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Abstract

This paper is concerned with the positivity of solutions to the Cauchy problem
for linear and nonlinear parabolic equations with the biharmonic operator as fourth
order elliptic principal part. Generally, Cauchy problems for parabolic equations of
fourth order have no positivity preserving property due to the change of sign of the
fundamental solution. One has eventual local positivity for positive initial data, but
on short time scales, one will in general have also regions of negativity.

The first goal of this paper is to find sufficient conditions on initial data which
ensure the existence of solutions to the Cauchy problem for the linear biharmonic
heat equation which are positive for all times and in the whole space.

The second goal is to apply these results to show existence of globally positive
solutions to the Cauchy problem for a semilinear biharmonic parabolic equation.
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1 Introduction

This paper is concerned with the positivity of solutions to Cauchy problems for fourth
order parabolic equations.

We say that a parabolic Cauchy problem has a positivity preserving property if non-
negative and non-trivial initial data always yield solutions which are positive in the whole
space and for any positive time. It is well known that second order parabolic Cauchy
problems enjoy a positivity preserving property.

On the other hand, it follows from [6, Theorems 7.1 and 9.2] that the elliptic operator
being of second order is not only sufficient but also necessary for the corresponding Cauchy
problem to enjoy a positivity preserving property. This means that this property does not
hold for the Cauchy problem for the biharmonic heat equation (see also [4, 8, 12]):

du+ (=A% u=0 in RY x (0,00), (1.1)
u(+,0) = () in RY, (1.2)

where ¢ is a suitable measurable function and N > 1. “Suitable” means locally integrable
and less than exponential growth at infinity. One should keep in mind that small times
are particularly sensitive for change of sign. For large times, at least in bounded domains,
the behaviour is more and more dominated by the elliptic principal part (and a strictly
positive first eigenfunction would yield eventually positive solutions to the initial boundary
value problem).

The loss of the positivity preserving property for (1.1)-(1.2) is reflected by the sign
change of the fundamental solution G(-,t) of the operator 9; + (—A)? in R x (0, 00) for
all t > 0. See Section 2.1 below. Moreover, it was even shown in [12, Theorem 1] that for
any non-negative and non-trivial function ¢ € C°(RY) there exists T > 0 satisfying the
following;:

miégw[s (t)pl(z) <0 (1.3)
for all t > T, where
[S(t)pl(z) == ox Gz —y,t)p(y) dy (1.4)

solves (1.1)-(1.2) for (x,t) € RY x (0, 00).

On the other hand, thinking of the biharmonic heat equation as a kind of linearised
surface diffusion equation one would expect solutions to (1.1)-(1.2) for positive initial data
to be on the whole positive. Indeed, in [12, Theorem 1], it was proved that solutions to
problem (1.1)-(1.2) with non-negative non-trivial initial data ¢ € C2°(R™) are eventually
locally positive, that is, for any compact set V' C R¥ there exists T'= T'(V) > 0 such that

[S(t)p](z) >0 for (x,t) €V x[T,00).

The issue of eventual local positivity was studied further in [8] for initial data with specific
polynomial decay at inifinty: For § > 0, initial data

1

TRy (15)

o(z)



with
g€ Ag:={hec CRY)|h(z)>0, h(z) = o(]z|®) as |z| — oo}

were considered. It was proved in [8, Theorem 1.1] that eventual local positivity holds
locally uniformly and at an explicit asymptotic decay rate. At the same time this eventual
positivity cannot be expected to be global, see [8, Theorem 1.2]: For each 8 € (0, N) and
t > 1 there exists a radially symmetric function g € Ag such that (1.3) holds for ¢ as in
(1.5).

In order to understand the underlying reason for this change of sign even for large
times and how initial data could look like to avoid this, a first step was made also in [8]:

Proposition 1.1 ([8, Proposition A.6]). Let N = 1 and ¢(x) := |z|~%. For 8 > 0 small
enough, it holds that

[S(t)e](z) >0 forall (x,t) € R x (0,00).
So, it is natural to ask the following general question like in [3]:

Problem A. For N > 1, can one find suitable classes of initial data ¢ such that the
corresponding solutions (1.4) to (1.1)-(1.2) are globally positive?

To the best of our knowledge, the existence of globally (in space) positive solutions to
(1.1)-(1.2) has received only little attention. Beside Proposition 1.1, we mention Berchio’s
paper [2]. In [2, Theorem 11] she considered the initial datum o(z) := |z|~? for 8 € (0, N)
and introduced a right hand side with a strictly positive impact. (The reader should notice
that the actual formulation of [2, Theorem 11] is not correct. A vanishing right hand side
e.g. is not admissible.) In this situation she obtained eventual global positivity.

In Theorem 1.2 below we shall prove that this positivity is even global in time (i.e.
even for arbitrarily small ¢ > 0) and holds for the homogeneous biharmonic heat equation,
provided that 8 > 0 is small enough.

