Uniform Estimates and Convexity in Capillary Surfaces*

Hans-Christoph Grunau Stephan Lenor
Fakultat fiir Mathematik Stockheimer Strafle 5
Otto-von-Guericke-Universitét 70435 Stuttgart, Germany

Postfach 4120
39016 Magdeburg, Germany

October 14, 2013

Abstract

We prove uniform convexity of solutions to the capillarity boundary value problem for fixed
boundary angle in (0,7/2) and strictly positive capillarity constant provided that the base
domain © C R? is sufficiently close to a disk in a suitable C'*-sense.

1 Introduction

The goal of the present note is to investigate convexity properties of classical solutions v : @ — R to
the capillarity equation

div Ve = Ku, in Q, (1)

1+ [Vul

together with the (fully) nonlinear boundary condition
Vu

———— v =cos(y), on JN. (2)
1+ |Vul?

Here, Q C R? denotes a bounded smooth domain with exterior unit normal v : Q2 — S, k > 0 and
v € [0, 7] are physical constants. A profound explanation of the physical background together with a
number of historical remarks can be found in Finn’s monograph [4, Chapter 1]. The boundary value
problem (I ) goes back to Laplace, Young and Gaufl and models the following physical situation,
see also Figure[ll A vertical capillary tube with horizontal cross section 2 is put into a huge container
filled with liquid up to the zero-reference-level. Above the liquid, the space is filled with a specific
gas. The solution v : @ — R describes in how far the capillary surface deviates inside the capillary
tube from the zero reference level, which is also the equilibrium shape of the surface in case that
the tube is not present. The capillarity constant x > 0 depends on the interplay of surface tension
(i.e. the interaction between liquid and gas) and gravity while the constant angle v € [0, 7] between
the lower normal of the capillary surface and the exterior normal of the capillary tube depends on
the interaction between the liquid, gas and the material of the tube. We observe that when w is a
solution to (Il ), then —u solves the same boundary value problem with - replaced by = — «y. For
this reason we may confine ourselves in what follows to v € [0, 7/2].

Since the differential equation () is not uniformly elliptic and the boundary condition (@) is
(fully) nonlinear developing existence theories was somehow involved.

On the one hand one may first minimise the corresponding functional to obtain BV-solutions
which under suitable conditions on 2 turn out to be smooth. In this context one has to mention

*This note is an abridged version of the second author’s diploma thesis [I3] written under the guidance of the first
author.



Figure 1: Capillary surface

authors like Emmer, Finn, Gerhardt, Giusti, Miranda (see e.g. [3,[5,[6][7, €] [T6]), for further references
and a comprehensive exposition one may also see Finn’s monograph [4, Chapter 7).

Here, however, we shall use the theory based on a priori estimates in classical Holder spaces and
fixed point arguments. According to works of Simon, Spruck, and Liebermann [14] 17, [T9], in bounded
C*-domains (2 one has a unique solution u € C**(Q)NC>(12) for some suitable o € (0,1) in the case
v € (0,7/2]. If v = 0 one has a solution u € C°(2) N C>°(Q) in the sense that u is the uniform limit
of smooth solutions u, for v\, 0. The seemingly unnatural strong regularity requirements on the
domain 2 are due to the fully nonlinear character of the boundary conditions. Uniqueness of these
solutions is immediate thanks to a suitable comparison principle, see [4, Chapter 5]. One should
observe that in the case v = /2 one has the trivial solution u(z) = 0 so that this case need not
be considered in what follows. Moreover, as discussed in [4, Chapter 5|, those comparison principles
allow for a number of interesting results on geometric, qualitative and quantitative properties of
solutions.

