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1 Introduction
Cranston, Fabes and Zhao ([26], [5]) established the uniform bound

f Gl,n (xa Z) Gl,n (Z, y) dz
2

sup
z,y c 9] Gl,n (I7y)

T#y

<M < oo, (1)

where G1 , (2, y) is the Green function for the Laplacian —A with Dirichlet boundary
conditions on a Lipschitz domain {2 C R"™ with n > 3 (see [27] for n = 2). This
estimate was used in [23] and [18] to obtain positivity, uniformly with respect to
f >0, for noncooperative elliptic systems as:

—Au=f—ev in (2,
—Av=u in £2,
u=v=20 on 942,

when ¢ > 0 is small. In particular, A%v 4+ ev > 0 in §2, with v = Av = 0 on 942,
implies v > 0 for € small. In numerical experiments ([14]) for one dimension a similar
behaviour was observed under Dirichlet boundary conditions v = %v = 0.

In this paper we will derive a 3-G type theorem as in (1) but with G ,, replaced by
the Green function G, for the m-polyharmonic operator with Dirichlet boundary

conditions and with {2 replaced by the unit ball B in R" withn > 1:

(—A)"u=f in B, @)
Dyu = 0on 0B,
where
Dyu = ( DF .
b ( u)keN",|k|§m—1
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N is the set of nonnegative integers. Notice that the Dirichlet boundary condition
may also be written as

< o 82 8m_1
u?

k kn
We use a multi-index k& € N with D* = ( o )™ (i> and |k| = k1 +...+kp.

>:00n83.

Boggio in [4] (see also [9], [10]) showed positivity of G, , on the ball B. Here we
will establish two-sided pointwise estimates for G, , and estimates from above for
derivatives of G, . These estimates enable us to prove 3-G Theorem type results.

For these results we will only use the ball in R™ as a domain. In contrary to the
Laplacian the Green function for the biharmonic or polyharmonic operator is not
positive for arbitrary domains. Hence the estimate of G, ,, from below (by a positive
function) necessarily restricts the possible domains. The question whether or not the
estimates from above remain true on arbitrary smooth and bounded domains, is open
as far as the authors know. Counterexamples of sign changing superpolyharmonic
functions can be found in [6], [7, p. 275], [17] and [22].

The 3-G results are used in three directions. First, one can prove that on B also
the inverse of polyharmonic operators that are perturbed by small lower order terms,
are positivity preserving. That is, if the coefficients a in

(=)™ u+ Y ap(-) Dru=f, (3)

|k|<2m

are sufficiently small, f positive implies that the solution w of the Dirichlet problem
for (3) is positive. Secondly, as in [24], we obtain positivity results for systems of these
operators. Thirdly, estimates for these Green functions on the unit ball in R" can
be used to obtain local maximum principles for solutions of differential inequalities
in arbitrary domains. Results in this last direction will be studied in a forthcoming
paper [11]. As a consequence we will show in [11] existence of classical solutions of
higher order semilinear elliptic equations for a much wider class as in [9]-[10].

2 Estimates for G, n

We will use the following notations.

i. B={r e R"|z| <1} withn > 1.
ii. s At=min(s,t) and st = max(s,0) for s,t € R.
ili. Gy, is the Green operator for (2), that is, u = Gy, »f with

G 2) = [ G .3 £ ()
B

iv. For z,y € B:
[zy] = |z —yl,

[(XY] = |laly - &

d(z) =1~ |z,
O (z,y) = [XY]* — [y



Positivity for polyharmonic Dirichlet problems

3

Note that [XY] = \/|m|2 ly|> =2 2-y+1=[YX] and that d () is the distance

of x to the boundary. Moreover

6 (z,y) = (1 - o) (1 IyP) -

Hence [XY] > [zy] for z,y € B.

Lemma 2.1 (Boggio) [4, p. 126] The Green function G,y is as follows:

[(XY]/[zy] 9 m—1
2m—n ('U - 1)
G (@, Y) =k |2 =y Tdv
1
with ky, n some fized positive constants.
Remark 1. For m = 2 one finds
G27n (.’E, y) =
[zy]> - XY 4+ P@y)XY] forn=1,
[zy]® (21og [zy] — 2log [XY]) 46 (z,y) for n = 2,
ey d ]+ [XY] - P (2y)XY]T forn=3,
—2log[zy] + 2log[XY] — O (x,y)XY] % forn =4,
[zy] " — (XYM - 2590 (2, y) X Y] " or 0 > 5,

with
en=(2](n—4) (n—2)|S,) " for all n ¢ {2,4},

Cp = (8S,)7* for n € {2,4}.
Sy, is the area of the surface of the unit ball in R (S; = 2).

(4)

Starting from the explicit formula we will prove a two-sided estimate. But to
simplify the statements we will first define an ordering and a related equivalency

relation for nonnegative functions.

Definition 2.2 Let f,g > 0. We call f ~ g on {2, iff there are c1,co > 0 such that

c1g(z) < f(x) <cog(x) forallx € 2.
We will say f < g on §2, iff there is ¢ > 0 such that

flxz)<cg(x) forallxel

Proposition 2.3 On B? (that is (z,y) € B%) we have the following.
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1. For 2m < n:

m—n d(z)™d(y)™
G (z9) ~ ho =y (1 LAY
|z — y|
11. For 2m =n : 102V (g}
Gmmm~mQ+(@ %)
|z — y|

113. For 2m > n :

Proposition 2.4 Let k € N™ with |k| < 2m. Then on B? we have the following.

i. For |k| > 2m —n and n odd, or, |k| > 2m —n and n even:

(a) if |k| < m then

d (z)™ d(y)’”> ,

Dk ()] = o =y (M oy
r—Yy

(b) if |k| > m then

d m
‘D’;Gmﬁn (x,y)’ <z - y\zm_”_‘kl <1 A Ay ) )

2 —y|™

ii. For |k| = 2m —n and n even:
(a) if |k| < m (that is m < n) then

‘D];Gm,n (x,y)‘ =< log (2 + () > (1 A d(x)m_i'j(i)m) ;

|z =y |z — y|

(b) if |k| > m (that is m > n) then

‘DﬁGmm(xJA’jlog<2+-C”y)> <1A—éﬁﬁjl>.

|z —y lz —y|™

iii. For |k| < 2m —n and n odd, or, |k| < 2m —n and n even:
(a) if |k| <m — in then

d(xﬁ"d(yﬁ”) ,

|DEGonn (2,)| = d )5 M (g2 <1 A

(b) if m — in < |k| < m then

d ()" d ()"
jz —y[" )’

‘D’;Gm,n (:E,y)‘ =d (Q)Qmini‘kl (1 N



Positivity for polyharmonic Dirichlet problems 5

(c)if m < |k| then

n—m-+|k|
DEGon (2, 9)| < d (g2 (ML)

|fL' - y|nfm+‘k‘

Remark 2. The Green function for the Laplacian (n > 2, m = 1) satisfies the
estimates above on arbitrary bounded domains with C?7-smooth boundary. This
result (among others) was established by K. O. Widman in [25].

Remark 3. For p,q > 0 one finds on B?