This, however, will follow from our first result which gives an affirmative answer to
Problem A.

Let S be the Schwartz space and S’ be the space of tempered distributions. We define
[S(t)p](x) for p € S as

[S®)el(x) := (g, Gz — -, 1))

for (z,t) € RY x (0,00), where (-,-) is the duality pairing between S’ and S. For ¢ € &’
we denote by F[p] the Fourier transform of . If ¢ € S’ is even smooth then this is given
by:

Flp](§) = (27r)*N/2 /RN e*mfgo(:z:) de for ¢eRYN. (1.6)

Theorem 1.1. Let N > 3 and ¢ € §'. Assume that all of the following conditions hold:
(a) e ' Flyp] € LYRYN) for t € (0,00).

(b) Fly] is real valued, radially symmetric and positive.

N—-1

(c) ¥(s):=s"2 Flp|(s) belongs to C1(0,00) and ¥'(s) <0 for s € (0,00).



Then [S(t)@](x) is positive for (z,t) € RN x (0,00).

Theorem 1.1 gives a general sufficient condition for the existence of positive solutions to
problem (1.1)-(1.2) when N > 3. We remark that for sufficiently small 5 > 0 the function
@(x) := |z|~” satisfies the assumptions on Theorem 1.1 (for details, see Section 3.2 and in
particular (3.15)). Taking advantage of recurrence relations we can prove for this initial
datum even in any dimension N > 1:

Theorem 1.2. Let N > 1 and o(z) := |z| 7.
(i) There exist p1, B2 € (0,N) with B1 < 2 and

(N +1)/2 if N >3,
>4 1/2 if N =2,
7/16 if N=1,
such that
[S¢l(x) >0 in RY x (0,00) if B€(0,5), (1.7)
inf [S(#)pl(x) <0 if B € (B2, N). (1.8)

(z,t)ERN x(0,00)

(ii) Assume that [S(t)p](z) > 0 for (x,t) € RN x (0,00). Then there exists K, =
K.(N,B) >0 such that

[S(t)e](z) > |33|5K~:tf8/4 for (z,t) € RY x (0, 00). (1.9)

(iii) For any B € (0, N) there exists K* = K*(N, 3) > 0 such that

15t < W for (3,1) € RY x (0, 00). (1.10)

In particular, Theorem 1.2 (i) gives an extension of Proposition 1.1. Moreover, we
deduce from (1.8) that the condition 5 € (0, 1) cannot be extended to 8 € (0, N).

Moreover, Theorem 1.2 is applied to show (to the best of our knowledge for the first
time) the existence of global-in-time positive solutions to the Cauchy problem for the
following fourth order semilinear parabolic equation:

o+ (—A)u=|ulPtu in RY x(0,00), (1.11)
u(-,0) = ep(") in RV, (1.12)
where N > 1, ¢ > 0 is a “suitable” measurable function, € > 0 is a parameter, and
4
p>1+ N

This “super-Fujita” condition is necessary in order to have global positive solutions because
Egorov and coauthors showed in [7, Theorem 1.1] finite time blow up of any positive
solution in the “sub-Fujita” case 1 < p <1+ 4/N. See the ground breaking work [9] of
Fujita for second order analogues.

We first make clear that we understand the notion of solution to problem (1.11)-(1.12)
in the strong sense:



Definition 1.1. Let ¢ be locally integrable and bounded at infinity and € > 0. We say
that u € C((0,00); BC(RY)) is a global-in-time solution to problem (1.11)-(1.12) if u
satisfies

u(z,t) = e[S(t)el(z) + /O [S(t = s)Fp(u(s))](x) ds (1.13)
for (x,t) € RY x (0,00), where F, (&) := |¢[P71¢.

Here, BC(RY) denotes the space of bounded continuous functions.

Global existence of presumably sign changing solutions for similar problems was studied
first by Caristi and Mitidieri in [5]. As for eventual local positivity the following was proved
in [8, Theorem 1.4]: For ¢ given by (1.5) with 8 € (4/(p—1),N) and g € Ag and € > 0
small enough, there exists a global-in-time solution u to problem (1.11)-(1.12), which is
eventually locally positive. However, to the best of our knowledge, there is no result for
the existence of globally positive solutions to problem (1.11)-(1.12). Therefore, similarly
to Problem A, it is also natural to ask the following question:

Problem B. Are there initial data ¢ such that there exists a global-in-time positive
solution to problem (1.11)-(1.12)?