In this respect, a particularly interesting and still widely open question concerns the possible
convexity of solutions. Brulois [2] considered the case of 2 a disk and proved that for any v € [0, 7/2)
these (due to uniqueness) radially symmetric solutions are uniformly convex, see Lemma [I1] below.
Korevaar [10] proved convexity of solutions for strictly convex C*-smooth domains under the extreme
boundary condition v = 0, i.e. infinite slope at the boundary 9. On the other hand, if v € (0,7/2),
there exist smooth convex domains €2 such that 99 contains an edge with a sufficiently small angle,
which in a suitable way is smoothly rounded over, where the corresponding solution is no longer
convex. See [I0, Theorem 2.4] and also [4], Theorem 5.5 and the remark at the end of Chapter
5.5. One would expect convexity of solutions if, depending on the boundary angle v € (0,7/2), the
boundary curvature of the uniformly convex domain does not deviate too much from a constant.
Our main result is a first step in this direction. It shows that the convexity property of the radial
solution in any disk persists under sufficiently small C4-domain perturbations.

Theorem 1. Suppose that k > 0 and vy € (0,7/2). We consider a disk Br(xo) and for some small
w > 0, a neighbourhood U := By, (xo). Then there exists an € = e(p, R, k,y) > 0 such that the
following holds true:

Consider any C*-diffeomorphism ® : U — ®U) and Qg := ®(Bgr(xo)) C R? with exterior unit
normal ve : 00g — S' such that ||® — Id|[cagy < . Then the solution ug € C3(Qa) of the
capillarity boundary value problem

VU@ VU@ B2

div | ———— | = kus, n o, —= =
\/1+|VU¢,|2 \/1+|VU®|2

is uniformly conver.

= cos(vy), on s,

The first key observation in proving this result is that the classical C'1:*-estimates (see Spruck’s
work [19] and references therein) are uniform for families of simply connected C*-smooth domains
as long as they obey the same quantitative bounds specified in Proposition 8 below. It is explained
in Section 2] that all the underlying computations are in principle constructive and the estimation
constants are in principle explicit.



Then, using an argument of Ladyzhenskaya and Uraltseva (see [I1, Chapter 10, pp. 463-465])
we show by means of a proof by contradiction a C?P-stability result for the solutions with respect
to small C*-domain perturbations. See Theorem [ below. In view of the uniform convexity of radial
solutions in balls due to Brulois (see [2] and also Lemma[IT]) this yields the proof of Theorem [[l which
is given in Section Ml

Most of our notation is quite standard and mostly adopted from [g].

2  Uniform C'“-estimates

Cl@_estimates for solutions of ([l 2] are well known. The goal of this section is to recall them step by
step, to provide references and to explain the reason that these are uniform for families of domains
as considered in Theorem [

2.1 Maximum estimates

Since we may restrict ourselves to v € [0, 7/2] we observe first that solutions of (I} ) are positive.

Lemma 2. Let Q C R? be a bounded C'-smooth domain, x > 0, v € [0,7/2]. Then any solution
u € CHQ)NC?(Q) of the capillarity problem ([, [B) satisfies either u > 0 in Q or u =0 in Q.

Proof. This is a direct consequence of the comparison principle [4, Theorem 5.1]. O

For the notion of interior and exterior sphere condition, which will be used frequently in what
follows, see e.g. [8, p. 27].

Lemma 3. Let Q C R? be a bounded C'-smooth domain, v > 0, v € [0,7/2] and assume that
u € CHQ) N C%(Q) solves the capillarity problem ([, [3).

(a) On B.(zp) C 2, one has

2
sup  |u(z)| < — 4.
zEB,(z ) KT

(b) If Q satisfies an interior sphere condition with radius r then it holds:

2
sup Ju(x)] < — + .
zEN RT

(c) If O is C%-smooth there exists a constant C = C(Q, k), independent of ~y, such that

sup |u(z)] < C.
e

Proof. See [, Theorem 5.2]. One should always have in mind that C2-smooth domains satisfy
interior and exterior sphere conditions. The radius may be chosen even uniformly for C?-smooth
families of domains, where this notion has to be understood in the spirit of Theorem [l O

2.2 A gradient maximum principle
Lemma 4. Let Q C R? be a bounded C'-smooth domain, k > 0 and u € C*(Q)NC3(Q) be a solution

of the capillarity equation

v
div v = Kku, in .

1+ [Vaul?

sup |[Vu| = sup |Vul.
Q o9

then one has

Proof. See [8, Theorem 15.1]. O



2.3 Interior gradient bounds

In view of the preceding gradient maximum principle one may think that in order to achieve global
gradient bounds it is enough to deduce boundary gradient estimates. The derivation of these (see
Proposition [@ below), however, makes somehow unexpectedly use of the following interior gradient
estimates.