<1A%>“(1A|j(—x;|>p(“|j(—y;|>q’ (©)

andifp+¢q>0

o (14 TN iog (24 100 ) (1A SEEEREY )

’x_y’p—kq ’x_y’p—&-q

These results follow from Lemma 3.2 viii. and ix.

Remark 4. From Lemma 3.3 it follows that for all three cases in Proposition 2.4 iii.
we have

DI;Gm,n (z,y)] = d(:l:)m_%”_|k| d (y)m—%n (1 A W) | 5

In the case that m — in < |k| < m both estimates (Prop. 2.4 iii.(b) and (8)) are
equivalent as can be seen from Lemma 3.3 ii. When |k| > m the estimate in (8) is
less sharp as the one in Prop. 2.4 iii. (c).

3 Proving the Green function estimates

We will repeatedly distinguish the cases [zy] > 1 [XY] and [zy] < §[XY]. The
following Lemma will help us doing so.
Lemma 3.1 If [xy] > 1 [XY], then
d(x)d(y) <3|z —yl*, (9)
max (d (z) ,d (y)) < 3|z —yl. (10)
If [ay) < L[XY], then
3 2 _ 3 2
le-yP < S IXYP <d(@)d), ()

id(a;) <d(y) < 4d(z). (12)
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Proof. If [zy] > $[XY], then d(z)d(y) < (XY)? = [zy)* < % [XY)? which implies
(9). The estimate in (10) follows from
d(z)* <d(z)(d(y) + |z —y|) <
<3|z —yl +d(z) |z —y| <
1
<dle— o + Ld ()’

and a similar estimate for d (y).

If [zy] < 3 [XY], then d(z)d(y) > % ([XY]2 - [:zy]Q) > 3 [XY]? which implies

(11) and moreover

3
<d —(d d < =d —d
<)+ Jz (@) + ) < () + 3d0)
implies d (x) < 4d (y). Similarly d (y) < 4d (x) and (12) follows |
The following equivalencies will be used several times.
Lemma 3.2 On RY x R™ (for s,t € RT) we have:
. . <1 1) 1
i. min { —, = | ~ ——,
st s+t
. max (s,t) ~ s +t.
On B? (for z,y € B) we have with p,q > 0 fived:
1. O(z,y) ~d(x)d(y),
. (XY] ~d(z)+d(y)+ |z —yl,
0 1 p4W) @) , dl)
o=yl T d@) eyl
i add) ) i) ddl)
p q p q p q
i aterdw? d(w) A G
|z —y["™ =yl e =yt |-y
p q p q
v andEPAG () din Y d )
[z —y[ |z =yl |z =yl

On B? (for z,y € B) we have with p,q > 0 and p +q > 0 fized:

ix'l‘)g(”%> <o (24 1)) (“%>

Remark 1. The statements in viii., ix. imply (6,7) in the remark following Proposition
2.4.

Proof.
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i.
iv.

vi.

vii.

viii.

IX.

and ii. are straightforward; iii. follows from (4).
For the first step we use

(XYP = [z yP =22y + 1> (1= 2| jy)* = (1 - |2])* = d (2)*.

With a similar estimate by d (y) and with (4) we find left > 2right. By (4) we
also find

XY] < /o — g +4d (@) d (y) <
<z —yl+2vd(x)d(y) <|v—yl+d(z)+d(y).

. We use Lemma 3.1 to find the following. If [zy] > 1 [XY], then ) < dW) ang

lz—y| — d(z)
if [zy] < § [XV], then 1 < 4.
The sixth equivalency is proven as follows. Since min (t til) < 1 on RT, one

finds left=right. As in v. we find by Lemma 3.1 if [zy] > £ [XY], then
1@ A0y |, @) dE@d)
|z =yl d(x) |z =yl d(y)

and if [zy] < 1 [XY], then

)

1< 4w g 1< )
d () ()
By Lemma 3.1 if [zy] > § [XY] then

1@ | AW | d@Pd)
=yl -yl T o -yt

and if [zy] < 5 [XY] then

1
2

dz)  dy)?
CawT
lz —yl" |z -yl

One uses again Lemma 3.1. If [zy] > 1 [XY] then

(1 SV AGPAGE (4 ) () A

|z — y[P+ |z — y[PF |z — y| |z — y|

If [xy] < 5 [XY] then

() = () ()

Lemma 3.1 implies if [zy] > 3 [XY] that

d(a;)pd(y)q> _d@rd)? (1 A M) ~

|x_y|p+q ‘x_y‘p-i-q |x_y‘p+q
d(y) ) < d(w)pd(y)q>
~ log <2 + — IN—"——72].
|z — ] |z — y[P+
If [zy] < 3 [XY] then by Lemma 3.1
d pd q d pt+q
log <1 + 4(:6) ) > ~ log (1 + —| ) > ~

’IIZ‘ _ y’p+q T — y|p+q

1
2

log <1 +



8 H.-Ch. Grunau and G. Sweers

AA%<<”*£95)H3”A%<”*£9Q>N

~tog (24 1) (10 S,

\a:—y\ ‘x_y‘p-i-q
|
Lemma 3.3 Let r,s,t > 0.
i. If s+t > 2r, then on B? we have
t s r—t r r
d
|z — y| d(x) |z =yl
ii. If s+t = 2r, then on B? we have
t s r—t r r
|z — y| d(x) |z —y|
By symmetry one may interchange x,t with y, s.
Proof of Lemma 3.3. We will use Lemma 3.1 several times.
e The case [vy] < 5 [XY]. We have
d(z)"d(y)° d(y)\"™
|z —y| (z)
<d(y)>"_t <1 . d(w)rd(y)r)
~ VTN o 2 )
d() |z —y]
o The case [zy] > 5 [XY]. We have
d(z)'d(y)*) d@)d(y)” _
IN———— |~ =
|z -yl [z =y
_ (d(y))r_t d(z)"d(y)" d(y)™**
(x) |JJ o y|27“ |.’L' . y|8+t*27‘ —
- <d(y)>” d(@)"d(y)
~ \d(z) @ — gy >
<d(y)>"_t <1 . d(w)Td(y)T)
~Y 27’ .
d() |z —y]
Note that when s 4+t = 2r we may replace < by = in the previous estimate. [

Before proving both propositions of the previous section we will introduce two
convenient transformations of (5). For the case that [zy] > 1 [XY] we will use the
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integral transformation with s = 1 —v~2 and we obtain the following expression for

Gmn:
Agy
1
Gmm (x,y) = ikm’n |.CU _ y|2mfn / Smfl (1 - S)%nfmfl ds,
s=0
where
_XYP - [y
v Xy
We set

t

fn = [ 719
s=0
By straightforward calculus it follows that for t € [0,1], if m > j > 0,
[ @) = em=d (1= g2 (B (- ) =
< =i (1 — )2

and if m < j

D0 2= (e ) 2 - pE

For the case that [zy] < 1 [XY] we use the transformation with w = v~

becomes:

Gm,n (1'7 y) = km,n |:I; — y|2m—n / wn—?m—l (1 _ wz)m—l dw.

w=[zy]/[XY]

We also set

m—1
gmn w™ 2m— 1 U}2) dw.

\H

Proof of Proposition 2.3.

