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Abstract

This thesis deals with the Willmore equation under Dirichlet boundary conditions,
which can be seen as a frame invariant clamped plate equation. We restrict ourselves
to surfaces of revolution, which are constructed by rotating a curve around the z-axis.
Therefore the Dirichlet condition consists of prescribing two concentric boundary cir-
cles, at which the surface will be clamped horizontically.

By working strictly below a Willmore energy threshold of 47, we can employ a varia-
tional approach to show existence of a smooth minimiser for non-symmetric boundary
data. We also present some numerical results, which are obtained by a shooting
method.

If we impose more restrictive but still explicit smallness conditions on the boundary,
the profile curve of our minimiser is a graph over the z-axis. To prove this result we
combine an order reduction argument by Langer & Singer with a modification method
for minimising sequences by Dall’Acqua, Deckelnick & Grunau.

If we only consider symmetric boundary conditions, we can show non-uniqueness by
constructing additional solutions via the above mentioned order reduction method by
Langer & Singer. In this setting the same method can be employed to show symmetry
with respect to the y-axis of the profile graph of a minimiser.

With the same technique we will also prove a Bernstein-type result for Willmore sur-
faces of revolution with a profile graph over the whole z-axis.



Zusammenfassung

Diese Arbeit befasst sich mit der Willmore Gleichung unter Dirichlet Randdaten,
welche als ein koordinateninvariantes Modell fiir eine eingespannte Platte gesehen wer-
den kann. Dabei schrinken wir uns auf axialsymmetrische Flachen ein, welche durch
Rotieren einer Kurve um die z-Achse konstruiert werden. Also bestehen unsere Dirich-
let Bedingungen aus zwei konzentrischen Kreisen, an denen wir die Flache horizontal
einspannen.

Indem wir unter einer Schranke von 47 fiir die Willmore Energie arbeiten, kénnen
wir Existenz eines glatten Minimierers fiir nicht-symmetrische Randdaten zeigen. Fiir
dieses Problem geben wir aulerdem einige numerische Resultate, welche durch eine
SchieBmethode erstellt wurden.

Wenn wir restriktivere aber immer noch explizite Kleinheitsbedingungen an die Rand-
daten stellen, konnen wir sogar zeigen, dass die Profilkurve eines Minimierers ein Graph
iiber der x-Achse ist. Der Beweis kombiniert ein Ordnungsreduktionsargument von
Langer & Singer mit einer Modifikationsmethode fiir Minimalfolgen von Dall’Acqua,
Deckelnick & Grunau.

Unter symmetrischen Randdaten zeigen wir ein Nichteindeutigkeitsresultat, indem wir
die oben genannten Methode von Langer & Singer nutzen. In derselben Problemklasse
mit denselben Methoden kénnen wir auch zeigen, dass der Profilgraph eines Minimier-
ers symmetrisch beziiglich der y-Achse sein muss.

Auf dieselbe Art finden wir sogar ein Bernsteinartiges Resultat fiir den Profilgraph
einer axialsymmetrischen Willmoreflache.



Editorial notes

Most of the results of this thesis have been published in the series of papers [24-26]
and extend the findings of the present authors diploma thesis |23]. Here the material
is rearranged for a more coherent approach.

The results of [26] are in Chapter[9] Amos Koeller’s contribution (i.e. [26 Section 2]) is
not included in this thesis, since in [25] a stronger result was proven later (cf. Theorem
. Nevertheless the present author would not have been able to show this result
without the experience gained by the joint work with Amos Koeller. The contributions
of Hans-Christoph Grunau to [25] will be highlighted throughout the exposition. The
results of [25] can be found in the Sections and [7] The findings of [24] are in the
Sections and

The results of the present author given in Chapter [6] and the appendix have not been
published yet.

For the reader’s convenience the parts of the present authors diploma thesis [23], which
are needed here, are summarized in the Chapters [2 and [4]
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1. Introduction

1.1. The Willmore equation

This thesis deals with certain critical points of the Willmore energy of a smooth regular
2-dimensional surface S C R3, which is defined by

W.(S) = /SH2 dA. (1.1)

H denotes the mean curvature of the surface S, i.e. the mean of the principal curva-
tures. It describes a kind of bending energy for thin plates, which was already studied
by Poisson in [47], but technical difficulties prevented a deeper analysis at the time.
This energy was picked up by Thomsen in [53], in which he discussed the Mobius
invariance of the integral and found the Euler-Lagrange equation

AgH +2H(H? - G) = 0. (1.2)

Here Ag denotes the Laplace-Beltrami and G the Gauss curvature of S with respect to
the first fundamental form. Every surface satisfying this equation is called a Willmore
surface. This naming goes back to Willmore in [55], in which he revived the discussion
about Willmore surfaces. In [11] Bryant was able to classify Willmore surfaces under
an additional constraint, which gives a deep connection to minimal surfaces.

The Willmore energy can be seen as a natural modification of the area functional,
which greatly motivated the development of nonlinear partial differential equations of
second order in the last century. It is the present author’s opinion that the Willmore
energy will play a similar role for higher order equations.

Apart from pure mathematical interest the Willmore energy already plays an impor-
tant role in physical applications, e.g. Helfrich modeled the elastic energy of thin shells
in [30] or Ou-Yang described thin biomembranes in [45]. Other possible applications
are e.g. in image inpainting (see e.g. [14]).

Many beautiful results concerning closed Willmore surfaces have been proven. Exis-
tence for minimisers with prescribed genus are established in [5,[52] and an analysis of
branch points and singularities was carried out in [35//36]. By working below an energy
threshold compactness results for sequences of Willmore surfaces have been proven in
e.g. [9,/49]. Under additional symmetry assumptions closed Willmore surfaces were
constructed in [32]. Finally Marques & Neves proved the famous Willmore conjecture
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in [42] and therefore found the ’optimal’ doughnut.

Recently constrained minimisation of the Willmore energy has been considered as well.
For example prescribing the conformal class (see e.g. [51]), the isoperimetric ratio (see
e.g. |34]) or using Lagrangian and Hamiltonian deformations (see e.g. [40]).

In contrast this thesis deals with a Dirichlet boundary problem for the Willmore equa-
tion. A discussion of suitable boundary problems was done by Nitsche in [44]. Since
the Willmore equation is of fourth order, maximum principles, de Giorgi-Nash-Moser-
Stampacchia-type arguments or Schwarz reflection principles cannot be applied. Fur-
thermore the Laplace-Beltrami operator depends on the unkown surface and therefore
the equation is highly nonlinear. Variational approaches are difficult as well, since the
Willmore energy is invariant under Mobius transformations (see [53]) and minimising
sequences do not have to be bounded in the Sobolev space H?. Nevertheless a general
existence result for branched Willmore immersions was shown by Schétzle in |50]. He
worked in the sphere S3 to overcome certain compactness problems and therefore it is
not clear, whether the point co can be excluded, when the surface is pulled back to
R3 by the stereographic projection. Also it seems very little topological or geometrical
information about a solution can be be extracted of the proof. To obtain such solu-
tions Deckelnick & Grunau started examining elastic rods in [19,21] under Dirichlet
and Navier boundary conditions, which were later extended to a full discussion in [41]
by Mandel. Later surfaces of revolution were considered by Dall’Acqua, Deckelnick &
Grunau in [17], to obtain 2-dimensional Willmore surfaces, where explicit geometric
properties can be proven. We like to pursue a similar approach and consider Willmore
surfaces of revolution as well. Here such a surface of revolution S(c) is defined by a
sufficiently smooth regular curve ¢ : [0,1] — R x (0, 00) via the following parameteri-
sation

[0,1] x [0,27] 2 (¢, ) = f(t, ) = (c*(t), 2(t) cos ¢, ¢*(t) sin ). (1.3)

These surfaces of revolution in conjunction with the Willmore energy have applica-
tions in e.g. modelling of lipid bilayers (see e.g. [27] and references therein). The
corresponding Dirichlet problem, with which this thesis is mainly concerned, can be
stated as
AS(C)H + 2H(H2 — G) =0, in (0, 1)
c(0) = (=1,a_), c¢(1) = (1,ay), ¢2(0) = ¢*(1) = 0, (1.4)
¢t (0),¢r(1) > 0,

with a_, a1 > 0. This thesis gives an existence result for non-symmetric Dirichlet
data and qualitative properties are shown. In the symmetric case (i.e. a- = a4)
additional problems, like uniqueness and symmetry of a profile curve, are adressed.
These results are discussed more closely in Section [1.2
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1.2. Main results

Our first main result is concerned with existence of a solution of the Dirichlet prob-
lem , with non-symmetric data. In case of symmetric boundary conditions (i.e.
a = a_ = ay) Dall’Acqua, Deckelnick & Grunau showed existence in [17] by a vari-
ational approach in the class of graphs. This existence result was later extended to
arbitrary boundary angles in [18], but the data still had to be symmetric. Under natu-
ral boundary conditions existence was shown with symmetric boundary data in [620]
and later extended to arbitrary a_, a4 > 0 in [7], also by a variational approach. In
this setting ¢ can be parameterised as a graph over the z-axis. The authors of these
papers inserted catenoids into a minimising sequence to obtain a priori bounds. The
resulting curve would automatically satisfy H = 0 at the boundary. In our setting we
have to respect the prescribed boundary angle, which is not necessarily preserved, if a
catenoid is inserted. Therefore our reasoning is more involved than in [7].

We also proceed by a variational approach. Hence the following objects will come in
handy. The class of admissible curves is denoted by

Mo_ oy = {c€ H*([0,1],R x (0,00)) = ¢(0) = (=1, 0a-), (1) = (1,04), (L5)
é(0) = ¢*(1) = 0,¢4(0),¢'(1) > 0, |¢| # 0}. '
The infimum of the Willmore energy is called
Wi o, =Inf{We(S(c): c€ My_a,}- (1.6)

In contrast to |7] we are not able to show existence for every a_,a; > 0, hence we
impose an explicit smallness condition on W¢ This theorem is joint work with
Hans-Christoph Grunau.

Theorem 1.1 (see [25] Theorem 1.1). Let a_,ay > 0 and satisfy Wi, < 4m.
Then there exists a ¢ € My_ o, N C*([0,1],R x (0,00)) with

—,04 "

We(S(c)) =W

x_,04 "
This minimiser does not intersect itself.

Our reasoning consists of four major steps: First we reformulate the problem in the
upper half plane (see ) Then we reparameterise a minimising sequence propor-
tionally to hyperbolic arclength. This allows us to show boundedness in H?, iff the
hyperbolic arclength of the sequence is bounded (see Theorem . In Section we
establish these bounds by working below the energy threshold of 47. Section [3.3]is
dedicated to proving regularity of a solution. Injectivity of the minimiser can only be
shown later (see Remark , after an order reduction argument of the underlying
differential equation by Langer & Singer is established and analysed (see Chapters
and . Numerical examples of solutions ¢ can be found in the Appendix
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Imposing smallness conditions for boundary value problems to show existence of Will-
more surfaces has already been done by Nitsche in [44], although these are very severe
and by no means explicit. Recently existence of Willmore immersions without symme-
try assumptions satisfying free boundary conditions and prescribed surface area were
established in [2]. Also in this paper smallness assumptions had to be imposed on the
surface area. Compactness under an energy threshold was also observed for closed
Willmore immersions in [3], in which a bubbling phenomenon was discovered, which
leads to a loss of compactness.