Lemma 5. Let Q C R? be a bounded domain, Q' € Q be any subdomain, x > 0, M > 0. Then there
exists a constant Cr = Cy(dist(Y,00Q), M, k) such that for any solution u € C*(Q) of the capillarity
equation

div L =ku, nS)

1+ [Val?

obeying supg |u| < M € R one has the following

sup |Vu| < Cf.
Q/
Proof. See [12] Theorem 4]. O

2.4 Global gradient estimates

In view of the gradient maximum principle above it suffices to deduce boundary gradient estimates.
We begin with recalling estimates for the tangential derivative.

From now on we assume for simplicity the bounded domains 2 C R? to be always simply con-
nected, i.e. that every closed curve in Q is there null-homotopic. As a consequence, (see [I8]) we
have that by duality the boundary OS2 is connected.

Proposition 6. There exists a universal combinatorial constant Cyniy > 0, which can be calculated
explicitly such that the following holds true.

Let Q C R? be a simply connected bounded C*-smooth domain, k > 0, v € (0,7/2]. We assume
that ¢ € C*(R;09) is a periodic parametrisation by arclength of the boundary 02 which is positively
oriented such that (—¢2,¢b) gives the interior unit normal. Let K € C?(R) denote the boundary

curvature which is defined by
él 70'2
€)-+()

(cis) =ré(s)) _ g
2e S%p IKI <1 and Y(r,s)€0,e] xR: (02(5) +7‘c’1(5)> €N (3)

Take € > 0 small enough such that

yields a smooth regular and (up to periodicity with respect to s) smoothly invertible parametrisation
of the e-strip along 0Q2. We choose further 1 € (0,€) and consider the compactly contained subset

Q= {x € Q:dist(z,09) > e/} € Q.
For any numbers M > 0, C; > 0 consider a solution u € C3(Q) of the capillarity problem (I, [3)
obeying
suplu| < M and sup|Vu| < Cf.
Q Q'

Then the tangential derivatives of u along 02 satisfy the following estimate:

sup |Vu(c(s)) - ¢(s)| < Cunip max {5 sup |K'|M, s~ sup |K'|,
sER R R

k2 sup |K'|?, K Lesup |K”|, C’I}.
R R



Proof. The proof of this result is based on a closer analysis of the C'-bounds from Spruck’s paper
[19]. There the bounds on the tangential derivatives are not stated in this explicit way. We will
briefly outline the strategy of proof here.

Within the e-strip along 02, by means of the parametrisation

0 xR RE (e (€(5) = TE ()
¢'[0a€] R%Rv ( ’ )H(CQ(S)—i-TC.l(S))’

the capillarity problem (I ) is transformed to the following problem for @ := u o ¢:

1 0 u, 0 u
i=— (2 |1—rK)=| + L |1 -rk) 1 in [0,¢] x R 4
i 1—7“IC<87’[( T)W}—i_@s{( rk) WD in [0,¢] xR, @
Uy

cos(y) = ——F——,
N
The modulus of the “tangential” derivative |u,| attains its maximum in some (rg, so) € [0,¢] x R.

According to [I9] one has to distinguish the three cases 1o = ¢, 0 < ro < ¢, and 9 = 0.

In the case rp = ¢ we use the assumption on the gradient bound in €. This allows for the
following estimate

on {0} x R. (5)

10(r0, 50)| = (1= roK (s0)é(s0) - Vlp(ro,50))| < 31 VH(0(ro, 50))| < SCr(er, M, k).

For the case 0 < ¢ < € the transformed capillarity equation () has to be differentiated with respect
to s. It turns out that from the term s, of the differentiated equation, by estimating the right-hand
side, one can obtain a bound on [us| in terms of e, M, k™1, supg |[K'| and supg |[K”|. In the case
ro = 0 one has to first differentiate the boundary condition (&) with respect to s to find that also in
this case (ro, so) is a critical point of Ts. Then one proceeds similarly as in the case 0 < rg < € with
some obvious simplifications thanks to ro = 0.