As an application of Theorem 1.2 (ii), we have:

Theorem 1.3. Let N > 1 and p > 1+ 4/N. Set 3 := 4/(p — 1) and o(z) = |z|7P.
Assume that
[S(t)p)(x) >0 for (x,t) € RY x (0,00). (1.14)

Then for sufficiently small e > 0, there exists a global-in-time solution u to problem (1.11)-
(1.12) such that

eM, N
U(.’L‘,t) Z W for (x,t) S RY x (07 OO), (115)
where M, > 0 depends only on N and p.
Theorem 1.2 (i) implies that, for each
4
p>1+—, (1.16)
B

condition (1.14) holds true. Thus Theorem 1.3 gives an affirmative answer to Problem B,
even though under the restriction (1.16).
Let ¢ be as in Theorem 1.3. Then ¢ belongs to the weak Lebesgue space L™ (RY),

where N )
Te = (p4— ) > 1.

The existence of a global-in-time solution to problem (1.11)-(1.12) with sufficiently small
e>0and ¢ € L™®°(RY) is obtained by means of an argument as in [13, Theorem 1.1].
However, in order to prove Theorem 1.3, we need to study the decay of global-in-time
solution to (1.11)-(1.12) (which are not necessarily positive).



Theorem 1.4. Let N > 1 andp > 1+4/N. Set B:=4/(p—1) and p(z) := |z|~. Then
for sufficiently small e > 0, there exists a global-in-time solution u to problem (1.11)-(1.12)
satisfying the following: There exists M* = M*(N,p) > 0 such that

eM*
lu(z,t)] < 2P+ P for (z,t) € RY x (0, 00). (1.17)

The rest of this paper is organised as follows. In Section 2 we recall several properties
of the fundamental solution G, of the Fourier transform of radially symmetric functions,
and of Bessel functions. In Section 3 we prove Theorems 1.1 and 1.2. Section 4 is devoted
to the proofs of Theorems 1.3 and 1.4.

2 Preliminaries

In this section, we recall some properties of the fundamental solution G, of the Fourier
transform of radially symmetric functions, and of Bessel functions which will be useful in
order to prove our results.

2.1 Fundamental solution G

We collect properties of the fundamental solution G without proof (for details, see e.g.
[8, 10, 12]). Let J, be the u-th Bessel function of the first kind. Then G is given by

_on |z
for z € RN and ¢t > 0, where ay = (2r)~/? is a normalisation constant and

f(m) =n""" /00 6_54(773)N/2J(N—2)/2(773) ds
0 (2.1)

B 00 84
=1 N/o GXP[—M] sN2 T (o) /2(s) ds

for n > 0. It is known that fy changes sign infinitely many times, see [8, Theorem 2.3].
In what follows the constants ¢; > 0 (i = 1,2, 3) depend only on N.

e For t > 0, the function G(-,t) belongs to Schwartz space S. More precisely, fy
satisfies

fie(m) = =nfxsa(n), v < crexp|—en™], for n>0.  (22)
e For ¢ > 0, it holds that
FIG(,0)() = (2m) =N/l (2.3)

for ¢ € RN. Here, F denotes the Fourier transform defined in (1.6).



2.2 Fourier transform of radially symmetric function

To show positivity of S(t)p, we use the representation of the Fourier transform of radially
symmetric functions. According to [1, Theorem 9.10.5] the Fourier transform of f(z) =
g(|z|) € LY(RY) is given by

FIAE) = g7V /OOO sV2g(s)J (v —2)/2(|€s) ds (2.4)

for ¢ € RN. Moreover, F[f] is also radially symmetric. In what follows, we write F|[f](¢) =
FLr1xED.
2.3 Properties of Bessel functions

We collect some properties of Bessel functions from [1, Chapter 4]. The Bessel function
J (of the first kind) satisfies the formulas

o0 (_1)k n 2k+p .
Juln) = kzor(k+1)r(k+ﬂ+1)<2> it >l (2:5)
B =t () [ eostreostysntsoan it p> 12 0o

for n > 0. See [1, (4.5.2) and Corollary 4.11.2]. In particular, we observe from (2.5) with

w= —1/2 that
[ 2
%(77) = 7?”00577 (2.7)

for n > 0. It follows from (2.5) that

Ju(n) = (e + D0~ g1 () + Ty (), (2.8)
Ju(m) = w0~ Tu(n) = T (), (2.9)
lim ™ *J,(n) =27 T (p+1)71, (2.10)
7\0

for ;1 > —1. Moreover, (2.6) and (2.7) imply that if g > —1/2, then

sup |, ()] < oo (2.11)
0<n<oo

For large n, we also have the following asymptotic expansion for pu > —1:

_ /2 _pm_T ~3/2
Ju(n) = p— cos<17 5 4> +O0(n~°"%) as n— oo.

Then we see that for p > —1/2

sup n"/2|J,(n)] < . (2.12)
0<n<oo



We recall a monotonicity property of Bessel functions ([15, Theorem 5.2]). Let {7, x}72
be the zeroes of J, satisfying

0 <Jp1 <Ju2<- - <Juk <Juk+1 <---

and j, 0 := 0. Set

ju,k+1
M, = / W(S)Sl/2|JM(S)| ds, ke NU{0}.