Unfortunately existence for arbitrary a_, a4 for in contrast to Theorem was
not established in this thesis. Theorem gives a partial answer and in Chapter [B]an
idea on how to proceed further is presented. The idea mainly consists in employing a
shooting method, which is similar to the proof of Theorem [T.4]

In [17] and [18] the profile curve of a Willmore surface of revolution, satisfying
symmetric Dirichlet data, is also a graph. This observation simplifies the description
of such surfaces a lot. Under natural boundary conditions this holds true for every set
of boundary values (see [7]), since these solutions are close to catenoids. In our case
this cannot be expected (see Lemmas and [7.7)). Nevertheless we are able to prove
a similar result under more restrictive but remarkably explicit smallness conditions
on the boundary data. Please note that this question is still widely open for two-
dimensional Willmore graphs (cf. [22]) and we hope that our reasoning here gives
some insight in this case as well.

The idea for the following smallness condition is due to Hans-Christoph Grunau and
is sketched in Figure

Assumption 1.2 (see [25] Assumption 1.2). A pair (a_,ay) € Ry x R, satisfies the
Assumption [I.2] iff the following is true:

o If a_ <y, then for all z € R

1
P10y () < a_ cosh ( o—)—x> )

o Ifa_ >y, then for all z € R

1—
P—1,a_(x) < oy cosh ( x> .
a

Here pg,» denotes the upper half circle with centre (g, 0), radius  and is given by

pruee) = { VIR g eloo o k)

0, else.
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Figure 1.1.: Smallness assumption for boundary data.

Under these assumptions the following theorem holds, which is joint work with
Hans-Christoph Grunau.

Theorem 1.3 (see [25] Theorem 1.3). If the pair (a—,a4) € Ry x Ry satisfies As-
sumption the following Dirichlet problem possesses a graph u : [-1,1] — (0,00) as
solution:

{ AgH +2H(H? —G) =0, in (~1,1) an

u(£l) = ax, v/(£1) =0.

Moreover u satisfies
We(S(u)) =Wg < 4.

a_,oq

For the proof (see Theorem [7.5) we use two main ingredients: First we analyse
the Euler-Lagrange equation by an order reduction argument by Langer & Singer
(see [37]) in Chapters[d]and[f] Then we proceed by inserting suitable parts of catenoids
and half circles, if necessary. This insertion idea was first developed by Dall’Acqua,
Deckelnick & Grunau in [17] and developed further by the present author and Amos
Koeller in |26, Section 2]. He showed existence of a graphical minimiser for symmetric
boundary data this way. Since Theorem gives a stronger result, his contribution is
not included in this thesis, although it inspired in parts the present author’s reasoning
for Theorem [I.3]

A similar but more general order reduction argument was also developed by Bryant
& Griffiths in [12] shortly before [37], but the more ad-hoc and geometric nature
of |37] enables us to reach our results more directly. These arguments were also recently
picked up and extended in [31] to analyse Willmore tori restricted to conformal classes.
On the other hand compactness results were also obtained in [43] for a constrained
minimisation problem for the Willmore energy by also inserting suitable comparison
functions into a minimising sequence.

From this point on all results on Dirichlet boundary value problems for Willmore
surfaces of revolution are restricted to the symmetric case, i.e. a:=a_ = ay.
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Uniqueness for Willmore graphs with natural boundary data has been proven in [§].
For Dirichlet data more restrictions seem to be necessary to show a similar result. For
disk type Willmore surfaces with constant boundary angle such a result was obtained
in [46] and later extended to star-shaped domains in [16]. For Willmore surfaces
of revolution nonuniquness was only proven under natural boundary conditions (see
e.g. [7]) but for symmetric Dirichlet data numerical evidence was found in [18|. Here
we give a nonuniqueness result:

Theorem 1.4 (see [24] Theorem 1.1). There exists an a* > 0 such that the following
Dirichlet Problem possesses at least two different solutions Vo > a*.

{ AgwH +2H(H? —G) =0, in(~1,1) (1.8)

u(xl) = a, v/ (£1) =0.

One solution was already constructed in [17] by a variational approach. We obtain
another solution by a shooting method in Theorem[8.5] Again a Langer & Singer order
reduction method (see [37]) is employed (see chapters |4] and [5]) to analyse a solution
of an initial value problem (see (4.8)) with suitable initial data. A similar kind of
shooting method is explained in Section to numerically obtain a set of solutions
of in Section

Whether a minimiser of a variational problem inherits the symmetry of the boundary
data is interesting, since e.g. solutions can be obtained in a simpler manner. For
example the answer for the Newton problem of minimal aerodynamical resistance
is 'no’ (see e.g. |13, Section 1.3]), but Palmer was able to prove the opposite for
Willmore graphs under zero boundary conditions in [46]. Here we show, that an
energy minimising profile graph of the Willmore energy under symmetric Dirichlet
boundary data has to be symmetric as well.

Theorem 1.5 (see [26] Theorem 1.1). Every energy minimising solution u : [—1,1] —
(0,00) of (1.8) is symmetric with respect to the y-axis.

This result is joint work with Amos Koeller, but his contribution is not integrated
into this thesis. He proved existence of an energy minimising graph under symmetric
Dirichlet data, but we can use Theorem [I.3]to replace this result. The present author’s
contribution is an a priori energy estimate (see Lemma for non-even solutions of
(1.8), which is again shown by the order reduction argument provided by Langer &
Singer (see |37]). This estimate directly contradicts the energy estimate for a minimiser
in Theorem[I.3] This result has another consequence: The a priori estimates obtained
in [17] (they are cited in this thesis in Theorem , which were achieved in a class of
of even functions, can directly be applied to a minimiser in Mg q-

Since for minimal surfaces Bernstein’s result holds and the Willmore energy and the
area functional are related, a similar result is to be expected. For Willmore graphs
such results under additional constraints (e.g. L? bounds) were found in [8}/15]. In our
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situation the topological class differs, but we are able to provide a similar result with
catenoids instead of planes:

Theorem 1.6 (see [24] Theorem 1.2). Let u : R — (0,00) be smooth and let S(u)
satisfy the Willmore equation (1.2). Then there exists a Mdébius transformation T :
R X (0,00) = R x (0,00) such that

{(z,u(x)): v € R} ={T(z,cosh(z)) : = € R}.

This theorem quickly drops out of the order reduction argument by Langer & Singer
(see [37]) by analysing every possible solution of the underlying differential equation
(see Theorem|5.4)). This result especially means, that there are no surfaces of revolution
with periodic profile graphs satisfying the Willmore equation (cf. [23]).






2. Geometric background

This chapter does not contain any new results, but collects basic knowledge for the
reader’s convenience. These facts will be needed to prove the main results and have
already been gathered in the present author’s diploma thesis [23].

2.1. Surfaces of revolution and the upper half plane

In this section we derive the basic formulae we need for our calculations. These are

based on [4].
For a surface of revolution S(c), given by a curve ¢ € M,_ o, (see (L.5))), the metric

tensor is
(9ij)ij=t.p = ( ) 3(62)2 (02)2 ) (2.1)

The second fundamental form can then be calculated as
1 éte? — @2t 0
(higis=te = 151 ( 0 e | (2:2)
with respect to the ’interior’ normal

1

v(t, ) = H(éz(t)’ —el(t) cos p, —¢!(t) sin ). (2.3)

Here we use |¢| = 1/(¢1)? + (¢2)? to denote the euclidean length of a vector. Now we
can write down the mean curvature H. For this we use the sign convention, that H is
positive if the surface is mean convex and negative if it is mean concave with respect
to the interior normal v.

1232 — 2E2¢t + |¢2é!

H = 2.4
2 [¢]3c2 ’ (24)
and finally the Willmore energy is
120122 2:2:1 | [4[2:1)2
T (c2éter — c2eset + |¢f#eh)
W (S =— ~ dt. 2.5
se=3 [ e (25)



2. Geometric background

Now we reformulate the problem by introducing the elastic energy for curves on the
upper half plane H? = {(x,%) : y > 0}, equipped with the hyperbolic metric

dx? + dy?
ds? = — (2.6)
Y
which will also be denoted by ¢g(-,-). The Christoffel symbols are given by
1 1 2 2 1 1 2 | 1
=Ty =I7=1% =0T =I,=I%= *57 'y = 5 (2.7)

The covariant derivative of a curve ¢ can then be calculated as

Vee = (él —2i§2> ( (1) ) + (62 - (é;)2 + (é:2)2> ( (1) ) : (2.8)

Since the hyperbolic metric is conformal to the euclidean metric, the unit normal can
be choosen as
1 —é?
N = —n= .1 . (2.9)
ge(c,¢) \ €

. . . C o . . .
We use this sign convention, because (m, N ) becomes positively oriented. With

this we obtain the geodesic curvature (please keep in mind, that [¢| = \/(¢1)2 + (¢2)?
denotes the usual euclidean length)

_9e(Vee, N)  &éte? — ¢ + ¢l (¢?)? + (¢1)? (2.10)
G jef? ' '

K[c]

and in turn can introduce the hyperbolic elastic energy of a curve ¢ by

1 1 620.1627&1&202 él 0'22 6132
Wa(c) ;:/0 (/@[c}(t))zds(t):/o ( T HEN) (2

|é|502

The next observation goes back to Bryant & Griffiths in [12] and connects the Willmore
energy with the hyperbolic elastic energy

2 2 '
“We(S(e)) = Whle) —4 [WW] - (2.12)

This and (28 Lemma 8.2] shows, that the associated surface of revolution of a critical

point of W}, satisfies the Willmore equation ([1.2)). Finally we state three equations
which will be useful on several occasions: The Frenet equations for a curve ¢ parame-

10
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terised by hyperbolic arclength with geodesic curvature k[c| are (see (2.8]))

1
.1 1.2 )
¢ 72?0 ¢ = —klc]é, (2.13)
o Lo 10 .1
¢ — 0—2(0 ): + ?(C )* = k[c]é. (2.14)
If on the other hand ¢ can be reparameterised as a smooth graph w : [—1,1] — (0, 00),
the hyperbolic elastic energy becomes
1 " 2
1
Wh(u) :/ u() U(I)Q + dx. (2.15)
S+ @2)E T u@) T u (@)

2.2. Mobius transformations

This section provides some lemmas and definitions concerning Mo6bius transformations
and their connection to the Willmore energy. We start with inversions, which will be
needed to define Md6bius transformations. Additional information concerning these
special kind of maps can be found in [48| chapter 4].

Definition 2.1 (see [48] Equations (4.1.1) and (4.1.2)).

1. A map p:R™ — R" is called an inversion at a hyperplane, iff there is an a € R"
with |a| =1 and a ¢ € R exist, such that

Ve e R" p(z) =2+ 2(t — {(a,2))a.
Here (-, -) denotes the euclidean scalar product.

2. Amap o:R"U{oco} - R™ U {oo} is called an inversion at a sphere, iff there is
an a € R™ and an r > 0 exist, such that

a+ (ﬁy(x—a), z € R\ {a},

a, T = 00,
00, T = a.

o(z) =

Without loss of generality we can assume, that an inversion at a hyperplane maps
o0 to 0o. A Mobius transformation is now defined as follows.