Since the bound on |@,| depends among others on K, it seems to be unavoidable to formulate
our results in the restricted class of C4-smooth domains and C*-perturbations.

For an extensive version of these calculations one may see also the second author’s thesis [I3, pp.
32-39]. One observes that for C*-smooth families of domains in the sense of Theorem [ in view of
Lemmas [B] and B one may choose the same M and C; for the whole family. O

From the previous estimate and the boundary condition (Z), bounds for the normal derivative
and hence for the full gradient on 0f) are immediate. We combine all the previous results of this
section into the following corollary.

Corollary 7. Let Q C R? be a bounded simply connected C*-smooth domain, x > 0 and v € (0,7/2].
Then, there exists a constant C = C(§2, k,~y) such that for each solution u € C3(Q) of the capillarity
problem ([, [@) one has
sup |[Vu| < C.
Q

For C*-smooth families of domains, close to §) in the sense of Theorem[d, one may choose the same
uniform constant.

2.5 (CY"-bounds

Proposition 8. We suppose that Q C R? is a simply connected bounded C*-smooth domain, let
R > 0 be such that Q) satisfies an exterior as well as an interior sphere condition with radius R. Let
k>0, € (0,7/2] and u € C3(Q) be a solution of the capillaritity problem ([, [2). Let the boundary
0f) be parametrised by arclength and let IC be the corresponding curvature.

We assume that we have bounds Sxc > 0, Sxv > 0, Cco > 0 and Co1r > 0 for K and u, respectively:

sup |K| < Sk, sup|K'| < Skr, suplu| < Ceo, sup|Vu| < Cen.
R R 9 a

Then there exist constants o € (0,1) and Ccr.a > 0 which depend explicitly and only on s, 7, Sk,
Sir, Cco, Cor and R such that u obeys the bound

Hu||cl,a(§) S Ccl,a .



Proof. Tt is well known (see e.g. [8, Chapter 15.1]) that the derivatives of u also solve a differential
equation closely related to (). The coefficients depend on Vu, but the Cl-estimates of Corollary [7]
ensure that these enjoy quantitative properties which are sufficient for what follows. As for the
derivation of C%“-bounds for Vu close to 92 we may adapt the reasoning from [IT], pp. 466-468].
For interior C%“-bounds for Vu we refer to [8, Theorem 8.24]. For an extensive exposition one may
see [13, pp. 42-55]. O

3 A C?P-stability result

Theorem 9. Let Q C R? be a simply connected bounded C*-smooth domain with exterior unit normal
v:0Q — S, U= {xr € R? : dist(z,Q) < u} for some small enough > 0 a neighbourhood. Suppose
that k > 0, v € (0,7/2] und o € (0,1). We consider a sequence (®y)ren of C*-diffeomorphisms
O U — Dy (U) obeying

[0~ 1 a0, (k= o0). (6)

Let Qp := @ () C R? denote the C*-smooth image domains and vy : O — S* their exterior unit
normals. We consider further boundary angles (vg)ken C (0,7/2] converging to ~:

Ve =y, k— 0. (7)

Let ug, € C3(Q4,) be the uniquely determined solutions of the capillarity problems

div VR = Kug, m Qy, _ VRV = cos(vk), on OQ. (8)

1+ [Vauyg|? Y1+ [Vl

We assume that there exists a uniform bound Cgi.a > 0 such that
hEN: [urlone,) < Cone. )

Then for any B € (0, ), the sequence iy := uy o Py € C3(Q) converges in C*#(Q) to the solution
u € C3(Q) of the boundary value problem

div Ve |- Ku, in §, Ve cos(y),  on ON. (10)

1+ [Val? 1+ |Vuf

Proof. The proof is given by contradiction following ideas and arguments by Ladyzhenskaya and
Ural’tseva, see [II, Chapter 10, pp. 463-465]. We choose some 5 € (8, «) and keep this fixed in
what follows.

We shall first prove by contradiction boundedness of ||t|| 2.5 @) We shall select a convergent

subsequence in C#(Q) and deduce a linear elliptic differential equation satisfied by differences
of elements of this sequence. Linear elliptic estimates will then allow for deducing a contradiction.
Once boundedness in 024 (€2) is shown the stated convergence follows with the help of a compactness
argument.