(15)

(18)

(19)

Land (5)

(20)

(21)

First we prove Proposition 2.3 i. which follows rather directly from (15). Indeed,
if n > 2m, then one finds by distinguishing the cases 0 < t < % and % <t <1 that

fmn in (17) satisfies
fmn () ~ ™ on [0,1]

and hence by (15), using respectively Lemma 3.2 iii./iv., i. and vi., that

Gmn (T,y) ~ | — y|2m_n (Awy)m ~

~ |z — 2m—n d(]:)d(y) mN
== (d<x>2+d<>2+1x— |2>

e (243 4220
(z

e (22,
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For Proposition 2.3 ii. and iii. we have to distinguish two cases

e The case [zy] > 3 [XY]. Then A,y < 2 and the formula in (15) implies

G (2,y) ~ |z =y 7" (Agy)™ ~

2m—n d (:L,)m d (y)m ~

~ €T —
lz —yl XY P

T @) rdly) )"

)
st o (54 202

~ d (z)™ 2" d (y)™ " min (1, (—d|f)_dy(|§)> 5 ) :

In the last three steps we used respectively Lemma 3.2 iv., i. and vi. Notice that, if
2m = n, (9) implies

d () 2" d (y)™ =" min (1, <7d‘f>_dy(‘g)> 5 ) ~

g ( . (L'fidy('g))%") .

$ [XY]. Now it follows from (20) that we find

e The case [zy] <

1
Gm,n (-T’y) ~ |33 - y‘men

wn—2m—1dw ~

w=[zy]/[XY]
ifn=2m: log([XY]/[xy]);
if n<2m: [XY]Qmin-

For n = 2m one uses log (1 + a) ~ log (1 + a%”) for a € [%, oo), and continues by

8 <%> ~ log (1 + W) -

|z =y
In the last step we used (11

). For n < 2m one has, using respectively Lemma 3.2
iv., (11) and (12), and again (11)

(XY~ (d (2) +d (y) + = )" "~

~ (d () d (y)™" 2" ~
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~ (d () d (y))™ 2" min (1, (M) En) .

|z —y|

Proposition 2.4 will be a consequence of the following lemmas.
Lemma 3.4 We have on (1 := {(z,y) € B% [xy] > L [XY]} that

i.if [k <m

B

ek Ay \™
k = o 12m—n—|k|

L

11

Proof of Lemma 3.4. We will use (15). With the assumption [zy] > 2 [XY] it is
sufficient to estimate fp,, () on [0, %] since 0 < Ay § for all (z,y) € 2. We

find by (17-19) that

‘f,g,{)n (t)’ < gmax(m=30)  op [0, ﬂ for all 7 > 0.

s (1= 12P) (1= 1vP)

[XYT?
DR XY < [XY]' 7,
and 1 — |z|> < 2d (z) < [XY] by Lemma 3.2 iv., it follows that on B2

d(y)
[(XY] Ip|+1°

Since

)

| D Ay| =
By a tedious application of the chain rule we find that

)DiGm,n (m,y)‘ =

<> |PE e =y
p<k

D% frnn (Azy)| =

_<Z’Dk Pz — y|2m n Z‘ xy)‘ Z H’D Auy
p<k $i_ pli=p i=1
1<|p(2)‘

where the last sum is 1 for j = 0. Note that (23) implies

Z H ‘Dp(z d (Z/)j

[pl+5"

1§|p(i)|

(23)

(24)
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Using respectively (22), Lemma 3.2 iii. and iv., and again iv., we continue by

2m—n—|k|+1p| u o d)
24 _< T — y m—n— max m— / =<
pg; ’ | Z [XY}J—HPI

<3 oyt k|+|p§:< d(y ))max(mj’o) d(y)j <

o [Xy]J+\P|

R 1 ) I N 1) N
=D le=yl (&) (x97) o

p<k
< oy <%>ma}<<mlkl,0> <%>m

We used Cé(f/)] <1, % <1 and [zy] ~ [XY]. [ |

Lemma 3.5 We have on (2, := {(z,y) € B% [zy] < 1 [XY]} that
i.if |k| > 2m —n
DG (.9)] 2l =y P,
ii. if |k| =2m —n
XY
‘D];Gm,n (;U,y)‘ =< log <u> for n even,
[zy]
‘D;"Gm,n (a:,y)‘ =<1 forn odd;
iii. if |[k| <2m —n

)D';Gmm (:U,y)‘ < [XY 2l

Proof of Lemma 3.5. First we will derive some estimates for g, ,, defined in (21). If
n > 2m then for all 5 > 0

‘g ’<1 on [0,1].

If n =2m = 2 then
91,2 (t) = —log (1) (25)
and if n = 2m > 2 then

Im,2m (t) = - lOg (t) + PQm—Q (t) 5

where Py, o is some polynomial of degree 2m — 2. Hence if n = 2m we get

1
(gmam ()] < —logt o {o, 5] (26)
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and for j > 0 that
1

}gggm (t)’ <t on [O, 5} . (27)

Which implies that we obtain for n > 2m and |p| > 1:

G

(@], x, Tl (585)<

oD g pd) =
Ip| lwy] \ s p®]|
= - ([XY]) 2 H( ) -

|p|

‘p(” |>1

Jj=1 p(W . 4pli)=p i=1
|p(l)|>1
<o —y| . (28)

Next we distinguish the cases n > 2m, n = 2m and n < 2m.
e The case n > 2m. Inequality (28) implies that

)DI;Gm,n (:U,y)‘ =

_ _ xT
jZ‘D]; p‘x_me " Dggm,n<[;§l]>‘ j

p<k
< Z |z — y|2m—n—|k|+|p\ |z — y,—lpl <
p<k

< |$ _ y|2m—n—|k| )

o The case n = 2m. If |k| = 0 the result follows from (25) and (26). If |k| > 1 we

obtain by (28) that
Dkg. [yl \| 2 -k
29m, <[ xv])| = |z =yl

DI;Gm,n (w,y)’ ~

e The case n < 2m. Integration by part yields

1 m—1 2m — 2
)=t (1) ~1n 8 =
gmyn ( ) 2m —n ( ) 2m gm 1771 ( )
l a i
Z m,n,z tn 2m—+2i— (1 _ t2)miz — Omnt 9m—In (t) (29)
— 2(m —

with
i (MY
("2")

for all £ < m — %n if n is even and for all £ < m if n is odd. Define

U, = (—1)

(SR

¢

m nﬁ T y Z 5 ?;;%n,l. ] i—2 [Xy]2mfn*2i+2 (Axy)mfi
i=1
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and we have
Gm,n (x7 y) = Hm,n,@ (Z‘, y) — Qmnt [xy]g Ym—tn <[,~[XY]v]> '

From ‘
‘D]; [:Uy]%_?‘ =0 fork>2i—2,

since 2i — 2 is even and positive, and (23), we get for £ < m that

‘DI;HmJL,Z (:Ua y)‘ =

l
=YY |PE e =y P |Dp (XY P (A)" )

=
i=1 p<k
l . |
= Z Z |ﬂ§ _ y‘2172*|k|+|p‘ [Xy]2m7n72z+2f\p| <
=1 p<k
|k|+2-2i<|p|
< [xy]Pmnk (50)

Hence Hyy, p 0 (z,y) for £ < m is the innocent part. The estimate for the derivatives
of [y)*™ " gm—e.n (Jzy] / [XY]) will be crucial.