Definition 2.2 (see [48] p. 116). A map T : R"U{oo} — R™"U{oo} is called a Mobius
transformation, iff it can be expressed as a finite composition of inversions at spheres
and/or hyperplanes.

11
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Examples of M&bius transformations are translations and dilations (see e.g. [23, Ex-
ample 2.31] or [48], chapter 4]). Thomsen showed in [53] the following invariance for the
conformal Willmore energy Wi (S) := [¢(H? — G) dA under a Mébius transformation
T which are regular on S:

Wi(S) = Wi(T(S)). (2.16)

Here S C R3 denotes a smooth, regular, two dimensional surface.
With this equation and (2.12)), or by direct calculations, we have on the upper half
plane H? the following lemmas.

Lemma 2.3 (see e.g. [23] Corollary 3.11). Let T : R2U{oco} — R?U{oco} be a Mdbius
transformation of the upper half plane, i.e. T(H?) = H?. Then W), (cf. R.11)) is
invariant under T'.

We also have some pointwise properties.

Lemma 2.4 (see e.g. [23] Theorem 6.6). A Mébius transformation of the upper half
plane is an isometry of H? with respect to the hyperbolic metric ([2.6)).

Lemma 2.5 (see e.g. [23] Theorem 6.8). Let L > 0 and c : [0,L] — H? be a reg-
ular curve with geodesic curvature klc|. Let additionally T : H? — H? be a Mébius
transformation of the upper half plane and k[T (c)] be the geodesic curvature of T(c).
Then

vte[0,L] |s[c(t)] = |K[T()]®)]-

Lemma 2.6 (see e.g. [23] Theorem 6.7). Let p € H? and V € T,H? with |V |, = 1.
Then there exists a Mobius transformation T with T(H?) = H? and z > 0 such that

T(p) = (072)7 dT(p)V = (270)‘

2.3. Killing vector fields and curves with constant
hyperbolic curvature

This section introduces Killing vector fields and studies their integral curves in H?2.

Definition 2.7 (see e.g. |39] Exercise 13.13). Let (M, g) be a regular Riemannian
surface. Then a vector field V on M is called a Killing vector field, iff the flow
Py : M xR — M of V satisfies the following condition: For every ¢ € R the map
®y(-,t) : M — M is an isometry with respect to g.

Remark 2.8 (see e.g. [23] Remark 5.3). Every integral curve of a Killing vector field
is parameterised proportionally to arclength.

12



2.3. Killing vector fields and curves with constant hyperbolic curvature

Lemma 2.9 (see e.g. [33] 1.6.7). V is a Killing vector field on a regular Riemannian
surface (M, g), iff in local coordinates

- . Ogiy , OVF oV
VZ,] = 1,,d1m(M) : Z (Vk agmg + Gk Ort + ik axJ> =
k

Example 2.10 (see e.g. [23] Example 5.8). V is a Killing vector field on H?, iff

em=o(( 5 ) (3) o)

with real parameters a,b,c € R.

Theorem 2.11 (see e.g. [23] Theorem 5.14). Let (M, g) be a two dimensional regular
Riemannian surface with a Killing vector field V' and the corresponding flow ®v . Then
every integral curve t — Oy (-,t) of V possesses constant geodesic curvature.

The following lemma was not part of the present author’s diploma thesis, but deals
with Killing fields and helps to find special integral curves.

Lemma 2.12 (see e.g. [24] Lemma A.5). Let V be a Killing vector field on a reqular
Riemannian surface (M,g). Let p € M be critical for |V (-)|g. Then the integral curve
of V' starting in p is a geodesic.

Proof. Using normal coordinates in p and the differential equation in Lemma [2.9| we
obtain Vy ;) V(p) = 0. Together with Theorem this yields the desired result. [

With Theorem in mind we look for curves in H? with constant geodesic curva-
ture.

Example 2.13 (see e.g. [23] Example 6.9). Let a,b,¢,d € R and
Cr:R—=R?, ts (a,b) + t(c,d)

be a straight line with Cr(R) NH2 # 0. Then the geodesic curvature in H? can be

calculated by
c

VETE
Example 2.14 (see e.g. [23] Example 6.10). Let r > 0 and M = (M, M?) € R?
define an euclidean circle by

k[CL] =

Cyra(t) == r(sint,cost) + (M*, M?), t€[0,2r).

If we further assume C, p(R) NH? # 0, we can compute the geodesic curvature in the
intersection: )
M
K/[CT,M] = _T

13



2. Geometric background

The following lemma classifies every curve with constant geodesic curvature in H?2.

Lemma 2.15 (see e.g. [10] chapter 3 or [23] Remark 6.12). Let k[c] € R be the constant
geodesic curvature of a reqular curve ¢ in H2. Then, if

1. |k[d]] € [0,1): ¢ is a circle, meeting the x-azis in two different points, or ¢ is a
straight line, which is not parallel to the x-axis.

2. |k[c]| = 1: ¢ is a circle, meeting the x-azis in exactly one point, or ¢ is a straight
line parallel to the x-axis.

3. |klc]| > 1: ¢ is a circle, which does not intersect the x-axis.

14



3. Existence for curves

This chapter is dedicated to proving Theorem except the injectivity (embedded-
ness) of the solution, which is shown in Chapter [5, see Remark It consists of the
Sections 3,4 and 5 of [25] and applies a variational method. In Section [3.1| we examine
a special kind of parameterisation to eliminate the inner invariance of W, (cf. )
To apply these results, a priori estimates on the hyperbolic arclength are required,
which are being deduced in Section This will give us a weak solution of ,
while in Section C®° regularity is shown.

3.1. A suitable parameterisation

This section is taken directly out of [25, Section 3]. Here we introduce a special
form of the elastic energy by reparameterising an admissible curve. Let ¢ € My_ o,
be parameterised proportionally by hyperbolic arclength and let L be the hyperbolic
arclength of c. The idea to employ this special kind of parameterisation was already
used by Langer & Singer in [38], but on compact manifolds in combination with the
L2-flow of W}, (-). By using this parameterisation we obtain

S1N2 (2212
o oy (€))7 (&)
L= =g(¢,¢) = W; (3.1)
and the geodesic curvature k[c] satisfies
K[c)* = v.iv. )L (Vic, Vec) (3.2)
I\Vep Vi) T LAt Vel '
Differentiating (3.1 yields
el 4 2 = LA, (3.3)

Let us now turn to the elastic energy itself:
1o 1 [
/ Klc]*ds = ﬁ/ g(Vee,Veé) dt
0 0

R S R A P o A Ol
=5 |, (@ <<cl—202> +<c2— 5t ) dt

15
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3.2. Estimates on hyperbolic arclength

To summarize our findings we state the following equation

1

Wh(c) = %/0 (c;)2 (@) + (¢%)* —2L*(¢*)?) dt + L+ % [;} . (3.4)

With this equation in mind we can prove the following theorem:

Theorem 3.1 (see 25| Theorem 3.1). Let (¢p)nen C Ma_ o, be a minimising se-
quence for Wy (c) with bounded hyperbolic arclength. Then there exists a curve ¢ €
Mo_ o, with
Wi(c)=Wh oy = if{Wh(v): veE My o}

Proof. Reparameterise ¢, : [0,1] — H? proportionally by hyperbolic arclength. Let
L,, be the hyperbolic arclength of ¢,. Since L, is bounded, ¢ is bounded from above
and below. then gives us upper bounds on |¢!| and |¢?|. With there exists
a C' > 0 such that

1
C >/ (EL)% + (£2)* dt.
0

Hence we can extract a subsequence, which is weakly convergent in H2((0, 1), H?) and
strongly convergent in C'*([0, 1], H?) to a curve ¢ : [0, 1] — H2. The boundary data are
preserved, since we have convergence in C'. This, and the bound on L,, ensure,
that ¢ is parameterised proportionally by hyperbolic arclength. This in turn gives us
¢ # 0, since ¢? is bounded from above as well as from below. Hence ¢ belongs to
M 1

a_,ay- Since - converges in C°([0, 1]), the fractions % and 2 & 2 converge weakly in

L2((0,1),H?). Together with the lower semi-continuity of a norm and (3-4) this yields

Wa o, < Wale) <liminf Wy(c,) W5, =nf{Wi(v): v€ Moo}

S0t

3.2. Estimates on hyperbolic arclength

This section directly corresponds to [25] Section 4]. If we wish to apply Theorem to
obtain a solution of , we have to find an upper bound for the hyperbolic arclength
of a minimising sequence. We can achieve this, if we work strictly below the threshold
of 8 for the elastic energy. The main idea is contained in the following lemma, which
was found by Hans-Christoph Grunau.

Lemma 3.2 (see [25] Lemma 4.1). Let c € My_ o, and 0 <ty <ty <1 with

¢H(t)) = ¢'(t2) = 0 and 3(t1) - ¢*(t2) < 0.

17



3. Existence for curves

Then the elastic energy satisfies
Wh(c) > 8.

Proof. Let us distinguish two cases. The first one is ¢2(t1) < 0. Equation (2.12) yields

Whi(c) = Wh(c)|[0,t1] + Wa(e)] + Wh(c)|[t2,1l

[t1,t2]

to
2 ¢
> Wh(0)|[t1,t2] - ;WE(S(C)”UM?] 4 WJF(CQ)Z]

t1

>8
The other case is ¢(¢;) > 0. The boundary data and again equation (2.12)) yield
Wh(c) = Wh(c)’[o,tl] + Wh(c)|[t1,t2] + Wh(c)|

2 2
“WS())] g gy + =Wl SO, 4

[t271]

z Wh(c)’[o,tl] + Wh(c)‘[tz,l} =

ty
02

Jerr@r),

+4

>3

O

Hans-Christoph Grunau discovered the following lemma for graphs and the present
author extended it to curves. It uses the same idea as in Lemma [3.2]

Lemma 3.3 (see [25] Lemma 4.2). Let (cn)nen C Ma_ .o, be a sequence, which
satisfies sup,, Wy (cn,) < 8. Then there exists a constant C > 0 with

Vt€[0,1], Yn e N: C < ().

Proof. We proceed by contradiction. Let us assume that no such bound exists. Hence
after possibly passing to a subsequence, we can find (¢, )nen C [0, 1] with

2 : 2
t,) = m ) =0, (n— oo).
cn(tn) te[gﬁ]cn() (n )

Because of the boundary data we have ¢2(t,,) = 0 for n large enough. Let us for now

assume the existence of another two sequences 0 < t;; < t, <t <1 with

— 1 and — 1.

e

' e

18



3.2. Estimates on hyperbolic arclength

We will show the existence of these sequences later. For now we can use the idea from
Lemma Let us assume for the first case that ¢2(t,,) < 0 with n large enough.
Then with (2.12]) we obtain for n large enough

Wh (Cn) |

:Wh(cn)| +Wh CTL ’[t

0,5] [0,t7]

2
- ;WQ(S(CN))’[t;,tn] +d

>4+ o(1).
If we assume on the other hand that ¢2(¢,,) > 0 for large n, then

Wh(c”)‘[o,tn] = Wh(c”>‘[0,t;] + Wh(cn)’[t . > Wh(c ‘[Ot

2
— ;WE(S(Cn»’[O T4

@+ <c%>2] )

>4+ o(1).
We can work completely analogously in the interval [t,, 1] and obtain
Wh( ) thn ‘[Ot +Wh Cn ’[t 1]>8+0()
which would be a contradiction. Now we have to show the existence of ¢, and ¢ :

Again we proceed by contradiction and assume, that such sequences ¢, , ¢, do not
exist. After passing to a further subsequence we can find a § > 0 such that

YneN,vte[0,1]: |(é}l)§1(é%)2(t) <1-4. (3.5)
Squaring the inequality gives us for all ¢ € [0, 1]
= () < (1=08)2-((&)* +(é3)%)
=0 < ()% (1~ (1-4)%) < (1-0)%(c)*

Since the curves are regular (¢ # 0), we obtain
Yt €[0,1]: ¢ #0.