In what follows we use the following notation

8ij Py -
a;; :R2 =R, p— - - =, 4,7 €{1,2},
’ VIFIE (14 p2)?
p

a:R? - R?% p—

VIt

Since the sequence (®y)ren is uniformly bounded in C*(2) we obtain from (@) also a uniform C"*(€)-
bound Ccie = Cora(Corie, (Pr)ren, 2) for the transformed sequence (ay)ren. We choose Coi.a
such that

VkeN: [kl cragmy) + 1@kl crag < Core. (11)



Moreover, since also the @;1 enjoy uniform bounds we find a further constant C' = C'((@k)keN,u)
such that for k£ € N and § € {8, 3,a} we have

Z [k ias O(I)Hcﬂ sy T Z

1,j=1 ,j=1

< Cllllges - (12)
Co:5(Q)

uk xJ O(I))

By smoothness a;; € C*°(R?) and a € C°(R?;R?), we find a bound C, for the compact set K :=

B, . (0) C R? such that

2
lalles ) + Y llallos < Co. (13)

3,J=1

Thanks to ([I) and the compactness of the embedding C**(Q) — C#(Q) (see e.g. [1, Theorem

1.31]) we have, after selecting a subsequence, convergence of (ig)gen in C12(Q).

For arbitrary ¢,m € N we consider v := wy — U,, and a corresponding linear boundary value
problem the coefficients and right-hand sides of which depend on u, and ,,. Using the ®; we pull
back the boundary value problems () to Q. For any k& € N we have

2
Kk = Y aij (Vg 0 ®p) g gigs © Py (14)

2
- Z (aij (Var) + [aij (Vug 0 ®r) — ai; (Vig)]) (Uk,giei + [Uneizi © P — g giai]) 5

(Vuk o (I)k) . (I/k e} <I>k) (15)

cos(yx) = a
( (Vﬂk) + [a (Vuk o q)k) —a (Vftk)}) . (l/ + [I/k o P, — I/]) .
This gives for v the following differential equation

2

1
daij o . R R
Z a;; (Vg)]| vgigi —l—Z Z ummm]/ %(Vum—kt(Vuz—Vum))dt Ugk — KU

7,7=1 k=1 |2,9=1 0 p
2 2
= aij(Vitg) (g pizs — limgins) + Y i (Vitg) = aij (V)] g igs — Kl — i) (16)
i,j=1 i,j=1

2
= — Z (aij (Vﬁz) [Ug zigd O @g — ’lAl,ng:Ij] + [CLij (VUZ ] (Pg) — A4y (Vﬁg)] U, zigi O @g)
=1
2
+ Z (am Vum U, izi © P — ﬁm,zizﬁ'] + [aij (Vg 0 @) — Q45 (V)] U, gigd © (I)m)

7,7=1

<.

together with the boundary condition

2 1
0 . . .
Bv = Z[/O a—;(Vuert(Vuszum))dtq/ Uk

= (a(Vii) ~ (Vi) v a7)
= cos(y) —a (Vi) - [vpo @y —v] — [a (Vug o Dy) — a (V)] - (ve o ®y)
—¢o8(Ym) + a (Vi) - [Vm 0 @pm — V] + [a (Vum 0 D) —a (V)] - (Um0 Ppy)
Defining the constants
C[, ‘= Cp ‘= ; >0

(1 + C%l,a)

Nl



we see that Condition [TT, Chapter 3, (3.3)] for all £ € R?

2 o 2 2104 12 _ (£.T5,)2 2

S (Vi) = L IVE (€ Va?
ij=1 (1 + |Vﬂg|2) (1 + |Va¢\2)

is satisfied as well as Condition [II, Chapter 3, (3.4)]: Putting ¢(t) := Vi, + ¢t (Vie — Vi,) we

have

> crléf® (18)