We distinguish further the cases n is even and n odd.
e n cven. We use (29) with £ = m — 3n and we get that

o (1 a3 (157

< X [k b2y ()| - (31)

p<k
A next distinction will be |k| < 2m — n and |k| > 2m — n.

|k|—2m+n<|p|

ee e 1 cven and |k| < 2m —n. Using (28) and (26) we get

o 12m—n—|k| [l’y} _ o|2m—n—|k|+[pl . _ =Pl
1) 2o = Mgy, () 3l o=y <

p<k
1<p|
o XY S
=< o =y M og (ngyﬂ) +lz =y <
_— Xy
< |z -y IH log([[$y]]>.

With (30) we find if |k| = 2m — n that

DG (o] <106 (B2

and if |k| < 2m — n then

r— 2m—n—|k| o @ 2m—n—|k|
|z =yl 1g<[xy]>j[XY]
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which implies
|DEGun ()| = (XY K

e e e n cven and |k| > 2m — n. With (28) we get

BU= D (g Ty

p<k
|k|=2m+n<|p|

2m—n—|k|

= |z -y

ee n odd. If n = 1 we proceed straightforwardly from Boggio’s formula:

Gm,a (2,y) =
[(XY]/[xy]
=Cma T — ymt / (v2 - 1)m_1 dv =
v=1
m—1
= ag [XYP"2 ay? g [y
q=0

Hence it follows that
)D,;Gm,n (x,y)‘ =

3
L

|DE (XY | D2 [y | + | D | 2

A
1]

p<k
1

3

IA

Z [XY]2m—2q—1—\k|+|p\ [xy]Qq—IPI + [:Uy]%n—l—lkl <

[e=]

p<k
Ip|<2q

(=}

< [Xy]2m—1—|k:| + [$y]2m—1—|k| )

If [k| < 2m—1, then [XY]*"™ "Wy [y 2= < [ xy Pt and if k| > 2m—1,
then [XY]Qm*l*““| + [;Cy]melflkl < [xy]2m717|k|'

If n > 1is odd we use (29) with £ =m — § (n — 1) to find

G (z,y) =

2m—n [xy]
= Hm,n,m—%(n—l) (x,y) — amm’m_%(n_l) [xy] g%n—%,n <[XY]> .

Notice that, since n — 3 is nonnegative and even,

1 e
By )= [ (=) 0

2

is a polynomial in [zy] / [XY]. We find that

D (1" gy (g ) )| = Jo = o, (32)
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Hence, combining (30) and (32) we find that
|DEGh ()| = XYP W o =y,
which implies if |k| > 2m — n that
| DEGun (w,9)| = o =y,
and if |k| < 2m — n that

]D’;Gm,n (x,y)‘ < [Xy]2mrlkl

]
Proof of Proposition 2.4. Again we separate the two cases.
e The case [zy] > 3 [XY]. We find by (10) that on (2:
d(z) d(z) d(y) d(y)
~ <land —/=% ~ — <1 33
XV~ Tl XV~ oo )
and J
log (2 + W) ) ~ 1.
[z =y

Since t ~ (1 At) for t € [0, M] and M fixed, we find that Lemma 3.4 i. implies
Proposition 2.4 i./ii. (a) and that Lemma 3.4 ii. implies Proposition 2.4 i./ii. (b). It
remains to prove Proposition 2.4 iii.

If m — $n > |k| it follows from Lemma 3.4 i. and (33) that

2m—n—|k| d(w)m_lkl d(y)m _
molk = g™

D]:EGm,n (z,y)| 2 |z -yl

|z — y|
d(2)2"d(y)="
g 1 x Y
:dxmzn\k\d m—sn J <
() () F—
d(x)2"d(y)"
< d (@) 2y oen (1 N > .

which implies Proposition 2.4 iii.(a).
If m > |k| > m — $n it follows from Lemma 3.4 i. and (33) that

omn—pp @)™ M d@y)™
|z — g™kl 2 —y|™

DlmCGm,n ('Ia y)‘ j |:E - y|

om—n_x d (@) W d (gt

=d(y) Py <
< d(y)> (1 @) (y)"’"*"“')
- |z —y|"

which implies Proposition 2.4 iii.(b).
If 2m —n > |k| > m it follows from Lemma 3.4 ii. and (33) that

2m—n—|k| d (y)m _

D];Gm,n(x7y)‘j‘x_y‘ ‘x_y’m_
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o d (y)n—m+\k| o d (y)n—m+|k|
2 k 2 k
:d(?J)mnHmid(y)mnH 1/\T+|k| )
|z =yl [z —y

which implies Proposition 2.4 iii.(c).
e The case [zy] < 1 [XY]. From (11-12) we find that on (2

d(z) =1 and d(y) = 1.
|z — 9 [z —y

Hence Lemma 3.5 i. implies Proposition 2.4 i. (a) and (b). Since (11) shows that on
2
[XY] = d(z) and [XY] = d(y),

Lemma 3.5 iii. implies Proposition 2.4 iii. (a), (b) and (c). For Proposition 2.4 ii.

notice that on 29
log (@) =< log (2 + 4(v) ) ~
[zy] lz—y

(m—|k)* m
~ log <2 + () ) 1A d(z) d+(y) ,
|z — y| ’x_y’(mflkl) +m

implying both (a) and (b). |

4 Results of 3-G type

Proposition 4.1 For k € N* with |k| < 2m the following holds on B® (x,y,z € B).

i. If 2m > |k| > 2m — n, then:

G ,2) | DG (2,
m,n (I' Z) ’ zm,n (Z y)’ < ‘x B Z‘Qm—n—|k| + ’Z N y|2m—n—|k:\ :
Gm,n (x7y)

ii. if |k| = 2m — n with n even, then

G (2,2) | DEGrp (2,y)]| ( 3 ) < 3 >
: ’ <log [ —>—) +log [ ——);
G (2, ) B\z—2l) " B \z—y]

iii. if either |k| = 2m —n with n odd, or |k| < 2m —n, then:

Gm,n ($, Z) ‘DI;Gm,n (Z7 y)‘
G (T, y)

=1

Corollary 4.2 There exists M € RT, depending on n, m only, such that for k € N
with |k| € [0,2m — 1] the following holds. Let f € LP (B), p > 1, with f > 0 and we
have

‘(gm,nDkgmmf) (l‘)‘ <M (Gmnf)(x) for almost all x € B.
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Proof of Corollary 4.2. Note that, due to the additional assumption |k| < 2m — 1,
all right hand sides in Proposition 4.1 are uniformly integrable. That means there
exists M € R* such that for all z,y € B

/ Gm,n (1'7 Z) ‘D];Gm,n (Z, y)’
z€B Gm,n (ﬂf,y)

Hence, since |k| < 2m — 1 by dominated convergence, see also [8, Lemma 4.1], and
Fubini-Tonelli

dz < M.

(600600 ] -

G (x,2) DE Gmn (2,y) f(y) dy dz| <
yeB

| G
<[ ] G @) [DEG (2] 2 5 (0) dy <
yeB JzeB

<M G (x,y) f(y) dy=M (Gmnf) (2).

yeB

Before proving Proposition 4.1 we need a technical lemma.