Hence the curve ¢,, can be reparameterised as a graph on [0,1]. This way we obtain
a sequence of functions u, € H?([-1,1],(0,00)) representing the curves on [0,1]. To
obtain a contradiction we first have to show that |x,| := |¢l(¢,)] - 1. Thanks to (3.5)
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3. Existence for curves

there exists a C' > 0, such that Vo € [—1,1] we have |u] (x)] < C. The mean value

theorem yields

min{a_, oy }
C

for n large enough. Since the elastic energy is a geometric functional, it is invariant

under reparameterisation. This yields together with and

|z, £ 1] > +0(1)>0

8 > Wh(Cn)|[o,tn] - Wh(un)|[_17$n]
Tn 1 2 Tn
[ ) o, < o
(@R )T P

Tn 1
2/ dx.
1 Un(@) /T (@)

- [ T

1 Tn

> | dse) - oo,

since the hyperbolic arclength tends to infinity. This is the case, because u,(x,) — 0.
The proof for ¢, is analogous to ¢, by working on [t,, 1]. O

The proof of the next lemma is based on the previous one and provides an upper
bound.

Lemma 3.4 (see [25] Lemma 4.3). Let (cn)nen C Ma_ .o, be a sequence, which
satisfies sup,, Wp(cn) < 8. Then there exists a constant C > 0 with

Vt e [0,1], Yn e N: C > |en(t)].

Proof. As in Lemma[3.3] we will proceed by contradiction. After possibly passing to a
subsequence we may assume the existence of a sequence (&, )nen C [0, 1] with

max{|ca(t)], £ € [0,1]} = |en(n)| = 00, (n — 0).

We transform this problem in such a way, that we can directly apply our approach
from Lemma To do this we need the Cayley transformation Q : H? — {(z,y) €
R?: |(z,y)| < 1} =: D? given by Q(z,y) = Why)"‘ (2% =1+ y? —2z). Since it is an
isometry between the Poincaré disk D? and H?, the elastic energy remains invariant
under this transformation. Now we need a rotation around (0,0) € R? with angle
¢ > 0. Let us denote this function by R, : R? — R2. Please keep in mind that R,
does not change the elastic energy in D?, since it is an isometry of this manifold. Let

20



3.2. Estimates on hyperbolic arclength

us now define the transformed curves:
Cnp : [0,1] — H? with Cn,p(t) = Q_l(RSO(Q(cn(t)))).

Figure explains the transformation. Since ¢ > 0 we can find a sequence (t¥),en C

/
©
c(1)

C

NZ

C(O) c(]_)

(0)
/
Ry / ~, Q!

Figure 3.1.: Transformation of curves, such that an extremum tends to zero.

(0,1) for n large enough with

2 : 2
) = m t) — 0.
Cno(t7) te[(gg}cn,g,()

Let € > 0 be fixated but arbitrary. Since R, @ and Q™! are smooth and c,, satisfies
the boundary data, we can find a small angle ¢ > 0 with

() ¢ o(1)
R <eand |2£ <e
€, (0) he(1)
This also yields
() ()
1 2 2 2| ek L(0) <&
V002 + (@ ,(0)7] [

and the same result for ¢ = 1. As in in the proof of Lemma we can find two
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3. Existence for curves

sequences 0 < t£~ < t£ <t < 1 for n large enough, which satisfy

e (t“"’i) =1, (n = o0).

Let us assume for large n, that we have ¢ ,(t77) > 0 and ¢ ,(t7+) > 0. Then the
elastic energy can be estimated with (2.12)) as follows

Wh(cn) = Wh(Cn,cp) > Wh(cn,w)’[oﬁtﬁ*] + Wh(CnM)‘[t;g’tﬁHr]

2 2
= ;WE(S(Cn,w))’[O,tgv—] + ;We(s(cnyw))ht%tﬁ#]

P, @, +
+ 4 n,p + 4 n,p
(n)? +(ene)* ] (ne)? + ()] .

>8+0(1) —e >8— 2,

for n large enough. The remaining cases can be dealt with in the same way. By
choosing & < (8 — sup,, Wj(c,,)), we finally reach a contradiction. O

Now we can tackle our main estimate for the hyperbolic arclength:

Theorem 3.5 (see [25] Theorem 4.4). Let (cp)nen C Ma_ o, be a sequence with
sup,, Wp(c,) < 8. Let L, be the hyperbolic arclength of c,. Then there exists a
constant C' > 0 with

VneN: L, <C.

Proof. Again we proceed by contradiction. So let us assume, that after passing to
a subsequence we obtain L, — oo for n — oo. By reparameterising the curves
proportionally by hyperbolic arclength, we achieve with Lemma and (3.1) the
following uniform convergence on [0, 1] for (n — oo)

(en)? +(c7)* = (c7)? Ly — oo (3.6)

n n

With Lemma and the mean value theorem we obtain three sequences:

S| =

2 1 1

00 >C > |} (6) —ch (6) = |é}l(tn,1)|6, —<tp1 <
4 3 1

00> C > |2 (6) - <6> = |éi(tn,2)|6, S <tpae <

6 ) 1
0> C> el <6)c; <6) =)l D << s

| W
D D= DN

| ot
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3.3. Regularity of a solution

(3.6 then yields for n — oo

& (ta)] = o,
64 (tn2)] — o,
& (ta3)| = o0
This yields
-2
C’I’L
GG M
22
C'I’L
GG M
02
Cn
Jarrar| ot

As before we would need to distinguish some cases, but we will just demonstrate the
case ¢2(tn1) < 0 and é2(t,3) <O.

Wh(cn) 2 Wh(cn)|[tn,1,tn‘2] + Wh(cn)htn,s,l]

= 2W.(5(c)) # Sl

tn,2

[tn,latn,Z]

V() +(e7)?
)-

>8+o(1

+4 +4

(€n)? + (é%)Q] .

tn,1 n,3

For the other cases one just needs to adjust the intervals of integration and then the
desired contradiction follows. O

3.3. Regularity of a solution

This section is taken from [25, Section 5]. To show regularity of a weak solution of
(L.4), we will proceed similarly to [L7, Theorem 4, step 2]. First we calculate an Euler-
Lagrange equation for the elastic energy Wy (). Let ¢ € My_ o, be a critical point
of the hyperbolic elastic energy. We may parameterise this ¢ proportionally by its
hyperbolic arclength L. With the help of we obtain for any testing function
pEe Hg([07 1]’R2):
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3. Existence for curves

1
:W(SbQélcQ +¢16202+62é1@2 7¢1é202

761¢2C27610.2@2+¢1(C.2)2+2é1¢2é2+3¢1(é1)2)

(,.01@1 —|—<,b20'2 (..2.1 2 .1 -2

-3 EE Fet? — P + M) + (¢h)?)
CL)

1
:W(¢2élc2 +¢16202 +62é1(p2 _@1&202

751¢2027610.2@2+¢1(é2)2+2é1¢2é2+3¢1(é1)2)
(Iblé1—|—()'02é2

-3 EE Klc].

The derivative of Wy(+) in ¢(+) is

1
=— | K[c+eyp]?ds
dE 0 =0

1 . .1 -1 9 .9 .
d €] 2 (Cp +EP el o
— [ (2x[gZ 9 - dt
/0 < k] d55[3+5<ﬂ] = + k] 2[¢] (02)2<‘O
1 .
1
:A <2062|’€[C]<|C3 (¢16202 _ ¢1é262 + ¢1(é2)2 + 3@1(C.1)2

+¢2é102 +6261§02 —51¢202 —éléz(p2 +201(P262)

0

- 3/-;[01#@1&1 + ¢2c'2)) T Rl? (él‘b;*'c_f‘p? - (C|§|)2<p2> )dt. (3.7)

Let n € C([0,1],R) be arbitrary. We define
t ry
we)= [ [ ats)dsdy -+ e+
0 Jo

ff—/olms)ds—?)/ol/oyn(s)dsdy
WZQ/OI/Oyn(s)dsdy—/oln(s)ds.

The idea for this comparison function stems from [17, Theorem 4, step 2]. Thanks to
the choice of v and 8, we have u(0) = pu(1) = 1(0) = (1) = 0. We also observe the
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3.3. Regularity of a solution

following estimates

B v leller < Clinllzr-
If we set ¢(t) = (u(t),0), we get p € HZ([0,1],R?). By inserting this into (3.7), we
obtain for every n € C$°(0,1)

C'2

/0 HlAE)n(0) g dt| < Ol (3.8)

since every term in (3.7) with the exception of the one with ¢! (which gives us the
left hand side of can be estimated with the help of ¢ € H?([0,1],R?) and
k[c] € L%(]0,1]). Because the hyperbolic arclength is fixed, # is bounded from below
as well (see (3.1)). This and (L')* = L ensure that x[c]¢? € L>([0,1]).

We have to repeat this process for ¢(t) = (0, u(t)), to obtain a bound for k[c]. With
the same arguments as above, we get

C'l

[ Heomo dt\ < 0@l (3.9)

for every n € C2°([0,1]). Hence k[c]¢! € L>°([0,1]). If we combine this with the bound
on k[c]¢? and (B.1)), we finally get x[c] € L>°([0,1]). The Frenet equations and
[2.14) yield c € W2>([0, 1], R?).

Now we can show higher differentiability: For arbitrary n € C°([0, 1]) we define

t 1 1
v(t) = / n(s)ds — 3t2/ n(s)ds + 2t3/ n(s) ds. (3.10)
0 0 0
and get
v(0) =v(1) =2(0) = v(1) = 0, [[v]co < ClinllLr and [|[7][r < CllnlLr-

If we now choose ¢(t) = (v(t),0), insert it into (3.7) and combine it with the already
established L°°-bounds on s and ¢, we obtain

('22

/0 A1) g dt| < Ol (3.11)

2

The functional F(n) := fol ﬂ[c](t)f](t)‘g? dt is defined on W11([0,1]), since s[c] €

L>([0,1]). (3-11) now allows us to extend it to a functional F on L'(]0,1]), since
WhL([0,1]) is dense in L'([0,1]) and F is bounded w.r.t. to || - |z:. The Riesz
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3. Existence for curves

representation theorem (see e.g. [54, Thm. I1.2.4]) then yields a g € L*°([0, 1]) with

vf e LY([0,1]) F(f) = / o(t)(8) dt.

