (z)) det
(
ϕ11 (z) ϕ12 (z)
ϕ21 (z) ϕ22 (z)

)
dz =

=
∫

Uinv(Br(p̂))

χ (∇φ (Uz) U ′) det
(

(U ′)T
(
φ11 (Uz) φ12 (Uz)
φ21 (Uz) φ22 (Uz)

)
U ′
)
dz =

=
∫

Br(p̂)

χ (∇ (φ (p)) U ′) det
(
φ11 (p) φ12 (p)
φ21 (p) φ22 (p)

)
|det (U ′)| dp.

Here

U ′ = Q

(
λ

1
2
1 0

0 λ
1
2
2

)
.

We note thatdetU ′ > 0 and introduce

χ̃ ∈ C0(R2,R), χ̃(p) := det (U ′) χ (pU ′) .

12



As ∫
R2
χ̃(p) dp =

∫
R2

det (U ′) χ (pU ′) dp =
∫

R2
χ(z) dz,

χ̃ is a normalized admissible testing function for∇φ, provided thatc above has been
chosen sufficiently small. We conclude by

0 > −m =
∫

Br(p̂)

χ̃ (∇φ (p)) det
(
φ11 (p) φ12 (p)
φ21 (p) φ22 (p)

)
dp = deg (∇φ,Br (p̂) , 0) .

�
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