Lemma 4.3 On B3 (1,y,z € B) one finds that

=9 ] =0 IO

i. T(2,y,2) = (Mm) -
lz—yl*
(M ()())(M <>)
) _ 2P b)) g ezl
R (P =) )
lz—yl?
log <1+d(m)d(§)> (1/\ d(y)) _
z‘iz’.L(x,yJ) = ‘ | ()() ly—=z| <1 :x y;;
y r—z
log<1+ o—y|? >
|z —y| 1 L
w. R(z,y,2) = |z —z|lz—y| ~ |[z—2 |z—y|

Proof of Lemma 4.3. First we suppose that [zy] < 3 [XY]. Hence Lemma 3.1 implies

dl(;z(zi;(lg) - ‘x(le = 1 and the estimates in i. and ii. follow from (1 A |(9”)C;(‘g)> ~ 1.

The estimate in iii. uses

log (1 +1) t

— -~ <1+- fort,seRT. 4
log (1+5) = +s ort,s € (34)
Indeed, let s > 0 and one finds if @ > 1 that log (1 + as) < alog(1+ s) by the
concavity of log; if a € [0,1] one finds log (1 + as) < log (1 + s); (34) follows with
as = t. From Lemma 3.2 ix. we find

WQ+%%%5NM@+£QO”MQ+£%O

1

Y
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and

log(l—i—M) jlog<2—|— d(@) ) jl—i—log(l—i— d(z) )

|z — 2|2 |z — 2|
Hence it follows that

1+log<1+ d(m)) 2

=
log (1 -+ 725)
If [zy] > 1 [XY], then

<1A M) ~log <1+ d(w)d(y)) _d@)dy)

z — y|? |z — y|? |z — y|?

L(z,y,z2) = +

and we distinguish the following cases.
e The case |z — z| > 3 |z — y|. Using Lemma 3.2 vi. we get

lz—y|* d(z)d(z) d(y)
T 200w Jo—aP dc)

and using Lemma 3.2 v. we obtain

ey d@d() 4
Qv 230yaw o )

IN

4,

<A4.

Similarly we obtain that

z—y* d(z)d(z) d(y)
L) 2 0y o—af 40

IN

4.

19

(37)

o The case |[x —z| < S|z —y|. Then |[y—z| > |[y—=| — |[zr—2| > 1|z —y| and
one proceeds for i. as in (35) using T (x,y,2) = T (y,x, z). In order to prove ii. we

proceed by using Lemma 3.2 vii.:

< Tl @) dy) |z — y]
Qv ?) 2 amydm o—a ly—a = e

Similarly we find by Lemma 3.2 ix.,viii. and again ix.:

|z —y|? . d(z) \ d(y) |z —y|
Ly 2 Gayaw) 1g<”\x—z|> P

Note that the estimate in iv. is straightforward.

Proof of Proposition 4.1.

e The case n > 2m. One finds by Proposition 2.3, Proposition 2.4 i., respectively,

(6) and Lemma 4.3 that

Gm,n (l‘,Z) ’DEGWL,” (273/)’ <
Gm,n (x,y) B
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n—2om ( ) d(z)nL d( )(mf\k\)-"d( )TVL
|z =yl (MW)(MW

=< ly—=z|
- (1 A d(z)™d(y)™ ) |$ Z‘anm ‘Z . y|n72m+|k|

lz—y[*™
2
- @) (Qay )
n—2m n—2m-+|k|
|z — 2| |z =yl
. |$7y|n 2m - \x—y\ mA|k| B
- ’:E—Z|n 2m|Z_y‘n—2m—Hk| |ZL‘—Z| B
= #R(z Z)"—Qm + ;RCB Z)n—Qm-‘r(m/\\k\) <
! + ! +
— |Z _ y||k| |.’E _ Z|n72m |Z _ y“k|+n72m
. 1
‘ ‘ (|k|—m | B Z‘n—2m+(m/\|k’|) -
j ’.’E o Z|2mfn7|k‘ + |Z o y‘2m7n7|k| ) (38)

e n =2m and 0 < |k| < 2m. By using Lemma 3.2 ix. we have

Gm,n (337 Z) ‘D];Gm,n (Z’ y)’ <
G (,9) -

o (1 4249 (10 )

(z
| .
g (14 200) (10 o)

| |z

(m—[k|)* m

ly — Z‘(mflkl)“rm
o —y[" "
|$ - Z‘n72m ‘Z o y’n72m+|k|

(T (z,vy, Z))(m—lklﬁ L(z,y,2) (Q(x,y, )M kD=1

Since L and @ can be bounded similarly (see Lemma 4.3 ii. and iii.) we may continue
as in (38).

e n =2m and |k| = 0. We find by using Lemma 3.2 ix., the estimate for 7' (x,y, 2)
and the symmetry of Gy, p, (z,y) that

Gm,n (xa Z) Gm,n (Za y) =<
Gm,n ’ )

(z,y
) log (2+ ,;@‘) ( ’Qmjgm ) ( ) (1 /\%) )
s (o ) b o 55) 10 )

lz—y|
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21
log (2+ 22 ) log (2+ 1)
7max(log<2+|z y> <2+|m(y|>> - (39)
If [z — 2| > § |z — y| then log <2 + |x( ;| =< log (2 + |x( ;|> and we continue by

)
o9) <1og (24 ) <1 (27).

If\x—z|§%|x—y| then |y — z| > |y — x| —

|z — 2| > |z — y| and we conclude by

(39) < log <2+ |j(_”““l‘) < log (|xfz|> .

en <2m and 0 < |k| <2m—n, or, n < 2m and |k| = 2m —n and n odd. Note that
by Lemma 3.3 (see also (8)) we may estimate as follows:

Gm,n (377 Z) ‘D];Gm,n (Z, y)‘ ~
Gm,n (:L',y) N

Wl

(d(z)d (z))™ 2" (1 A da WZ)) 2"

|z—z/?

(@) d ()" (14 )

lz—y|

()™ Ikl g (=i (1 QL) @)) g

ly — 2|

=

= d ()" (T (2,y,2))2" < 1

e n < 2m and |k| = 2m —n with n even. We use Lemma 3.3. Note that |k| =2m —n
implies m — |k| = n —m. We have

Gm,n (337 Z) ‘D];Gm,n (Z, y)’ <
G (2, 9) -

m—k))T m
(d(z)d(2)™ (m ‘< >d<;>) 1g(2+|d<y>)<1AM>

| z—y] |y_z|(m—|k’\)++m

(d(@)d(y)" " (14 L24)

1

4z (1 |<w>d<|§>)%"1og (2+ 22) (zg))m‘%” (1 2e) >

~ ly—z|”

— log <2 1 j%,) (T (z,y,2))2" < log <L> .

e n < 2m and 2m —n < |k| < 2m — In. We find that

Gm,n (l‘, Z) ’DEGWL,” (Z7 y)’
Gm,n (x,y) B
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1

an m— + m
(d (x)d(z))m—%n <1 A d(x)d(2)> 2|5 g2l <1 A M)

|z —z|? |y—z| (=D F+m
< —

m—in (1 5 d@)2rda)2
(@) ()4 (10 L)