If we go back to C2°([0,1]) as a domain of definition for F', we obtain

Vi € C2(0,1)) / a(t)n(t) dt = / e 008 o .

Since ﬁ # 0 the curvature satisfies x[c]¢? € W1>°(]0,1]).

Repeating this argument with ¢ = (0,v(t)), we also obtain s[c]¢! € W1>([0,1]).
Since ¢ # 0 and ¢ is continous, we finally achieve x[c] € W1°([0,1]). Then the Frenet
equations and yield that ¢ € W3°°([0, 1], R?).

For higher regularity another form of the Euler-Lagrange equation is more appropriate.
Langer & Singer deduced it in [37, p. 3]. By reparameterising ¢ proportionally by
hyperbolic arclength and denoting L as the hyperbolic arclength of ¢, it can be stated

as follows 5
ﬁﬁ[c](t) = —&[c](t)® + 2K[c](t). (3.12)

So i[c] satisfies an equation with right-hand side in W1:°°([0, 1]), which in return gives

us k[c] € W32([0,1]) = C%1(]0,1]). Hence the Frenet equations (2.13) and (2.14)) yield
c € C*([0,1]). By straightforward bootstrapping we finally obtain ¢ € C*°([0, 1]).
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4. Order reduction for the
Euler-Lagrange Equation

This chapter does not provide any new results. It instead collects very important
knowledge, concerning the analysis of the Euler-Lagrange equation of Wj. It was
conducted by Langer & Singer in [37] and picked up by the present author in his
diploma thesis [23], in which the following results are gathered as well.

4.1. Analysis of the curvature equation

Reparameterising a critical point of W} by hyperbolic arclength yields with ([3.12])
(see |37, Equation (1.2)])

1
K=K - 5K3. (4.1)

K denotes the geodesic curvature of such a critical point parameterised by hyperbolic
arclength. Every curve in H? with geodesic curvature satisfying this equation is called
an elastica (see [37, p. 3 bottom]). Multiplying it with K and integrating yields
(see |37, Equation (2.1)])

(K() = K2(s) — 1K)~ K3 + K4 + (o) (42)

with constants Ko, Ky € R. Since the left hand side is always non-negativ and the
right hand side would tend to —oo, if |K| — oo, every solution and its derivative are
bounded. Hence it can be extended on the whole real numbers (see e.g. |23, Corollary
4.2 and Remark 4.3]). The following lemma helps us to classify solutions of (also
cf. [37, p. 6]).

Lemma 4.1 (see [23] Theorem 4.15). Let K : R — R be a smooth solution to ({4.1)).
Then there exists a point s € R with K(s) = 0.

Solutions of (4.1)) can be expressed with the help of Jacobian elliptic functions
(see 37, table 2.7]). The following definitions and properties of these functions are
taken from |1, Section 16.1]: Let 0 < k£ < 1 and

® 1
Fk(@)—/o mdw- (4.3)
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4. Order reduction for the Euler-Lagrange Equation

Since Fj, > 0 we can invert it and define
AM(s, k) = F;7'(s). (4.4)
The Jacobian elliptic functions can then be expressed as

sn(s, k) = sin(AM(s, k)), cn(s, k) = cos(AM(s, k)),

dn(s, k) = /1 — k?sn?(s, k). (4.5)

The non-trivial solutions of (4.1]) are classified by the following three lemmas, since if
K is a solution of (4.1), then —K is as well. Therefore we also employ the following
classification even if the initial curvature Ky is negativ.

Lemma 4.2 (see [37] table 2.7c). Let K € C*(R) be a solution of with K(0) =
Ky € (0,2) and K(0) =0, then

K(s) = 2rdn(r(s + so). k), if Ko # V2,
- 2, if Ko =72,

with

K, .
- 70’ Zf KO S (\/57 2)7 <1 >
_{ ,/4;Kg, ZfKO€(07\/§)7 }E 2\/5,1 )
k= ﬁ € (0,1),

_{ 0, if Ko € (v/2,2),
TV LR(E), i Ko € (0,72).

These solutions are called orbitlike, or in the constant case, circular.

Lemma 4.3 (see [37] table 2.7c). Let K € C*(R) be a solution of with K (0) = 2
and K(0) =0, then
2

K(s) = .
() cosh(s)
This solution is called asymptotically geodesic.

Lemma 4.4 (see [37] table 2.7c). Let K € C*(R) be a solution of with K(0) =
Ky > 2 and K(0) =0, then

K(s) = Kocen(rs, k)

— . ) _KO
T = 1+§KO,I€—§

These solutions are called wavelike.

with
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4.2. A Killing field for an elastica

4.2. A Killing field for an elastica

The next natural step to understand the shape of a possible elastica would be to
integrate the Frenet equations and . Langer & Singer instead found a
different way and were able to reduce the order of the underlying differential equation
with the following lemma.

Lemma 4.5 (see [37] Proposition 2.1). Let —oo < a < b < oo and v : (a,b) — H?
be an elastica parameterised by hyperbolic arclength with curvature K : (a,b) — R
satisfying , Then the vector field

. _ A2
J7K21+2K( % )

has a unique extension to a Killing vector field J on the whole upper half plane H?2.

Remark 4.6 (see [23] p. 49 bottom). If we combine Lemma [4.5| with Example
we find parameters a, b, c € R, such that an elastica v with curvature K satisfies

. 1\2 _ (A2)2
K?,'yl _ 2K72 — G’M + b’)/l +c (46)
K2’7./2 _|_2K,Yl — a,yl,}/Q _|_b,}/2 (47)

Lemma 4.7 (see [37] Proposition 2.2). Let —co < a < b < oo and v : (a,b) — H?
be an elastica parameterised by hyperbolic arclength with curvature K : (a,b) — R
satisfying (4.1). Let so € (a,b) be critical for K. Let also J be the extension of J.
given by Lemma , Then the integral curve I of J starting in v(sg) is tangent to
v(s0). The geodesic curvature k[I| of I is as follows:

4.3. A suitable initial value problem and bounding circles

This section summarizes Paragraph 7 of [23], in which explicit bounds for an elastica
are given in means of initial data. These bounds have already been mentioned in |37, p.
8 and Figure 2]. For this let v : R — H? be a smooth elastica parameterised by
hyperbolic arclength with curvature K. Lemma yields an sg € R with K (sq) = 0.
Since (4.1]) is autonomous and because of the Lemmas and the Frenet equations
, (2.14), ~ satisfies without loss of generality the following initial value problem
(see |23, (AWP), p. 49)).

N|—

{ V.y= KN, V4N = —-K¥, K=K-1lK?

4(0) = (0,2), %(0) = (2,0), K(0) = Ko, K(0) =0, (4.8)
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4. Order reduction for the Euler-Lagrange Equation

Here Ko € R and z > 0. N is a unit normal of y defined by N = (—52,41).
The Killing field J of Lemma can be expressed with Example and the initial
conditions to (see [23, p. 49 bottom])

T(z,y) :a< wj; ) +c< . ) (4.9)

We are especially interested in wavelike elastica, since we need those to construct
additional solutions in chapter Hence let |Kg| > 2. Then the following lemma
holds.

Lemma 4.8 (see [37] p. 8 and [23] Chapter 7). Let v be a solution of with
|Ko| > 2. Then two euclidean circles By, B_ C R? exist, which are the only integral
curves of J (c¢f. Lemma , that are tangent to v. Moreover v touches By, iff the
geodesic curvature K has a mazimum and it touches B_, iff K has a minimum.

Let us call B, (z4) = B4 and B,_(x_) = B_. Let Ky > 2, then with Lemma
and Example ry and x4 can be calculated to (see |23 p. 52]):

2

Ko
1_ 2 Ty = (07m+)7 m4 = _Z]. _Oi : (410)
Ko Ko

B, crosses the z-axis at two points z; > 0 and —x, < 0. The Pythagorean theorem

yields (see |23, p. 52])
Ko +2
Ty = Ti—mizzuKO_? (4.11)

This in turn gives us (see (23| p. 53])

IS ry, x— = (0,m_), m_ = R CR—— —m4. (4.12)

2 )? 2 \?
(#) - ()
The formulae for Ky < —2 are completely analogous. Especially the formula for z,
does not change at all.

In the orbitlike case we could also derive such formulae, but we only need the
existence of bounding circles, which can be expressed in more general terms (see also

Figure :

Lemma 4.9 (see [37] Figure 2 and Section 7.3 in [23]). Let v : R — H? be an arbitrary
orbitlike elastica (cf. Lemma. Then there exists a point p € H? and two open Balls
B, C B, C H? with centre at p w.r.t. the hyperbolic metric, such that By C H? and

7(R) C Bz \ B.

30



4.3. A suitable initial value problem and bounding circles

Furthermore the boundaries of By and Bs are integral curves of the extended Killing
vectorfield J (cf. Lemma and one of them always touches v, when the geodesic
curvature K has an extremum.

Figure 4.1.: An orbitlike elastica with bounding circles.

In the circular case 7 is a circle (see Lemma or [23, Section 7.1]). If on the
other hand the curvature of v equals zero, Lemma [2.15] yields v to be a straight line
parallel to the y-axis or a half circle centered on the z-axis.

The last cases are Ky = +2. These correspond to catenoids and Mobius transforms
thereof:

Lemma 4.10 (see [23] Theorem 7.5). Let v be a solution of (4.8) with Ko = 2. Then
~(t) = (zt, z cosh t).

Reflecting this solution at the circle of radius z and centre (0, 0) yields with the help
of Lemma 2.5

Lemma 4.11 (see [23] Theorem 7.6). Let v be a solution of (4.8) with Ko = —2.

Then .
v(t)

= ————(¢,cosht).
t2 + cosh? t( )

A sketch of this solution can be found in Figure [6.3
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5. Wavelike elastica

This chapter is dedicated to an analysis of wavelike elastica (cf. Lemma . These
curves play a crucial role in the chapters[f] [] and [§] It mainly consists of the sections
6 and 7 of [24] as well as the second part of section 6 of [25].

5.1. A perpendicular geodesic and a Bernstein type
result

This section is a modified version of (24 Section 6]. We start with a special property
of wavelike elastica, which orbitlike elastica do not possess. This was already observed
by Langer & Singer in [37]. For the reader’s convenience we give a proof, which is
taylored to our situation here.

Lemma 5.1 (see [37] Proposition 2.3, [24] Lemma 6.1). Let v : R — H? be a wave-
like elastica parameterised by hyperbolic arclength. Then there exists a unique integral
geodesic ¥ of the Killing field J (c.f. Lemma . Moreover it crosses v perpendicu-
larly and if and only if the geodesic curvature of v is zero.