2 L 94 . 2 L 9ad o
S| [ ot v)vi= 3 [ 55w (19)

i=1 ij=1
1 2
= Z aij(qt))wividt > cplv]* = cp.
0 ;=1

In view of () and 5 < a we have a further constant ¢; = ¢;(Cg1.a, %) such that, independently of
¢ und m, the coefficients of L and B obey for all i,j € {1,2} the following estimates:

llai; (V@) cos + | = £llcos @

1
0
+ ‘ / %(Vﬂm +t(Vig — Viiy,))dt - v <c
o Ip C0-(09)
2 1
Dansm, o . X N
N e | G (Vi + t(Vitg — Vi))dt
Pt o Op' —
T coQ)
1 da
+‘/ O (Vi +t (Vitg — Vi)t - v (20)
o Op C1(99)
<o (1+ el ez + limllczay ) -
2 1
Danm, o . N N
3 / G 1 T (N G+t (Vg — Vi) )t
m=1"0 ’ op' -
= €05 (@)
1 9a
+‘/ 9O Gty 4t (Vitg — Ving))dt - v
o Op C15(0Q)

<er (14 el gns @y + Nimlonsgm ) -
Finally we need to estimate the right-hand sides in (I6]) and (7). We find for £ € N and i,j € {1,2}

2
N 0 .
Uzt = 55 (ug o By) = E P pilig o © P, (21)
n=1
52 2 2
Y . . — —_— ﬁ . m . = ~ ﬁ . . =
Ykatal = OxtOxI (ug 0 Pp) = i 2 :lq)k,wlq)k,wﬂ Uk, zgm © Py + ; 1: (I)k,w’“wﬂ Uk,z7 © Dy
n,m= n=

Making use of (I2)) and of the convergence in (]) we obtain

i J
((bk,xiq)k,mj

N 1) Uk, gigi © (I)k + (I)Bii' (Pj j Uk x3—igi © (I)k

Uk, gigi — Uk, gigi O (I)kHC’O(ﬁ) k,x? ~ k,xd

i 3—j 3—1i 33—
+(I)L,ziq> ]vU,k7riI3—j o®p + P LD J-’U/k7m3—ix3—j o Py,

k,xJ k,xt " k,xd
2
—+ Z (I)Z,wiwj uk,zﬁ [¢] (I)k (22)
A=1 o0 @)
2 2
< o(1) Z [tk gm0 q”@”cﬂ(ﬁ) + Z [T q)kHCO(ﬁ)
fiy=1 =1
< o1) (Jlinll o2 + Cone )



and similarly

i = Uk atar © | o gy < 0(1) (||ak\|02,5@ n écl,a) . (23)

By virtue of (I3)) and product and chain rule we have for ¢,j € {1,2} and k € N:

lai; (Vur 0 k) — aij (Vi) coq)y < o(1)C*,
las; (Vur 0 @x) = ai; (Vi) | o5 @y < o(1)CH (24)
la (Vur 0 @) = a (V)| oy < 0(1) (CF ﬂmmmﬂ
la (Va0 ) = @ (Vg | n.s 00y < 0(1) (€ + il onsa) -
Thanks to Assumption (@) concerning domain convergence we have
lvg o @p — V”Cl)g(ag) = o(1). (25)

We combine (@), @2)), 23), [24), and [25) and see that the right-hand sides in ([I6]) and (I7)) can be

estimated as follows:

1Ll o) < o1) (1 + el + limllose)
1Eellgos @) < 0(1) (1+ el gos gy + limll @) ) (26)
|Bollos ony < o(1) (1 + lellcs + o)

1Bl s oy < 0(1) (14 el oo + limllce s ) -

Since the conditions ([I8), () are satisfied, we may apply [I1, Chapter 3, Theorem 3.1] and use
the estimate [I1, Chapter 3, (3.5)]. Making further use of (20) and (26) we find a constant c; =
¢2(Cer.a, cr, cp), which is independent of ¢ and m, and the following estimate:

ﬂm@szm0+mmm@+mmmmg+Mm@

1+8
+olony (1+ el cuiy + lamlens + (el +limlem) ) ).

Applying the interpolation inequality in Holder spaces

L 1 £
Vw e C*P(Q): |wlleam < esllwll oi g lwll g, =

(see e.g. [II, Chapter 3, (2.1)] or [15]) we end up with the following crucial estimate

ol s < € (o) + Molleny) (1 + Nelloasm + limllcase)) - (28)

Here, ¢ = C(C‘cm,c?,, cr,cp) is a constant which is independent of ¢ and m.