(d<z>)m5” (1 222 )5” | p D a)
2m—n—|k| d(y) ez y—z|(m— DT +m

= |ny| 1 1
(1 A d@)ira)t >

lz—y[™

By Lemma 3.3 it follows that

(B2 (o) (@)

By Lemma 3.2 and (41) it follows that

(1 LA d<y>M> .

ly — Z|(m—\k\)++m

N <1A M>2m—%n—|kl <1/\ d(y) >|k|+n_2.m

ly— 2| ly — 2|

(i ALY (1 LY ey

ly — 2| ly — 2|

() )

and using (42) we continue by

(40) 5 |z =y~

(14 Mﬁ" (11 d(z)d(y))zm—%”—kl (11 M>|k|+n—zm

|z—z|? ly—z|? ly—z|

— |z =y (T (2, y, 2)) 2 (Q (2, y, ) FIE 2 <

|$ - y| |k|+n72m
<[z =y (1 + m) =

< ’Z o y,Qm—n—|k| + ‘x B Z‘Qm—n—|k| )

e n < 2m and 2m — in < |k| < 2m. Similar as in the previous case we obtain the
estimate in (40). By Lemma 3.2 we get

A" M )" | (dm) T ( d) |
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and we continue by

=

ly—=z|

N d(m)d(;))%n (1 \ ) >5” i

= |z =y P (R (2, y, 2)) 7 <

=z =y P e e e

< |Z B y|2m—n—|k| + |33 . Z‘Qm—n—|k| ]

In the last step we used that 2m —n — |k| < —3n.

5 Positivity for related equations and systems
5.1 More general equations

Consider the equation

(A" +A)u=f in B,
Dyu = 0on 0B,

with

A= Z aq () D*

|a|<2m

23

(43)

(44)

and ao, € C (B) The boundary condition is as in (2). The operator A is a lower

order perturbation of (—A)™.

In this section we will fix some p > 1. The operator G,, ,, is well defined on LP (B)

and we may use the regularity theory of [1].

Theorem 5.1 There exists g > 0 such that, if ||aq||, < €0 for all o with |a < 2m,

then the following holds.

i. For all f € LP (B) there exists a solution u € W™P (2) N WP (2) of (43).
ii. Moreover, if f € LP (B) and 0 Z f > 0 in B, then the solution of (43) satisfies

u>0in B.
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Remark 1. Let {2 be a simply connected two dimensional domain and let A : B — {2
be a bijection such that h (z1 + ix2) = hy (z1,22) + i ha (21,22) is a holomorphic
mapping. Then A (uo h) = L |VA[* (Au)oh. We write g (z) = 2|(Vh) (z)| >, If 902
is sufficiently smooth, then a Theorem of Kellogg-Warschawski (see [20]) implies that
h is sufficiently smooth and that there exist ¢; > 0 such that ¢; < |(Vh) (z)| < ca.
The elliptic problem (—A)™u = f in 2 with Dirichlet boundary condition can be
transformed to

(—g()A)™ (uoh)=foh in B,
which can also be written as
(—A)"+A)(uoh)=9g ™ (foh) inB,

for some A as in (44). Since 0 Z f > 0 yields 0 Z g=™ (f o h) > 0 one finds that
domains that are close to the disk still have a positive Green function G, ,, . Close
to the disk means ||h —Z Hc2mf1( B) sufficiently small. For example this holds for an

ellipse that is close to a circle, see [12].

The theorem will be proven in two steps. We may rewrite (43) as
u = _gm,nAu + gm,nf

and then formally
u = (I + gm,nA)_l gm,nf

First we will justify that (Z + men.A)*l is well defined. The next step will be to

prove the estimate (Z + Gm.nA) ™" Gmn > G-

Definition 5.2 By S > 7 we mean that (Sf) () > (T f) (z) for all f € LP (B) with
f=>o.

Lemma 5.3 Set ijm’p(B) = WP (B) N W"P(B). If |laall,, < m and m is
sufficiently small, then

(T +GnnA) " € L (W (B): WS (B)) .

Proof. 1t is sufficient to prove that ||Gy, Al < 1. Set
2m —-14n
o= 3 1= (511" (45)
|k|<2m

and we obtain that

Mall, < Y llaallo 1D%ull, < Kngn m l[ullyzms -
la|<2m

By [1] it follows that G, ,Au € W2™P(B) and that Gy, : L? (B) — W5™P(B) is
bounded. For 7; small enough we have ||G, ,A| < 1. [
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Lemma 5.4 Let M be as Corollary 4.2, |laq||,, <n. Then
gm,nAgm,n < M"?Kvn,m gm,na

with Ky m as in (45).

The proof is straightforward from Corollary 4.2. By symmetry we also have

_gm,nAgm,n < M"?/‘@n,m gm,n-

Lemma 5.5 If ||aq||o, < m2 and n2 is sufficiently small, then there is ¢ > 0 such
that
(Z + gm,nA)_l gm,n >c gm,n-

Proof of Lemma 5.5. Assume that f € LP(B). By [1] it follows that G,,,f €
Wl%m’p(B). The solution u of (43) is the limit in W P(B) of {u,} where

v

Uy = Z (_gm,nA)Z gm,nf (46)

=0

Hence there is a subsequence, again denoted by {u,}, such that u, — u pointwise.
Let us denote A. = >, o, @a (2) DY and G = G By Lemma 5.4 we find,
assuming |laq||,, <7, that for f >0

(Gna) G f ) (@)| =

/G T, 21 Azl/G 21, 22) Az, /G Zis Y y)dydz; . ..dzedz| =
// // (z, 21 AZIG(Zl,ZQ) G (7,22) Az G (22, 23)
(z,29) G (z,23)
Yy z z2 z1

G (z,2) A5G (2,y)
B G (z,y)

][

Y z 22 Z1

G (z,y) f (y) dznrdzy . . . dzidy| <

G (z,22) A, G (22, 23)

d
o G (z, 23)

dzo - -

) ‘G @ 2) AsGEY) | g6 (@ y) £ () dy <

< (M)’ / G (x.y) f (w)dy | - (47)
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Take 7, such that C' = Ky, ,mm M < 1 and it follows from (46) that

i=1
i=1
C
<
< (G (2).
which implies
1-2
(@) 2 = G f) (). (48)
Hence we find for 0 < f # 0 that u, > 0 in B for C < % Since C' does not depend
on v it follows that u satisfies (48). ]
Proof of Theorem 5.1. For ¢g = 71 as in Lemma 5.3 it follows that we have a

solution in W™ (£2) of (43) for all f € LP (£2). Indeed, Gnnf € WH™ (2) by [1]
and Lemma 5.3 implies © = (Z 4 GpmnA) ™! Gunf € ng’p (£2). For g = n2 (< m)
as in Lemma 5.5 we find that u > c¢Gy, . f > 0. [ ]

5.2 Systems with the same polyharmonic operator

Consider the system

Lu = Au+(f,0,...,00" in B, (49)
Du=0 on 0B,
with u a vector-function with £ components and where we have
i. L is a diagonal k x k-matrix of polyharmonic operators: (L),; = (—A)™;
ii. D is a diagonal k x k-matrix of the corresponding Dirichlet boundary condition:
(D)ii = D

iii. A is a (full) matrix of lower order coupling terms:

Aij = Z ag D“,
|a|<2m
with ag el (B)

The question is the following. What kind of (small) nonzero coupling is allowed
such that one has u; > 0 whenever 0 # f > 07

The last equation of (49), (—A)™ uy = Z§:1 Ay juj, is 'solved’ by

k—1
up =T, > Ay

Jj=1

where

Te = (T = G Arp) ' G
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kk

o HOO small. Moreover, for every € > 0 there

The operator is 7 is well defined for Ha
is § > 0 such that if HaﬁkHoo < 6 then

(1=8)Gm <Tp < (1+¢)Gn.