Proof. Let us first show existence of such an integral curve: Let p = 7(s*) € H?
with K(s*) = 0. The goal is to show, that the hyperbolic length of J is critical
at p (see Lemma 2.12). 4(s*) is perpendicular to J,(s*) (see Lemma [L5)). Hence
these two vectors are linearly independent. Since integral curves of Killing fields are
parameterised proportional to arclength, we obtain d|.J(p)|2(J(p)) = 0. yields

d|J (p)[5(3(s%)) = %IJw(t)lf, =8K(s")K(s") =0
t=s*
Now we prove uniqueness: Without loss of generality v satisfies the initial value prob-
lem (see the beginning of section with |Ko| > 2. J is of the form as in
(4.9) and therefore has at most two zeros on the z-axis. The bounding circles found in
section after Lemma are integral curves of J and cross the z-axis twice at the
zeros of J. Hence ¥ is an upper half circle also crossing these points and is therefore
unique. Sketches of the situation can be found in the Figures and O

Remark 5.2. The uniqueness part of the proof of Lemmal5.1]also shows the following:
If the extended Killing vectorfield J (see Lemma of a wavelike solution has only
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5. Wavelike elastica

one zero on the z-axis, then the geodesic ¥ has to be a straight line parallel to the
y-axis.

A sketch of the situation of the following lemma can be found in Figure [6.1}

Lemma 5.3 (see [24] Corollary 6.2). Let v : R — H? be a wavelike solution of (4.8).
Let 3 be the geodesic circle found in Lemma[5.1], let X be the open domain bounded
by ¥ and the x-axis. Then 3 meets the x-axis at the exact same points as the bounding
circles found in Lemma . Furthermore the geodesic curvature K (s) is positive, iff
v(s) € X4 for every s € R. On the other hand we have for ¥_ = H?\ (34 UX), that
K (s) is negative, whenever y(s) € X_.

Proof. 3 being a circle and crossing the z-axis, where B, and B_ do, follows from
the proof of Lemma [5.1} The initial values (4.8) combined with Lemma Example
and v being perpendicular to X yield the curvature conditions. O

Although the following Bernstein-type result (c¢f. Theorem [1.6) does not concern
wavelike solutions exclusively, these have to be ruled out in a more elaborate manner.

Theorem 5.4 (see [24] Theorem 1.2). Let u: R — (0,00) be a smooth function and let
S(u) be the corresponding surface of revolution given by (1.3). Let S(u) additionally
solve the Willmore equation . Then there exists a Mébius transformation T of
the upper half plane with

{(z,u(x)), = € R} = {T((x,cosh(z)), = € R}.

Proof. Let 4 be the reparameterisation of (-,u(+)) to arclength. The Lemmas and
rule out the possibility of ¥ being orbitlike or of constant curvature, since it would
mean, that 4 is bounded in the direction of the x-coordinate.

Let us now denote with v the Mobius transformed 7 according to Lemma [2.6] satisfying
(4.8). Now we have to rule out the possibility of 4 being wavelike. The only way a
Mobius transformation of the upper half plane can map v in such a way, that it
becomes unbounded in the x direction, is consisting of an inflection at a sphere (see
Figure , such that the bounding circles B_ and B} of 4 become straight lines.
These lines cross the z-axis once and therefore the geodesic ¥ found in Lemma of
4 has to be a straight line parallel to the y-axis (see Remark . 4 still crosses this
line perpendicularly and infinitely often. This contradicts 4 being a graph. O

5.2. Flow coordinates
This part is taken from |24, section 7]. For the remainder of this section, v satisfies the

initial value problem (4.8 with |Ko| > 2 and z > 0. Our first main goal is to establish
coordinates of H?, in which the Killing field .J (see Theorem becomes one of the
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5.2. Flow coordinates

+

Figure 5.1.: A bounded and an unbounded wavelike elastica.

basis vectors in the tangent bundle. Langer & Singer used similar coordinates in the
sphere (see [37, p. 8]) to deduce the same kind of formulae we will find later. The
construction is analogous to the proof of [39, Theorem 9.22]. The idea is to follow
integral curves of J, which start at the y-axis. Hence we will need the flow of J,
denoted by ®; : H? x R — H?.

Lemma 5.5 (see [24] Lemma 7.1). The Killing field J can be written with a =
7K0(K072) ZK()(K0+2) as
z 2

?—y? 1
J(x,y)—a( 2 )—l—c( )
Ty 0
Proof. The initial condition (4.8)) and the two zeros +x, = +z,/ ggfg of J on the
z-axis (see (4.11])) combined with (4.9) yield

and ¢ =

1

JYH0,2) = —a§z2—|—c: K2z
1
JHz,,0) = a§m§+c=o.

Please keep in mind, that (4.11) is independent of the sign of Ky. Subtracting these
two equations gives us

2 (22 + xf) =-K3z

2
2K2z Ko(Kog—2
S o= = o ; )'
ze+z Ko—2
By inserting this into ¢ = K2z + %22, we obtain the desired result. O
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5. Wavelike elastica

Lemma 5.6 (see [24] Lemma 7.2). Let I, be the integral curve of J, which starts at
(0,y) € H2. Let also k[I,] be the geodesic curvature of I,. Then

2

K[l,] = 1_W

€ (-1,1).

K072 y2

Proof. The formulae from Lemmal5.5] combined with the Christoffel symbols (2.7) are
used to calculate the covariant derivative V ;J(0,y):

=0

ax(az2;y2 +¢) + (—ay)(azy) — 2((mcy(a””zgy2 +¢)) )

2 2 2
ay(a™5% + ¢) + ax(azy) + 5 (a"5* + ¢)* — | (azy)®

VJJ(an) = <

0
ay(c—a%) + e —a)? |-

The needed unit normal vector is given by v = (0,y). The curvature of an integral
curve of a Killing field is constant (see Lemma , which yields:

9(V,Jv) 1 2 y? y? 2 y?
kll,] = =———=0,y)=—(ay*(c—a=)+(c—a=>=)")———
1
2
= ]_+ay C_ay2:1+2ﬁ'
2 ay
Lemma [5.5] finishes the proof. O

Lemma 5.7 (see [24] Lemma 7.3). Let (y,t) € RT X R be arbitrary, then

0D O
9o, ((0,),t) (@J((O,y),t), at‘]((O,y),t)) =0.

Proof. Please note, that

20500 = a0 ] ).

Since J is invariant under its own flow (see [39, Corollary 9.43]), we have

0
5 27(0.9).8) = J(25((0,9),1) = d®,((0,),8)J((0,9))
J((0
= d,((0,y),1) ( 8 vl ) :
The result then follows from ®; being an isometry. O
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The following theorem introduces the flow coordinates .

Theorem 5.8 (see [24] Theorem 7.4). The map F : RT x R — H? given by F(y,t) =
®;((0,y),t) is a diffeomorphism.

Proof. Let us first prove surjectivity of F: The Lemmas and imply, that
every integral curve of J is a circle crossing the z-axis at exactly two points (0, £z)
(cf. ) Let p € H? be arbitrary. Then the centre (0,m,) of a circle meeting p and
(0, £x5) is given by the following geometrical construction: Connect p and (0, zs) by
a straight line and find the perpendicular bisector of this line. It will cross the y-axis
somewhere and this point is (0,m,). Using the north pole of this circle as a starting
point for an integral curve of J yields surjectivity. This construction is explained by

Figure
Ay

T $>
\

Figure 5.2.: Surjectivity of F.

Injectivity follows easily from ® ; being a flow of a smooth vector field, with integral
curves crossing the y-axis exactly once.
Finally the regularity of F and F~! is due to Lemma in combination with the
inverse function theorem. O

Remark 5.9 (see [24] Remark 7.5). The metric tensor of H? in flow coordinates (see
Theorem is given by

2

Definition 5.10 (see [24] Definition 7.6). With Theorem 5.8 we find smooth functions
ty:H? —» R and Y, : H? — RT satisfying

Vp €H? . F(Yy(p) ty(p)) = p.
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5. Wavelike elastica

Now we analyse these function and give some explicit formulae.
Lemma 5.11 (see [24] Lemma 7.7). Let a and c be given as in Lemma [5.5, Then

Vs eR

J 2

| v(j)lg 496
a a

s)) = s )

Proof. ~(s) lies on an integral curve of J. If we follow this curve back to the y-axis, we
will find Y-, (y(s)). Integral curves of Killing fields are parameterised proportionally by
arclength. Hence the hyperbolic length |J,(s)|, of the tangent of this curve is the same
when it meets the y-axis. By Lemma we obtain a quadratic polynomial for Y,
which yields two possible solutions. Lemma then eliminates the wrong solution:

(—a3Y2 +0¢)?

IOV, 660 = LT <1 o)1
@<, >0 32 19 |15 (s)lg Y, - 25 =0
D v = 2 a5

O

Remark 5.12 (see [24] Equation (5.4)). The hyperbolic length of J(y(s)) can be
expressed with Lemma (4.8) and (4.2):

[Ty (3)|2 = K*(s) + 4(K(s))? = 4K*(s) — 4K + Kg.

Bryant & Griffiths already found the following formula (see [12, p. 569]). Langer
& Singer used it to obtain quantitative information on the wavelength of elastica
(see [37, Proposition 5.1]) and deduced it similar to our reasoning (see |37}, p. 8]). For
the reader’s convenience we give a proof of the statement.

Lemma 5.13 (see [37] p. 8 bottom). Let v be a wavelike solution of (4.8)) with
geodesic curvature K. Then Vs € R

s K(1)? 8 K(1)?
1(1(8)) /0 K()* +4K'(1)? /0 AK(1)2 — 4K + K¢

Proof. The goal is to derive t~(y(-)). We proceed by analysing the covariant gradient
Vt, = 32,97 9;ty. In flow coordinates (see Theorem we obtain 9;(ty(F(y,t))) =
25, because t,(F(y,t)) = t. But this derivative is the second basis vector, which by

construction is J(F(y,t)). By Remark we get Vi, = |JJ|2 . By combining this with
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5.2. Flow coordinates

Theorem we obtain

d

000 = a3 6) = T, 8) =9 (703 ) =

|75l T3

Remark finally yields the desired result. O

To solve the initial value problem for wavelike elastica, we have to find an
explicit expression for the flow coordinates, which were introduced in Theorem [5.8
The idea is to parameterise an arbitrary circle proportionally to hyperbolic arclength,
because these are the integral curves of J.

Let us consider a circle C,. (o,,,,) (see Example[2.14). Let it additionally cross the z-axis
at (xs,0) with z; > 0 (cf. ) Let also (0,%) be the north pole of C,. (g ). Then
the Pythagorean theorem yields

m=y—r, m?+a’=r? (5.1)
which in turn gives us

w4y
, r=r(y) = TR (5.2)

x2 +y°
2y

m=m(y) =y

C, (0,m) can be parameterised by standard trigonometrical functions (see Example
‘2 14)):

Cr0m)(t) = ( v ) +r< s ) (5.3)

We have |m| < r, because the circle meets the z-axis. This ensures w = arccos(™)
to be well defined. With this in mind we can calculate the arclength of C.. (g ) by
standard trigonometric functions:

¢ r b ! 1
=] — Q¢ = —_— !
/0 m + rcos?t /0 T +cost /0 cosw + cos ¥
t

f/ 1
~ Jo 2cos(2EE) cos(£54)
24 w
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5. Wavelike elastica

1 cos %"t
sinw | cos <t

Since 0 < cos(w) + cos(€) = 2cos (2F) cos (254) (it is the second coordinate of
Cy.(0,m)), we can leave out the absolute values and obtain

t w—+t
r 1 COS ==
———dl=———1n w2_t . (5.4)
o m+rcost sinw cos “5+
t . . .
Let s = s(t) = fo i cos7 @ the arclength of the circle. Rearranging the equation
yields
1 cos “’7”
§ = —— In P
sinw cos “5=
. cos “’7” Cos & cos % — sin ¢ sin %
& exp(—ssinw) = =
L w—t LW t in ¥ qin L
COos =5 COS 5 COS 5 + sIn 5 SN 5

t t
< (1 — exp(—ssinw)) cos g cos 5 = (1 + exp(—ssinw)) sin g sin 3
1_ S
& t = 2arctan exp ss?nw) cot, d ,
1+ exp(—ssinw) 2

which defines a new function:

B 1 — exp(—ssinw) w
¢(s) = 2arctan (1 T oxp(—ssinw) cot 2) . (5.5)

If we collect all these results, we obtain

5.3. A closer analysis of the shape of a wavelike elastica

This section is the second part of [25, Section 6]. Here we like to give some additional
properties of wavelike elastica, which will prepare the proof of Theorem At first
we show, that a non-projectable solution of , which was constructed in Theorem
has to be wavelike. Then we give a few lemmas, which give a closer description of
the behaviour of a wavelike elastica.