Ju,k

Proposition 2.1 ([15, Theorem 5.2]). Let u > 1/2. Let W : (0,00) — R satisfy

1
W(n)>0 and W'(n) <0 if > =,
: (2.13)
W(n) >0 and Wi (n) <0 if n=g
forn >0 and
W(n) =0@) as n\0, (2.14)
where € > —3/2 — . Then
My > M, for keNU{0}. (2.15)

Remark 2.1. The assumption (2.14) is required to show that the integral M, o converges
(see [15, Section (ii)]). Thus (2.14) is omitted if the integral M, o converges.

Remark 2.2. Assume that

/ W (s)sV/2|1.(s)| ds < oo.
0

Then, it holds that

o0 o0

/ W(s)s"/2,(s) ds = S (~1)F My = S (Mg — My es1).
0 k=0 k=0

Hence (2.15) leads to the positivity of the integral in the left hand side of the above
equation.

3 [Existence of positive solutions to problem (1.1)-(1.2)

In this section, we prove the sufficient condition on ¢ to ensure [S(¢)p](z) > 0 for (z,t) €
RN x (0,00). In what follows, the letter C' denotes generic positive constants and they
may have different values even within the same line.



3.1 General initial data

This section is devoted to the proof of Theorem 1.1.

Proof of Theorem 1.1. Since by (2.3)
FHG(x = 0))(€) = €S FIG(, ))(€) = (2m) N/ 2ethel i
for z € RN and ¢ € RY, we deduce from (2.4) and the assumption in Theorem 1.1 that

[S()e)(z) = (¢, Gz — -, 1))
= (QW)—N/2<}-[¢]7e—tl~\4+i:c~(')>

= (2m)~N/? / Flel(g])etel' i€ ge

]RN
— (2m)~N/2 o E gmize
em) ™ [ (Fleldhee) e ag

(3.1)
[ee]
= [a| (V22 /0 NRE(] ()6 Ty (|ls) ds

— Ja|(N-2)/2 /0 B()e " Y2 T a|]s) ds

3 0 3 t84
= Ja VD2 /0 ¥(lal 1s>exp[—4]51/2J<N_2)/2<s>ds

]
for (z,t) € RN x (0,00). By Proposition 2.1 and Remark 2.2 it holds that [S(t)¢](z) is
positive for (z,t) € RY x (0,00) if N > 3. O

3.2 Special initial data p(z) = |z|~°

In this section, we prove Theorem 1.2. To this end we consider another representation of
S(t)p. Let B € (0,N). Since Flp](z) = cyglz[*~ in the sense of tempered distribution
(see e.g. [16, Proposition 4.64], cn g = 2NV/27AT((N — B)/2)/T(B/2)), by an argument
similar to that in (3.1) in the proof of Theorem 1.1 we have

[S(E)¢) () = en gla|~ V=212 /0 e BNI2 ] o n((]s) ds

— e gl N2 B/ (N=2) 8 /0 e BNy ((alts) ds

4

for (z,t) € RN x (0,00). Setting E(s) := e~ and

Fng(n) = UB_(N_Q)/Q/O E(S)SB_N/QJ(N—Q)/Q(WS) ds, (3.2)
we see that
[S(®)¢)(x) = engla| ™ Fy g(lzft /%) (3.3)

for (x,t) € RN x (0,00). Thus, in order to prove Theorem 1.2, it suffices to show that
FN,,B > 0.



The positivity statement will then be a direct consequence of Proposition 2.1 and
Remark 2.2 provided that N > 3. In order to cover also the small dimensions N = 1, 2,
we need some preparations. We remark that by a change of variables Fiy g satisfies

Fyp(n) = /0 E(y15)s" N2 ]y _yy o(s) ds (3.4)

for n > 0. We remark that Fv 3 can be also defined for 8 > N. In the following, we
consider Fy g with N > 1 and 8 > 0.
Since we observe from (2.5) that

li\rf(l] $PNE I (ms) = 0,

we see that by (2.8) and (3.2)

_ > N1 |V d
Pl =17 [ B(9)s 92 Lot + s (Iva(09) | s
0 S

= (V=B [ By )
+4775N/2/0 E(S)SB*N/HSJN/Q(nS) ds

o0
= (N = B)Fny2,8(n) +4776N/2/ E(s)s” N30y 5(ns) ds,
0
fory > 0, N > 1and 8 > 0. In the following two lemmas we study the asymptotic
behaviour of Fiy g at 0 and at oo.