We obtain a system with k — 1 terms, of which the coupling terms are

AETD = A A T A

i7j

Repeating such an argument for the last equation of the newly obtained system,
which corresponds to the one but last equation of (49), we find

k—2
(k1)
up1=Tor )AL U
=1

where

Tir=(T-Gn A,i’:f,i_l)_l Gom.

The operator is 7;,_1 is well defined for Ha’oikHoo, ag’kle ; ’ aﬁfl’kH and ‘ agfl’kle
oo OO” (0.0)
small. Moreover, for every € > 0 there is § > 0 such that if Hag ’ < ¢ for
(o ¢]

i,7 € {k —1,k} then
(1 _g)gm < 77@—1 < (1+€)gm
Etc. In an iterative way one defines A¥) = A for ¢ = k and for £ € {1,...,k — 1} :

T =(1-G.49) Gn
A = MY+ AQTAY 1 <ig oo
Finally we obtain
up =T1f.

One proves the following.

Lemma 5.6 If all ‘ ald

are sufficiently small, then we find that the operator T; €
L (Lp (B); WH™P (B)) is well defined. Moreover, for all € > 0 there is § > 0, such
that if ‘

;
ad

<0 foralli,j <k, |a| <2m, then
o0

(1=€)Gm < T < (146)Gom.

The next theorem is a direct corollary.

Theorem 5.7 There exists eg > 0 such that, if Haij ‘ <egg foralli,j <k and all
[e.e]

a with || < 2m, then the following holds. If f € LP (£2) with 0 £ f > 0 in B, then
the solution of (49) satisfies uy > 0 in B.




28 H.-Ch. Grunau and G. Sweers

5.8 Systems with different polyharmonic operators

In general there is no hope to find
gm,n-Agﬁ,n <c gm,n (50)
for arbitrary m and ¢. However, if m < £ such a result holds.

Lemma 5.8 Suppose £ > m > 0, |k| < 2¢. Then we have on B x B X B:

Gm n(J,‘,Z) }DI;GKTL(ZJ/)’ 1— —
. : <lz—z"" 4 |y — 2
Grn(T,y) | | by ==

Proof. We use Proposition 2.4 in the following weak form

d L
DA =z =l (10 10 ) <

d(y)™ d(u)™
< ‘Z _ yllfn <1 A (y) > — ‘Z _ y‘menf(mel) <1 A (y) ) )

|z —y™ |z —ym

Now we may use the proof of Proposition 4.1 replacing |DXGy,(z,y)| formally by
|D¥G o (2,)] for some k, |k| = 2m — 1. |

Corollary 5.9 Suppose that £ > m >0 and let A =73, o aa D with aq € C(B).
Then there is ¢ > 0 such that (50) holds.

This allows us to generalize the result of the previous section.

Theorem 5.10 Consider (49) with (L);; = (=A)™" and (D);; = Dy, and suppose
that m = mq < m; for all i > 1. Assume that A; j = Z|a|<2mj ad D®. There exists
g > 0 such that, if Haiaj ‘ < g for all i,j and «, then the following holds. If
feLP(N) with0# f >0 in B, then the solution of (49) satisfies uy > 0 in B.

Notice that polyharmonic equations with some non Dirichlet boundary conditions
can be taken care of this way. For instance the boundary value problem

(—A)T'”+mz+'”+m’c u=f in B,
Dy, A2 M3t My, — () on 9B,

Dy, A™e=11"ky = () on B,
Dy, A™u = 0 on 0B,
Dp,u= 0on 0B,

\

can be transformed to a system as in (49) with different polyharmonic operators on
the diagonal.
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6 Only small perturbations

For second order boundary value problems the following holds. Let u € Wg’p (£2)
satisfy
—Au=au+ f in 2,
{u =0 on 0f2,

where (2 is a bounded sufficiently regular domain in R™. Then there exists a first
eigenvalue A1 such that

— if a < Ay then 0 # f > 0 implies u > 0;
— if a = Ay then 0 #Z f > 0 implies nonexistence of a solution wu;
— if a > Ay then 0 # f > 0 implies u %2 0.

For the Dirichlet problem with the Laplacian replaced by a polyharmonic opera-
tor in general domains there is no such structure. What will remain is the following.
Consider

{ (—A)"u=au+ f in £, (52)
Dnu =0 on 012,

with 2 a bounded domain in R” with 92 € C?*™7 for some v > 0. Let A1,m,n denote
the first eigenvalue:

_— 2
fQ‘VATu(x)) dx

AMmn = inf 5 for m odd,;
ueW?(£2) Jo lu(z)|” dx
m 2
fQ‘ATu(x)’ dx
Mmn =  inf for m even.

wew 2 (2)  [olu (z)|? dz

Let @1y, denote a corresponding eigenfunction which is normalized by

o = 1.
max Py . (2)

To simplify notation let ((—A)™ — a)™ denote the Green operator corresponding
to the Dirichlet problem (52): u = ((—A)™ — a)"" f. These operators

(24)" =)™ : LP (2) — W™ (£2)

are well defined for a € C ((_2) with a < Amn-

Theorem 6.1 Suppose that there is a € C ((_2) with a < A\ mn n 2, such that
(=)™ —a)™ : LP (2) — WP (2) C LP () is positivity preserving.
Then for all b e C (Q) with a < b < A mnp in 2, we find that

(=A™ =)™ : [P (02) — Wl%m’p (£2) C LP (02) is positivity preserving.

m

Moreover, ((—A)™ — a)™ being strongly positive implies ((—A)™ — b)™ to be strongly

positive.
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Remark 1. An operator T : LP (£2) — LP ({2) is called strongly positive iff 0 £ f > 0
implies T'f > 0.

Lemma 6.2 Let A < Aj,.p and suppose that ((—A)™ — X\)™ : LP (2) — Wémp () C
LP (£2) is strongly positive. Then D1 .y is unique and P pmn > 0.

Remark 2. If ((—A)™ — )\)mv can be represented by an integral operator, then this
lemma is a consequence of a theorem by Jenc¢ (see [21, page 337]).

Lemma 6.3 Let m > 1. For A\ < 0 the operator ((—A)™ —\)™ . LP(2) —
Wl%m’p (£2) C LP (£2) is not positivity preserving.

Remark 3. The result in Lemma 6.3 seems to be folklore, as we learnt from Bernis
[3], but we have not been able to locate a reference for this fact.

In the following corollary we will suppose that u € Wj%m’p (£2) and f € LP ()
are as in (52).