The following lemma will help us in finding a zero in the curvature of a solution.

Lemma 5.14 (see [25] Lemma 6.8). Let —00 < a < b < oo and ¢ : (a,b) — H? be
regular and parameterised by hyperbolic arclength with curvature k[c]. Additionally let
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5.3. A closer analysis of the shape of a wavelike elastica

a <ty <ty <b with

ety = ¢ ta) = 0, E(t1) - ¢*(t2) > 0, é(t1) - E'(t2) < 0.
Then there exists a t, € [t1,t2] satisfying k[c](t.) = 0.
Proof. The Frenet equation (2.13) yields

él(tl) = —H(tl)é2<t1)
él(tg) = 7K)(t2)é2(t2).

By multiplying both equations we obtain
0 Z él(tl)él(tg) = H(tl)ﬁ(tg)éQ(h)éz(tg).
Then the intermediate value theorem gives us the desired zero. O

The next lemma shows, that a non-projectable solution of (|1.4) has to be wavelike.

Lemma 5.15 (see [25] Lemma 6.9). Let c : [0,1] — H? be a solution of (1.4) with
Wh(c) < 8 and let 0 < t* < 1 satisfy ¢*(t*) = 0. Then c is wavelike (cf. Lemma
and the geodesic from Lemma|5.1|is an upper half circle centered on the x-axis.

Proof. First we will show the existence of a zero in the curvature. Due to the discussion
in Section the solution then has to be wavelike. For this we need to distinguish
three cases:

i) ¢1(t*) = 0: Equation (2.10) yields a zero in the geodesic curvature.

ii) ¢'(t*) < 0: In this case ¢! has a local maximum in t*. Hence there exists an
e > 0, such that Vt € (¢*,t* +¢) : ¢}(t) < 0. Then ¢'(1) > 0 yields the existence
of a t, € (t*,1) in which ¢! has a local minimum. Now we can distinguish two
cases (since c is regular, we have ¢2(t.) # 0 and ¢2(t*) # 0):

a) ¢2(t*)-c3(ty) < O Lemma gives us Wy (c) > 8, which is a contradiction.

b) ¢2(t*) - ¢%(t.) > 0: Reparameterising ¢ by hyperbolic arclength, yields with
Lemma a zero of the geodesic curvature in [t*,,].

iii) ¢'(¢*) > 0: This case can be treated as case ii): ¢! has a local minimum in ¢*.
As seen above we can find a local maximum in (0, ¢*). With the same distinction
in subcases we also obtain a zero in the curvature.

This shows, that the solution ¢ has to be wavelike. Let us turn to the shape of the
geodesic ¥ given by Lemma Let to denote our zero of the geodesic curvature x[c].
We proceed by contradiction and assume X to be a parallel line to the y-axis. Since X
is perpendicular to ¢(t), iff k[c](¢) = 0, Equation yields é(t*) # 0. The existence
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5. Wavelike elastica

proof for the zero in the curvature now yields a t, € (0,1) \ {¢*} with ¢!(¢.) = 0. The
proof also shows, that we can assume without loss of generality t* < ty < t.. The
perpendicularity of ¥ also gives us ¢?(to) = 0. Let us now put everything together and
assume for a moment that ¢2(t*), ¢%(t,) > 0. Equation yields

Wh(C) > Wh(C)| + Wh(c)

[0,¢%] }[to,t*]

2 2
= ZWo (SO gy + = WeSO], .,

+4 o t* +4 02 ty
(0'1)2 i (0'2)2 . (0'1)2 ¥ (0'2)2 w
t* t
&2 2
>4 [ -1)2 ~2)2 +4 -1)2 ~2)2] =8.
@2+ @72, @2+ @2,

This is a contradiction to Wjy(c¢) < 8. So ¥ has to be a half circle centered on the
z-axis.
The other cases can be treated analogously. O

Now we collect a few lemmas, which will help us in proving Theorem [1.3] by giving
us an idea of the behaviour of a wavelike elastica. We start with an estimate for the

elastic energy in terms of the period of the curvature. It will also be needed to show
Theorem [L5l

Lemma 5.16 (see [25] Lemma 6.4). Let K € C?*(R) be wavelike with parameters
Ko > 2, k and r given as in Lemma[[4 Additionally let n € N be arbitrary. Then
the following estimate holds

whs)
/0 (K(s))*ds > nm.

One may observe that 1 Fy (%) is a -period of K(-).

Proof. By using nFj, (%) = Fy (ng), we find

/,ran(’z')(K(s))2 e Kg /rFk(ng) Cn2(rs, k)ds
; 0

%Fk(nf)
= Kg/ cos®(F, (rs)) ds
0
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5.3. A closer analysis of the shape of a wavelike elastica

1K2 -1
_ K? ﬂ'
B 4
1K2 -1

Now we need to estimate the prefactor:
(Kg—4)*20

=>K4>8K2—16—16<Kg—1>
0= 0 - 2

O

The next lemma helps us in determining locally the sign of the geodesic curvature
of a wavelike elastica. Langer & Singer already observed this in |37, Proposition 5.1]
and they even gave a more precise statement. For the readers convenience we will
point out how to obtain the proof by arguments, which are scattered throughout the
Sections [5.1] and Figure [5.3] explains the geometric meaning of the next lemma.

Figure 5.3.: Constant hyperbolic increment on the geodesic 3.

Lemma 5.17 (see [37], Proposition 5.2 (iii) and [25] Lemma 6.10). Let v : R — H? be
a wavelike (see Lemma elastica parameterised by hyperbolic arclength with geodesic
curvature K. Let J be the Killing vector field given by Theorem[{.5 and let ®; be the
corresponding flow of J. Let ¥ denote the geodesic given by Lemmal[5.1] and let p € 3.
Let further be s; < sa, such that K(s1) = K(s2) =0 and |s; — sa| is minimal. Then
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5. Wavelike elastica

there exist parameters t; < to with ® ;(p,t1) = v(s1) and ®;(p,t2) = y(s2). Moreover,
the hyperbolic distance of v(s1) and vy(s2) is the same for any such pair of points. This
means, if there exists another pair 51 < So satisfying the same assumptions, we have

disty (v(s1),7(s2)) = distg(7(51),7(82)) > 0.

Proof. Theorem in combination with Lemma and shows the existence of
the parameters t1, ts.

Since J is a Killing vector field, every integral curve of J is parameterised proportion-
ally by hyperbolic arclength: Let ¢ € R, then

9o (p,t) (gtfb(n t), %é(p, t)) = ga(p,n)(J(2(p, 1)), J(@(p, 1)) = gp(J(p), J(p))-

Also every integral curve possesses constant geodesic curvature (see Theorem [2.11)).
Hence they have to be euclidean circles (see Lemma [2.15)). Since K is periodic, Lemma
shows, that the above mentioned distance of y(s1) and v(s2) is constant. O

The next lemma will help us spot extrema of the geodesic curvature.

Lemma 5.18 (see [25] Lemma 6.11). Let v : R — H? be a wavelike elastica (see
Lemma parameterised by hyperbolic arclength. The corresponding Killing vector
field will be denoted by J respectively J, (see Theorem . Let K denote the geodesic
curvature of v. Furthermore let sg € R with K(so) = 0 and s1 > sg minimal, such
that | K (s1)| is mazimal. Finally let T be an arbitrary integral curve of J. Then the
number of elements in y([so, s1]) NI is at most 1.

Proof. Equation (4.2)) (also see Remark [5.12)) yields
g(J, J,) = AK? + const.

Since K2 is strictly increasing on [so, s1], g(.J5,J,) has to be strictly monotone as
well. Theorem and Lemma [5.11| give us a one to one correspondence between the
hyperbolic length of J, and the set of integral curves of J, as long as K does not
change sign. Thus the lemma follows. O

By the next lemma a wavelike solution has to be injective.

Lemma 5.19 (see [25] Lemma 6.12). As before let v : R — H? be a wavelike elastica
(cf. Lemma parameterised by hyperbolic arclength and J the corresponding Killing
vector field (cf. Theorem . We set J* = (=J? J') as the perpendicular vector
field of J. Let now I C H? be an integral curve of J*- defined on its mazimal interval
of existence. Then I intersects vy exactly once.
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5.3. A closer analysis of the shape of a wavelike elastica

Proof. First let us fixate the notation: K is the geodesic curvature of v, ®; the flow
of J and J, the local variant of J (see Theorem. Lemma and Lemma (see
4.3

also the discussion at the beginning of Section [4.3]) allow us without loss of generality

to write J as .
-y 1
J7 f— 2 B
wn=a 75 )+e(0)

with @ < 0 and ¢ > 0. Since ®; is an isometry and hence preserves orthogonality, we
have that for all ¢ € R the curve ®;(I,t) is again an integral curve of J*. Furthermore
Theorem [5.8| gives us that ®;((0,-),) is a diffeomorphism of H? with ® ;({(0,y),y >
0},R) = H2. If we fixate a p € I, then there exists a t € R, such that ®;(p,t) €
{(0,y),y > 0}. We have achieved, that ®;(I,¢) C {(0,y),y > 0}, because ®;(I,t)
is an integral curve of J*. If we assume the existence of a ¢ € {(0,y),y > 0} with
q ¢ ®;(I,t), we could further extend ®;(I,t) as an integral curve to the whole of
{(0,y),y > 0}. This would contradict I being defined on its maximal interval of
existence. Hence we can assume without loss of generality that

I={(0,y), y >0}

Multiplying % and J, yields
9(7,7) = (K(5))? > 0. (5.7)

Now we proceed by contradiction and assume that s; < sy € R exist and satisfy

1 (I)J(I75)

v(s1)

v(s2)

Figure 5.4.: If I meets 7 at least twice, then there exists a sign change in g(J,,%).
v(s1),7(s2) € I. For every y > 0 the Killing vector field satisfies J1(0,y) > 0 and

J%(0,y) = 0. In combination with (5.7) and Lemma this yields without loss of
generality K (s2) = 0. Then K(s;) # 0. Otherwise v(s1) and (s2) would both lie
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5. Wavelike elastica

on the unique geodesic ¥ (see Lemma . Since X is an upper half circle (see e.g.
Lemma , this would be a contradiction. Now we can find an ¢ # 0 such that
® ;(1, ) meets v at least twice with different signs for g(J,, ). This contradicts .
Figure explains the situation. O

Remark 5.20 (see Remark 6.14). Lemma and Lemma show, that
our energy minimising solution found in Theorem does not intersect itself. This
completes the proof of Theorem [I.1]
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6. A set of solutions with large
difference in the boundary data

This chapter gives a partial answer to the question of existence of solutions for (1.4)),
if Ja— — ay| is large. This idea has not yet been published.