Lemma 3.1. For N> 1 and 8 >0

lim nﬁN/Z/ E(s)sﬁ*N/“gJN/g(ns) ds = 0. (3.6)

77*)00 0
Proof. We prove this lemma by means of an inductive argument. We first claim that for

k € NU {0} there exists {a}}F_, C R such that for n >0 and 8 > 0

; E(s)sﬁ_N/QJrgJN/Q(ns) ds
(3.7)

k oo
=n*> af /0 EO(s)s 3N T k() ds.
1=0

It is clear that (3.7) holds for k£ = 0.
Assume that (3.7) holds for some k, € NU{0}. Similarly to (3.5), we have

/0 E(s)sﬁ_N/2+3JN/2(ns) ds

k

— —_ . N e - B

=n "1y a0 [(2 Ny 1) / EO(s)s 2N Ty 1 (1) ds
=0 0

10



0 Ny d
+/ EW (5)gh+1+3-N/2 k*I(JN/2+k*+1(ns)> ds]

_k*_lzak*[NHk —2-8-1) / EW(s)sP 2N T g 1 (0s) ds
=0

- /0 EUHY (5) s HHH8=N/2 ke INj24ke+1(03) ds}

= [(N + 2k, — 2 — B)akr /0 E(s)s” 2N 04D Ty g 41 (ns) ds
ks
+ Z((N + 2k — 2 B — af —af", / EW (5)s N2 Ty s (ns) ds

—ak / Bkt (5) 5P T3=N/2 INj24k,41(08) ds ]

forn > 0 and 8 > 0. Thus (3.7) holds for k = k. + 1. Therefore, (3.7) holds for £k € NU{0}
and 5 > 0.

We now turn to prove (3.6). We first consider the case g € (0, (VN + 1)/2). It follows
from (2.11) and (2.12) that

1 N
sup 7n ’Y‘JN/Q( )’ <00, 7YE& |:_272:|a
0<n<oo

and we have

/0 E(S)SB_N/2+3JN/2(T]S) ds

for n > 0 and v € [-1/2,N/2]. Since 5 € (0, (N +1)/2), we see that

1 N N N

nﬁ—N/2 < Cnﬂ—N/2+’Y /OO E(S)SB_N/2+'7+3 ds (3.8)
0

Fix 4 € I. Taking v = 4 in (3.8), we observe that the right hand side of (3.8) goes to
0 as 7 — oo. Therefore, (3.6) holds for 3 € (0, (N +1)/2). Next we consider the case
B> (N +1)/2. Fix k € N such that

N+1 N+1
<B-—5—+4 (3.9)

Taking k = k in (3.7), we observe from (2.12) that

N2 /0 E(s)s® N/ 1y (ns) ds

~ ]:: ~ oo T.
< ypN2R Y ’a;c/ (B0 (5)[sH+H3=N2E| g () d (3.10)
=0

< Cpf~(N+1)/ az’/ B+l+5/2 N/2—k g

M?ﬁ
(=]

11



for n > 0. By (3.9) the right hand side of (3.10) goes to 0 as n — oo. Thus (3.6) follows
also for f > (N +1)/2. O

Lemma 3.2. For N > 1 and 5 € (0, N) there exist constants Ay g, AN’[; > 0 such that

nlgngo Fyg(n) = Ang, (3.11)
lim =7 Fy,5(n) = An,g. (3.12)
n™\0

Proof. We first show (3.11). We claim that

N -1
li_)m Fn g(n) exists and is positive for N > 3 and 8 € <0, 2). (3.13)
n—00
Since by (2.11) and (2.12)
Cs’t if 0<s<1
1.\ B-N/2 >4
|E(77 8)8 J(N—Q)/Z(S)‘ < {CS’B(NJFD/Q £ s> 1’

we can apply the Lebesgue dominated convergence theorem for the right hand side of (3.4)
and obtain

lim FNﬁ(?]) = ANﬁ = /0 Sﬁ_N/2J(N_2)/2(S) ds.

nN—00

Recalling that N > 3 and 8 € (0, (N — 1)/2), by Proposition 2.1 and Remark 2.2 we see
that Ay g is positive.
We prove the general case inductively. We claim that for £ € N

N-—-1
li_)m Fn g(n) exists and is positive for N > 1 and 8 € <O,min{N, — + k‘}) (3.14)
7—00
By (3.5), (3.13) and Lemma 3.1 we see that (3.14) holds for k£ = 1. If (3.14) holds for some
k.« € N, then (3.14) with k = k, + 1 follows from (3.5), (3.14) with k = k, and Lemma 3.1.
Hence (3.11) holds for N > 1 and 8 € (0, N).

We prove (3.12). By (2.11) we have

n_(N_Q)/QE(s)sﬁ_N/QJ(N—2)/2 (ns) ‘ < CE(s)s"™

for n > 0 and s > 0. Then by (2.10) the Lebesgue dominated convergence theorem is
applicable for the product of 77 and the right hand side of (3.2), and we obtain

~ 1 >
: -8 — — B—1
%1{%77 Fng(n) =Ang: TN /22272 /0 E(s)s” "ds > 0.

Thus the proof of Lemma 3.2 is complete. O

We now turn to the proof of Theorem 1.2.