Corollary 6.4 Let m > 1 and suppose that @1, > 0. Then there is —oo < Ae <
Amn, depending on m,n and §2, such that for all a € C (Q) the following holds.

i. If a < A¢, then
0£f>0=uZ0,

but not positivity preserving:

J0# f>0 withu > 0;
J0Z f>0 withu # 0.

it. If A\e < a < A mn, then positivity preserving:
f>20=u>0.

iti. If a = Aimn, then for 0 Z f > 0 there is no solution.
w. If a > A\ mn, then positivity killing:

0Zf>0=u20.

Remark 4. If m = 1 then by standard results we find that the same holds with
Ae = —00.

Remark 5. The fact that ((—A)™ — A)™ is not positivity preserving for A < 0
implies that the corresponding parabolic initial boundary value problem doesn’t
preserve positive initial values. See also [2].

Remark 6. By the example in [17] one finds that for m > 1 a first eigenfunction
b1 m,n may change sign in strictly convex, arbitrarily smooth domains. If {2 is the
unit ball then @1 ,, , > 0. We expect 1, , to be positive on domains that are close
to a ball. Such a result holds for n = 2, see [12].
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Proof of Corollary 6.4. First we prove iv. Let a > Ay ;,, , and suppose that we have
0% f >0 and 0 # u > 0. Then, like in the case of the Laplacian:

0< / [P1mpndr = / (=A)" u — au) Py pdx =
2 (%

= / U (A mpn — @) Py mpdr <0, (53)
P4

which is a contradiction.

iii. also follows by (53).

ii. From Theorem 6.1 one finds that the set of A in R for which the operator
((—A)™ = \)™ . LP(2) — WH™ (£2) C LP(R2) is positivity preserving is an in-
terval [Ae, Aimn) O (Aey AMmn). Lemma 6.3 yields that A\, > —oo when m > 1.
Since 4

(A= ()™ = 0™) iR = L (L2 (2); WE™ (2))

is continuous except at the eigenvalues, we find that the interval is left closed.

i. The first claim again follows by (53). From the previous argument we find
that ((—Q)™ — )\)mv is not positivity preserving for any A\ < A.. Now suppose
that @ < A < A.. If ((—=A)™ —a)™ is positivity preserving then by Theorem 6.1
(=)™ — A)"™ would be positivity preserving, which is a contradiction. The other
claim follows by taking u = @1 ,,. Indeed, @1, > 0 and ((—=A)" — a) Py =
()\l,m,n — a) Qsl,m,n > 0. [ |

Proof of Lemma 6.2. First some preliminaries that can be found in [21]. (E, <) is
a vector lattice if f,g € E implies f Vg,f Ag € E. (E, |||, <) is called a Banach
lattice if (E, ||-||) is a Banach space and if (F, <) is a vector lattice such that | f| < |¢]
implies || f|| < |lg||.- A subset A C E is called a lattice ideal if |f| < |g| and g € A
implies f € A. An operator S on a Banach lattice E is called irreducible if {0} and
E are the only closed lattice ideals that are invariant under S.

One has that LP (£2) is a Banach lattice and that the operator

T = ((—A)™ = N)™ : [P () - W™ (2) C LP ()

is positive, compact and irreducible. By De Pagter’s Theorem ([19]) the spectral
radius of 7" is positive. By the Krein-Rutman Theorem (see e.g. [21]) it follows
that the first eigenvalue of 7" has a unique (up to multiplication) eigenfunction @
and that @ > 0. Since its first eigenvalue is (A1 5 — )\)71 we find that @ satisfies
(—A)"™ P = A\ ;n® and hence that @1, ,, = @ and Py, > 0. ]

Proof of Lemma 6.3. We have to show that ((—A)™ — )\)im’ is not positivity pre-
serving for A <« 0. We use different arguments than Bernis in [3].

If ((—A)™)™ is not positivity preserving we are done. Hence we may assume
that ((—A)™)™ does preserve positivity. We construct a function a € C (£2), with
a < 0 such that ((—A)™ — a)™ is not positivity preserving.

Set u = ((—A)™)"™ 1, which is hence positive by assumption. Since u € W™ (£2) C
C (£2) there will be some B, (z9) C {2 such that u > ¢ > 0 in B, (z¢). Let
X € C*(R) be such that 0 < y <1, x(r) =0forr > 1 and x = L in r < 3.
We define

i () :X(@) (16 p~2 o — w02 = 1) + (1—%@)%@).
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Then the following holds: there exists some § € R such that

= 0 for |z —xo| < 3p,
(=)™ a

Y

—6~ 1 for 3p < |z — x0| < p,

1 elsewhere in (2,

and
< 0for |z —zo| < 3p,

>0 for 1p < o — a0l < bp,
> g for 4p < | — 20| < p,

> 0 elsewhere in f2.

a(z) = —072 <1 —x (2@)) ,

Next we define

and we find that

= 0 for |z — 0| < 1p,

> 0 for 1p < |z —zo| < Lp,
(-2 i § el

> =67t 6725 for 5p < |z — x| < p,

> 1 elsewhere in (2.

We constructed a sign-changing function @ with ((—A)™ —a) @ > 0in 2 and Dy, i =
0 on 9f2. Hence Theorem 6.1 yields that ((—A)™ — X)"™" is not positivity preserving

for A\ < =62 = mina.

Proof of Theorem 6.1. First assume that p > 2. Suppose that u € ng’p satisfies

(—A)"u—bu=fin £,
and we find that u solves
(—A)"u—au=f+(b—a)uin £,

where (b—a) > 0.
We will show that the nonlinear problem

{((—A)m—a)u: f+(—a)lul ing,
Dppu=0 on 02,

(54)

(55)

has a solution wug. If a solution wug exists we will find that f+ (b — a) |ug| > 0 implies

uo = ((=4)™ = a)™ (f + (b — a) uo|) > 0.

The existence of ug is established by minimizing the functional F on W" 2(0)

defined by

1

F(u):5/9<|Wu]2—au2—2fu—(b—a)\u|u> dz,

where

—1

A%y if m is even,
Yu = .
VA 2 wif m is odd.
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We prove that F' is coercive on I/Vén’2 (£2). Set

€ =2 mn A min(A\ ;,mn,—b(x)).
zef?

Then )
F (u) > —/ (|u7u]2—au2—2fu—(b—a)u2)d:n2
2 Ja

P 2 T 27 Vg|? — bu? — 2fu | dx >
-2 /_;2 )\l,m,n )‘l,m,n ’ | f o
> 1/ \Wul? + (A L) 2fu | do >
= U ——e—b|u —2fu|dx
=9 2)\1mn 1,m,n 25 =

1 1
> _ 14 -2 dr >
>3 /Q <2>\1mn ] u| + 2£u fu) x

1z 2
_4)\1mn/‘ u’ d = /fdx

(£2). Since F (-) is sequentially
weakly lower semicontinuous and coercive in Wy" 2 (£2) there exists a weak limit
in W% (02), say uo, and F (ug) < liminf, . F (u,). Since u, — ug in W™ (£2)
we find u, — wg in L?(§2). Using regularity theory and appropriate imbeddings
a bootstrapping argument shows that ug € ng’p (2) . As we remarked before we
find that up > 0 and hence that ug solves (52) Wlth b instead of a. For p € (1,2) the
claim follows by approximating f € LP (2) by fx € L? (£2) and using [1]. |

Now let {u,} -, be a minimizing sequence in Wén’
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