We assume now by contradiction that the sequence (ux)ken is unbounded C2P (€2). Then one
could select a subsequence (iy, );en such that

ltikiis lo2a @y = 2l llo2m ey and ik, [l g2 =1

holds true for all i € N. We introduce £(i) = ki1, m(i) = k; and v; = Gy — Up(;y. Inequality 28)
implies then that

- ||ak¢+1||c2,é(§)

||ﬁ’ki+1 HC%B(ﬁ) = 2”17‘/61 + aki+1 - akq
< 2wyl 25 @) + 2Mvill 2 @y = i lle2s @) < 2lvill 2@

<2 (0(1) + IIUz‘Hcl(ﬁ)) (

7 i1 HCZB(Q))




< 5c (o(1) + villen @ ) e llos -

Since the C#(€))-convergence of (dix)ren implies [villor@) — 0 for i — oo, we conclude that
ki llc2p@ < ||ﬁk7:+1||c2,ﬁ(§)/2 for sufficiently large i. In view of ||dg
achieve a contradiction. } }

To conclude: We have shown so far that (i )rey is bounded in C2# (). Due to 8 < 3, C%(Q)
is compactly embedded in C2#(2). Hence we find a u € C*#(Q) such that after selecting a sub-
sequence, (ig)ren converges in C24(Q) to u € C?7(Q). Employing the convergence properties (),
@2), @4)) and @23 we conclude from the fact that the 4y solve the boundary value problems (T4l
3] that

7¢+1||c2,/§(ﬁ) >1>0 we

2
KU = klim Z (aij (Vﬁk) + [aij (Vuk o CI)k) — Q44 (V'LALk)} )(’LALk,a:z‘Ij + [uk@iw]‘ ¢} (I)k - akw’aﬂ] )
—00 =1 —— N——

—a;; (V) —0 =g —0
2

=Y iy (V) e,
ij=1

cos(y) = klggo (a (Viig) + [a (Vug o Dx) — a (Vig)] ) . (1/ + [vg o Df — V] ) =a(Va) - v.
—a(ViD) —0 -0

Hence, u solves the capillarity problem (I{]) and by uniqueness, @ = u follows.
Since the previous reasoning applies also to any subsequence of (i )ren, a standard reasoning by
contradiction shows that the whole sequence converges to u. O

Since in Section Bl we have deduced uniform C*“-bounds the preceding theorem yields the fol-
lowing stability result.

Corollary 10. Let Q C R? be a simply connected bounded C*-smooth domain with exterior unit
normal v : 0 — St, U = {x € R? : dist(z,Q) < u} for some small enough p > 0 a neighbourhood.
Suppose that k > 0 and v € (0,7/2]. We consider a sequence (®y)ren of C*-diffeomorphisms
Dy U — D (U) satisfying

||(I)k_IdHC4(§) — 0, (k—)OO)

Let Qp, == @1(02) C R27den0te the C*-smooth image domains and vy, : Oy, — S their exterior unit
normals. Let uy € C3(Qy) be the uniquely determined solutions of the capillarity problems

Vuk Vuk * Vg

— | = Kug, in Qy, ——— = cos(y),
1+ [V V1 + [V

Then there exists a Hoélder exponent B € (0,1) such that we have the following convergence of the
perturbed solutions to the original solution:

div on 0.

||uk o (bk: - uHcQ,B(ﬁ) — 0, k — 0Q.

Proof. We combine Corollary [7] and Proposition B to conclude from the C*-convergence of ®
to Id that there exists a Holder exponent o = «(Q, (Pk)ken, K, 7, 1) and a constant Cgia =
Cer.e (9, K, 7, 1) such that we have for all k& € N the following uniform C“-estimate

HukHC’lva(ﬁk) < Ccia.