12



Proof of Theorem 1.2. We first prove assertion (i). By Proposition 2.1 and Remark 2.2
(which require that 1/2 < u = (N — 2)/2) we have

Fng(n) >0 for n>0 if N>3 and S e (0,5, (3.15)

where Sy := (N +1)/2 for N > 3.
In the case N = 2, we deduce from (2.9) that

[ Faa)] = 4| [T BE ) as

=—/’E@¢AWQ@=—WW%MHW>
0

for n > 0 and 8 > 0. Since we have already proved in (3.15) that Fy g2(n) is positive for
n > 0if 0 < B < 1/2, the map n — P F, 5(n) is decreasing on (0, 0c). Hence it follows
from Lemma 3.2 that F» g is positive if 5 € (0, By}, where By :=1/2 if N = 2.

We turn to the case N = 1. By (2.7) and (3.4) we have

F — g OOE -1 B—1 d
1,8(n) = =/, (n~'s)s” " cossds
2 [ 454
= \/7/ (1 -8B+ S4>E(77_18)85_2 sin s ds

for n > 0. By a direct calculation, we see that the map s — (1 — 3 + 4s*)E(s)s°2 is
non-increasing if 0 < # < 7/16. Thus Fj g(n) is positive for n > 0 if 5 € (0, fy], where
Bo:=T7/16if N = 1.

We prove that we can extend the positivity result to 5 > [By. Assume that there exist
{1} _1 C (Bo,00), {mm}oo_y C (0,00) such that

Ym — Bo as m—o00, Fn,, (nm) <0 for meN.

If {nm}>°_, is bounded then 7, converges, after passing to a subsequence, to some 1y €
[0,00). Otherwise, a subsequence of {n,}>°_; goes to infinity. In what follows it is
important that a careful inspection of the proofs of Lemmas 3.1 and 3.2 shows that the
arguments are uniform with respect to S in a neighbourhood of 5y. By an argument
similar to that of the proof of Lemma 3.2, if ng # 0,

En gy(n0) if {mm}o—; is bounded,

m—00 AN B, otherwise.

This contradicts the positivity of Fiy g, or Ay g,, respectively. In the case 79 = 0, it follows
with the same arguments as in Lemma 3.2 that

0> lim 7, Fy.y, (nm) = An,g, >0,

again a contradiction. Therefore, we can find 1 > [y which satisfies (1.7). One may
observe that this argument even proves that the set {# € (0,N) : (1.7) is satisfied } is
open in (0, N).
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Finally, we show the existence of 82 which satisfies (1.8). Since

Fnon(n) = /0 E(n~'s)sN2 Ty ) ja(s) ds = 0" fn (),

where fy is as in (2.1), Fy n has a nontrivial negative part. Since Fiv g(n) is continuous
with respect to 3, Fiy g has also a nontrivial negative part if 8 < IV is sufficiently closed

to N. Therefore, we obtain 2 > 1 which satisfies (1.8).

We prove the assertion (ii). It follows from the assumption in (ii) that Fyy g is positive

on (0,00). By (3.11) in Lemma 3.2 we find 7, > 0 such that

1
Fnp(n) = 5Ans for n= ..
Since Fi g is continuous in (0, 00), we find Ky > 0 such that
Fyg(n) > Ky for n>1

Setting n = |z[t~/4, we deduce from (3.3) and (3.16) that

z|P[S(H)pl(z) > engKy for (z,t) € RY x (0,00) with |z] > ¢t1/4.

On the other hand, by (3.12) in Lemma 3.2 we find K3 > 0 such that
nPFng(n) > Ky for n<l.

/4 in (3.3) again, we have that

[S(t)¢l(x) = en gt 0P Fy s(n).

Combining (3.18) with (3.19), we obtain

Setting n = |x|t™

RS ) () > enpKy for  (z,t) € RN x (0,00) with |z| < ¢4,

Let K, := cygmin{K;, Ko} > 0. We define R : RY x (0,00) — R as
K

ﬁ if |z|t1/4 > 1,
R(x,t) =
o=y
E if |xz|t <1.
It is clear that
R(z,t) > W for (x,t) € RY x (0,00).

Thus, by (3.17), (3.20) and (3.21), we obtain (1.9). This shows (ii).

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

By Lemma 3.2, (3.4) and (3.19) we also obtain (1.10) in (iii). Here, K* in (1.10) is a
constant depending only on NV and 5. We remark that the upper bound holds irrespective
of whether [S(t)¢](x) is positive or not. This proves (iii). The proof of Theorem 1.2 is

complete.
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As a direct consequence of Theorem 1.2-(i) we have:

Corollary 3.1. Let N > 1, B € (0,N) and 1 < ¢ < N/(N — ). For f € L4(R"N) with

f>0ae inRY, set
- fy)
vl = /RN |z —yl?

If p € (0,p1), where By is as in Theorem 1.2-(i), then [S(t)y](x) is positive for (x,t) €
RN x (0,00) and satisfies

[S(O¢)(a)] < Ct= NN f|| ogny  for (1) € RY x (0, 00). (3.22)

Proof. By the Hardy-Littlewood-Sobolev inequality (see e.g., [14, Theorem 4.3]) we see
that (3.22) holds. From Fubini’s theorem we deduce that

SO = [ [ Ge—utly—= 1) dzdy
= [ ([, et ot a) s
RN RN
- [ s =21 dz

where o(z) := |z|™?. Then this together with Theorem 1.2-(i) implies that
[S(t)y](z) >0 for (z,t) € RN x (0,00).

Thus Corollary 3.1 follows. O

4 Global-in-time positive solutions to problem (1.11)-(1.12)

In this section, we consider the semilinear equation (1.11) and prove Theorem 1.3. Set

t | 4/3 N/4
. B yl \¥/ s
Hiz,t) = /0 /RN exp{ 2 (317) } R RGP

for (z,t) € RY x (0,00), where ¢y is given by (2.2). We remark that the function H
appears when we estimate the second term of the right hand side of (1.13) by (2.2) and

C

N
”U,(.I',t)‘ S W for R x (07 OO)

We first consider the decay estimate for H.

Proposition 4.1. Let N, p and B be as in Theorem 1.3. Then

sup (|z|® + t*YH (z,t) < oo. (4.1)
(z,t)ERN x(0,00)
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Proof. The proof is based on the argument in [8, Proposition 6.2]. We first claim that

sup P H (2,t) < 0. (4.2)
(z,t)eRN x(0,00)

By the change of variables z = s /%y and o = s~ 't we have

t —Bp/4
t8/AH (2, ) = tﬁ/4/ / —calz|*/% s dzd
(.1'7 ) o S e (|S_1/4x _ Z|ﬁ + (S_lt _ 1)ﬁ/4)p zZdas
. 42
_ (B/A+1-8p/4 / / o—c2l#l4/3 il dz do
1 Jry (|z — o1/4t=1/4z|B + (o — 1)B/4)P

for (x,t) € RN x (0,00). Since § =4/(p — 1), we have $/4 +1 — fp/4 = 0 and
AR () = / Hiy 5z, 0542 dz dor. (4.3)
1 JRN

Here, we set
473 oPr/4—2

(12— 0wl + (o — )FTA"
We estimate the right hand side of (4.3) by splitting the integral into three parts

—c2|z

Hypg(z,0;w) :=e

A (w) := / Hy g(z,0;w)dzdo,
2 JRN
2

Az (w) = / / Hy g(z,0;w)dzdo,
1 J)|z—ol/4w|>1/2

2
As(w) :—/ / Hy g(z,0;w) dzdo.
1 J)|z—ol/4w|<1/2

Regarding A1 and A, we have

o) 517/4
Aq(w) S/ eme2l*? dz/ 02< 7 ) do < oo, (4.4)
RN 2 g — ].
2 Bp/4—2
Ay(w) < —ealzl 2 g / 7 d : 45
g(w)_/RNe z | @ P+ (o~ 1) o < 00 (4.5)

We consider As. Recalling that 1 — 8p/4 = —3/4 <0 and 0 < 5 < N, we see that

2
1
Az < C’/ / it do
1 Jigi<aye (I€1° + (o = 1B/ y
2 ! ; (4.6)
<C/ / do d <c/ -8 d¢ < oo,
el<ijp 1 (o — 1+ [€[4)Bp/A 3 o1 |77 de
Combining (4.4), (4.5) and (4.6) with (4.3), we obtain (4.2).
We prove now that
sup ‘1’|BH(:E,t) < 00. (4.7)

(z,t)eRN x(0,00)
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The proof of (4.7) is based on [8, Proposition 6.2] and [11, Lemma 10]. Using the change
of variables z = s~/4y and o = (|z|/|z|)s'/*, we deduce from Fubini’s theorem that

t
f 1
P H ) =[ol” | ] | expl=cal] ](|x—31/4z\5+(t—s)5/4)p zds

t
1
— |8 _ 4/3
= || /RNeXp[ cal2| ]/ (lz — sV/42[B + (t — 5)B/4)p dsdz

\2\t1/4 3

B exp|—ca|z|*3] [Tl o
_4/]RN |z]4 LY do dz.
( ) )

_ O-i
B

Without loss of generality, we may take =/ |:c\ =e; := (1, Since

.
,0).
T

\z|PH(x,t) < CH(R), (4.8)

we have

where R :=t'/4/|z| and

i 4/3) [RIz 3
H(R) ;:/ e"p[cﬂz’]/ o ? 57 do dz
R 12 0 (R4 "4) + (o —1)Pr + (20( Zl))

ER e

We first consider the case N > 2. Putting z = (21,2’) and changing the variables r = [/,
we reduce H(R) into