The claim follows now from Theorem O]

4 Convexity of capillary surfaces in domains close to a disk

4.1 Radially symmetric solutions

In case that Q is a disk the solution to the capillarity problem is radially symmetric and hence, this
problem becomes much simpler. Indeed, in this situation we have the following convexity result by
Brulois [2] from 1982. For the reader’s convenience we also recall its proof.
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Lemma 11. Consider arbitrary R > 0, o € R?, k > 0 and v € [0,7/2) and let Q := Bpr(zo).
Then the solution u of ([, [@) is uniformly convex in the sense that the eigenvalues of Hessu(x) are
uniformly bounded from below by a strictly positive number.

Proof. We may assume zg = 0. Rotational symmetry of the solution is immediate due to uniqueness.
Writing w(|z|) = u(z), (@ B)) is transformed into the following ODE-problem:

d rw'(r) / /
. 1—1—111’(7“)2] = krw(r) for r € [0, R], w'(0) =0, w'(R)= cot(y). (29)
Integration yields
w'(r) T

=k [ Tw(r)dT. (30)

By assumption, v € [0, 7/2) implying that w # 0. Lemma [ yields that w > 0 on [0, R]. (30) shows
then that w’ > 0 for r € (0, R], so that w(r) > w(0) > 0 on (0, R]. Integrating (B0) by parts gives

w'(r) = 1/{ rT’LU(T)dT = 1/ﬂ“w(T) - 11%/0’“ %wl(T)dT < %mﬂw(r). (31)

V1i+w'(r)2 o Jo 2 r
We combine (29) and (BI)) and find for r € (0, R)

W)

krw(r) = (1 +w’(r)2)§w (r) + 1+ w(r)? (1 _i_w,(T)Q)% (r) + anw(r)
Hence, we have for r € [0, R]
w”(r) > %Hw(r) (1+w'(r) )% > % w(0) >0

This means that for u(z) = w(|-]), Q@ > 2 # 0 and £ € R? one has

3 wentoe = [ (2) o] wgey [ () o] 22

ij—=1
> min {u o), L g

Since lim,~ o < (r) w’(0) > 0 there is a positive number Ag > 0 such that min {w”(\x|), w{lz]) } >

|| =

>0

Ap. This ﬁnally shows the claimed uniform convexity:

VreQ, VEeR?: Z Ugi i (2)EET > Nol€]2.

i,j=1

4.2 Close to a disk

In view of the stability result from Corollary [0 it is now evident that convexity of radial solutions
over disks as just proved in Lemma [[1] remains under small domain perturbations. This means that
we may now give the proof of our main result.

Proof of Theorem[l According to LemmallIl u := uq is uniformly convex meaning that there exists
a positive constant A\g > 0 such that the eigenvalues A1, As : Q — R of Hessu are bounded from
below by Ag. We always choose A1 (z) to be the smaller eigenvalue.

We assume by contradiction that there is no e > 0 as in Theorem [l Then one would find a
sequence of diffeomorphisms ®; — Id in C*(Q2) such that u; := ug, is not uniformly convex. We
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find then a sequence z € Q, such that Hessug(xy) is not (strictly) positive definit. This means
that Ap(ug,xr) < 0. By compactness we may assume, after possibly passing to a subsequence, that
(21, = ®;, ' (v1))ken € Q converges to some zg € Q.

According to Corollary [0 the sequence (i, := uy, 0@ )ren converges in C2(Q) to u. In particular,
4k llc2 (@) is uniformly bounded and making use of ([22) we find for 4, j € N

ftk)a;i,a:j — Uk, gigi O (I)kHCO(ﬁ) —0, k— o0
Since ®;, — Id in C*(Q), convergence of Hess u (7)) to Hessu(zg) follows; we have for 4,5 € {1,2}:

|uk,a:1"a:j (xk) — Ugigs (m0)| < |uk:7z7"zj (xk) — Uk,zigi © q)k(i.k)| + |uk,a:17:rj © (bk(:%k) - ﬁk,aﬂ'xj (i'k)|
=0 —0
+ ’ﬂk,xixﬂ' (jk) = Ugigs (i'k)’ + |u3:ia:j ('%k) = Ugigs (.1'0)| — 0.

—0 —0

Since eingenvalues of matrices depend continuously on the matrix entries we would end up with

0> klim A1 (ug, 2g) = A1(u, 20) > Ao > 0,
—00

a contradiction. O]
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