_ SN-2 exp[—ca(|z1]* + 7%)*?
R Y A M =
/ |21]2+712 o3
X do dzy dr.
Bp/4 Bp/2
0 4 ot _1\8 _ 21
<R (|z1\2+7’2)2> + (0’ 1) P+ (20’(1 r1|2+7’2)>

Here wy_1 denotes the (N — 1)-dimensional volume of B;(0) € R¥~!. By changing the
variable z; = rw, we observe that

exp| 027“4/3 1+ w?)2/3
H(R) = (N — l)wn— 1/ N5/ 1+Ey2) D
/RT\/H-T o3 o s d
X o dw dr.
0 (R4—m)ﬂp/4+(a—l)5p+(20(1— \/ﬁ_ﬁ))ﬁ /2
Since
1_ w _ \/m— w 1 S 1
Viter | Viter (AT reViter - 200 fud)
R ot _ (Rrv/1 +w? — o) (Rrv1 + w? + o) (R*r%(1 + w?) + o?)
(1 + w?)? r4(1 + w?)?
- R3(RrvV1+ w? — o)
B V1 + w? 7
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for w € R and o € [0, Rrv'1 4+ w?], we have

H(R) <2(N — 1wy /OO /°° -sexplert3(1 + w?)??)
0 0

(14 w?)?
Rrv/14+w? >3
/0 R3(Rrv/THw?—o) ) PP/ oo NCOE do dr dw.
(W) +(o -1+ (W

Changing the variable p = p(r) = rv1 + w? , we deduce from (4.8) that for N > 2:

x| 7H ( t)<c/oo : /Oo N=semeant?
T x,t) < —_— e
o Truw?)V2 )y °

/Rp 0.3
X do dp dw
Bp/4 Bp/2
0 (BT (g1t (125)
<C N—-5 702p4 3
< <1+w2>N/2/o o
Rp 03
x/ - B/d do dp dw.
R3(Rp—0o 0'2
o (PR e )
Next we consider the case where N = 1. Since
s 0t (Bl +0)(Rl2| — o) (R?|z° +0%) _ R¥(Rl2| - o)
J2[* |2]* - I
for 0 € [0, R|z|], we have
_ ) Rz 3
H(R) <2 / pemest? / - 62/4 do dz
0 0 (R (B;Z—o)) + (0 —1)8p
00 Rz 3
< C/ 2_46_6224/3/ ; d B/ do dz.
0 0 (R (Re=0) | (g — 1)4)
This together with (4.8) implies that in the case N = 1:
oo Rz 3
|z|PH (2,t) < C'/ 2_46_0224/3/ 7 do dz. (4.10)
0 0

(Rs(szU) +(o— 1)4)5”/ 4

z

We recall that R = t'/4/|z|. Then it follows from [8, Lemma 7.1, 7.2] with 8 = 4/(p — 1)
that the right hand sides of (4.9) and (4.10) are bounded. Thus (4.7) follows. Combining
(4.2) with (4.7), we obtain (4.1). This completes the proof. O

We now prove Theorems 1.3 and 1.4.
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Proof of Theorem 1.4. Let ¢ > 0. We define a closed subset (X, | .]||) of the corre-
sponding Banach space as follows:

X = {v € C(RY x (0,00))

loll < 2K}

ol == sup (|l + 7)o (a,1)].
(z,t)ERN x(0,00)

Here, K* is given in (1.10). Set
Dv)(z,t) :=e[S(t)p](x) + /0 [S(t —s)Fp(v(-,s))](x)ds for ve X.

We find a fixed point of ® on X by the contraction mapping theorem. By (1.10), (2.2)
and Proposition 4.1 we have

t
(|27 + ¢/ @[v)(z,1)] < K*e + (|| +tﬁ/4)/ St = 5)Fp(v(s))] ds
0
< K'e + CeP(ja) + t7/) H (x, 1)
< K*e(1+ CeP™h)
for v € X and (z,t) € RN x (0,00). Choosing € > 0 sufficiently small, we see that

[@[v]]| = sup (|27 + 77| @[v](w, 1)] < 26K (4.11)
(z,t)eERN x (0,00)

for v € X. By an argument similar to that in (4.11), choosing ¢ sufficiently small we have
1
12v] = @[w]l] < 5llv - w] (4.12)

for v, w € X. Thanks to (4.11) and (4.12) we obtain a unique fixed point v € X of ® by
the contraction mapping theorem. Since u € X, we obtain (1.17). O

Proof of Theorem 1.3. Assume that [S(t)¢](x) > 0 for (z,t) € RV x (0,00). It follows
from the same argument as in (4.11) that u satisfies

t CeP
’ | ste= Rt @) < s

for (z,t) € RY x (0,00). This together with (1.9) implies that

e(K, — CeP™1h)

u(x,t) >
(%) |z|8 + t8/4

for (z,t) € RN x (0,00). Taking ¢ > 0 small enough, we obtain (1.15). Therefore, the
proof of Theorem 1.3 is complete. O
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