6.1. Finding a set of solutions

The following solutions will be constructed via a shooting method, which is similar to
the way non-uniqueness for (1.8]) is established in Section

Theorem 6.1. There exists a continuously differentiable curve a : (—o00,—2) —
(0,00) x (0, 00), such that for every Ko € (—oo,—2) there exists a smooth ck, : [0,1] —
H? satisfying

2 )) CKO( ) =%, (1) =0,

iy (0) = (=1, (Ko))7 CKo(l) ( a(
e (0). ¢k, (1) > 0.
Furthermore we have
li Y(Ko) — a*(Ky)| =
Jim ol (Ko) = o2 (Ko)
Ky € (—o0,—2) is the minimal geodesic curvature of cx, w.r.t. the hyperbolic metric
of H2. The Willmore energy satisfies

}g}nﬂuﬁlé W.(S(ck,)) > 4.
Proof. We will employ a shooting method, which was already used in [24], but with
opposite sign on Ky (see also Soction. Therefore let v be the solution of the initial
value problem with z = 1 and initial curvature Ky < —2. Hence v is wavelike
with curvature K given as in Lemma (please note, that if K is a solution of ,
then —K is as well). Let J be the Killing vector field from Lemma The Lemmas

and Equation ([4.11]) yield a sketch of v in Figure

Claim 1. There ezists an s : (—oo, —2) — (0,00), such that

P*(s(Ko)) =0, §'(s(Ko)) =~*(s(Ko)), K(s(Ko)) > 0.
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6. A set of solutions with large difference in the boundary data

Figure 6.1.: Sketch of wavelike elastica v with initial curvature Ky < —2.

Furthermore s(Ky) is a local minimum of v2.

Proof. Let sp > 0 be minimal, such that K(so) is a maximum. Lemma yields
71 (s0) > 0 and hence (4.7) and Lemma give us

A (s0) >0, 42(s0) <O.
Let s1 > sp minimal with K(s;) = 0. With the Lemmas and we have
A(s1) >0, 4*(s1) > 0.
Hence syin, defined by 72 (smin) = minge(sy,s] 72 (s), satisfies
Smin € (S0, 81)-
Since it is a minimum, we have 42(spin) = 0. We set s(Kg) := Spmin. Since 7 is

parameterised by hyperbolic arclength (cf. (3.1])), we have |41 (s(Ko))| = |72 (s(Ko))|-
Let us assume 41(s(Kp)) < 0. Then (2.10)) yields K(s(Kp)) < 0, which contradicts

v(s(Kp)) € L4 (see Lemmal5.3)). O
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6.1. Finding a set of solutions

Claim 2. The map s : (—oo,—2) — (0,00) found in Claim[1] is continuously differen-
tiable.

Proof. We will apply the inverse function theorem to gain the desired regularity. We
proceed by contradiction and assume

7%(s(Ko)) = 0
The Frenet equation (2.13)) yields

51(s(Ko)) = 0. (6.1)
The other Frenet equation gives us
52 (s(Ko)) = 7*(s(K0)) (K (s(£o)) — 1), (6.2)

since 7 is parameterised by hyperbolic arclength (see also Claim . This yields
K(s(Ko)) = 1. Differentiating (4.6) and (4.7) yields with b = 0 (This computa-
tion was already carried out in |26 Equation (3.8)] and will also be needed in Section

9.1)
. 1 "1 ,3/2 . _;)'/2
QKK( >+K2( >+2K< 1 >+2K< 3 >
’Y ’Y v v
:a( ,}/1,3/1_72,?2 >
7172 +’71’72

With the second coordinate of (6.3]) combined with (4.1) and Lemma we obtain

(6.3)

0 = K3(s(£0))7°(5(Ko)) = a(v*(s(£0)))* = 2K (s(£0))y* (s(Ko))
= 7 (s(Ko))(— Ko (Ko — 2)7*(s(Ko)) — 2K (s(Ko)) + (K (s(K0)))?)
= 7 (5(Ko))(— Ko (Ko — 2)7*(s(Kp)) — 1).
Since Ky < —2, we have —1 > 0, a contradiction. O

Claim 3. The map s : (—o0, —2) — (0,00) from Claim[1] satisfies

lim L 1¢I5 | I

Ko -2 |y (s(Ko))  ~v(s(Ko))

Proof. Since K (s(Kg)) > 0, v(s(Kp)) € X4 (see Lemma [5.3). On the other hand the
crossing point z; (see (4.11) of the geodesic ¥ with the z-axis satisfies (please note,
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6. A set of solutions with large difference in the boundary data

that the derivation of x4 is independent of the sign of Kj)

lim x,= lim Ko +2 = 0.
Ko =2 Ko,/ -2\ Kog—2
This implies
i y(s(Ko)) =
which yields the claim. O

If we translate 7|[0 s(Ko to the left by M and dilate it by the

resulting curve satisfies (1.4]) with

1(S( 0))’

! =« :72 a? =y =X 2 0))
a (KO) T U= Vl(S(KO)), (KO) : + 2

Now only the asymptotic of the energy remains to be shown, for which the following
claim will be useful.

Claim 4. With the notation of Lemma[{.4) we have

#Ee(3)
lim (K(s))*ds = 4.
Ko =2 0

Proof. With r = y/—1+ 3K2 and k = 52 we have

i

(s o anG)
/ (K(s)) ds:KO/ cn®(rs, k) ds
0 0

2 #Fe(%) 2/ -1
:KO/ cos”(F, *(rs))ds
0

™

21 1
:K§/2 - cos*(z) ————dx
U 1 — k2sin®(x)
/ cos?(z)
\/K2—1 \/1—msm (l‘)
(z)

COb d
\/ K2 \/ZK —4— K2sm2(z) t

dz.
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6.2. Asymptotic behaviour

cos?(z)

K2 L
:70/ 2K2 — 4
iz 170 V2KZ — 4 — K2 + Kg cos?(x)

dzr

cos? ()

x
= 2K2/ da.
° Jo VEZ — 4+ K2 cos?(x)

Since Kg — 4 > 0, the integrand satisfies

cos?(x)
~ | Ko cos(z)]

‘ cos?(x)

VEZ — 4+ K2 cos?(z)

1
< —.
-2

The dominated convergence theorem yields

#Fu(3) 5 2
/ (K(s))2ds = 2K2 / cos(z) da
0 0 VK2 —4+ KZcos?(z)

5 2
%8/ cos(z) .o,
o 2|cos(z)|

O

The geodesic curvature K has at least one minimum in s = 0 and one maximum
ins= Q%Fk (g) (see again Lemma . Claim (4| the symmetry properties of K and
(2.12)) yield the desired result. O

Remark 6.2. Experiments in matlab TM (see Figure conducted with the help

of (5.6) and the Lemmas and give rise to the conjecture, that a4 stays
bounded, as K approaches —2.

6.2. Asymptotic behaviour

In this section we study the behaviour of the solution -, constructed in the proof of
Theorem at the boundary, when K, converges to —2. This question is similar
to [29], in which the answer was gained by comparison functions. Here we use a
different approach and employ the continuity for initial value problems in terms of
their initial data. Let us start with the left boundary ~(0):

Since solutions of an initial value problem are continous in their initial data, -+ tends
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6. A set of solutions with large difference in the boundary data

0.45
0.4 Qo
0.35 | P00, 1

(0]

®og
Po
0.25 %
®

O

ay 02 ° -

0.1 4

0.05 B!

24 235 23 225 22 215 21 205 2
Ky

Figure 6.2.: a4 seems to stay bounded, if Ky is close to —2.

at s = 0 locally uniformly to the solution of the following problem (cf. (4.8)))
{ Viodo = £[0]N, Vi, N = —£[v0] Y0, i[v0] = Kly0] — %"0[70}3
’70(0) = (07 1)7 '.70(0> = (170)’ ’1[70](0) =-2, "%[’70](0) =0.

The solution is given by Lemma [{.11] and illustrated by Figure [6.3]

Let us study the other boundary v(s(Kp)). Our reasoning will include formulae,
which have already been used in |26, Section 3.2] by the present author (see also
Section [9.1f):

As in the other case we calculate the asymptotic of K (s(Kp)) and K (s(Kp)). Let us
start with K (s(Kj)):
Since v%(s(Kp)) is a local minimum of 2 (see Claim [I}), yields

K(s(Kp)) > 1. (6.4)
By inserting (6.1]) and (6.2]) into the second row of (6.3) we obtain

7*(5(Ko)) K?(s(Ko)) (K (s(Ko)) — 1) + 29" (s(F0)) K (s(Ko)) = a(y*(s(Ko)))?,
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6.2. Asymptotic behaviour

Y0

Figure 6.3.: A catenoid reflected at a sphere.

which can be further simplified by to
K (s(K0))(2 — K(s(Ko)) = a7’ (s(Ko)). (6.5)

Lemma@yields Kli}n 0= —8, which in combination with the proof of Claim E| gives
A

us

Kii}‘an K(S(K())) = 2. (66)

Let us now turn to K (s(Kp)):
(4.7) yields with b = 0 and Claim

2K (s(Ko)) = ay' (s(Ko)). (6.7)
Therefore we have )
Kil;n_Q K(s(Kp)) =0. (6.8)

We now dilate and translate v in such a way, that v!(s(Kp)) = 0 and v*(s(Kjp)) = 1.
Since is autonomous we can assume without loss of generality, that s(Ky) = 0.
As with the other boundary - tends locally uniformly around s = 0 to the solution of
the following initial value problem:

{ Viodo = K[0]N, Vi N = —k[v0)i0, &[] = &[] — 360
’YO(O) = (0’ 1)7 ’YO(O) = (1,0)7 H[’YO](O) =2,k 70] O) =0,

which is solved by Lemma to be a catenoid.
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7. Projectable solutions

This chapter is dedicated to Theorem|[I.3] It is proven in Section[7.I]and the discussion
in Section [7.2] shows, that a similar statement cannot be expected for every boundary
value. These two sections are taken from [25, Section 7] and (25, Appendix A].

7.1. Existence of projectable solutions under smallness
conditions

This section comes from |25, Section 7]. In it we will prove, that the solution obtained
in Theorem [1.1|is a graph (-, u(-)), if we assume the smallness condition It will be
an important argument to compare the energy of our solution to special comparison
functions, which we calculate now:

Example 7.1 (see [25] Example 7.1). The euclidean Willmore energy of a revolved
upper half circle centered on the x-azis is

We(S(pao.r)) = 4

for allzg € R and r > 0.

Proof. Since an upper half circle is a geodesic with respect to the hyperbolic metric,
the elastic energy is zero. (2.12)) yields the desired result, because this circle meets the
z-axis perpendicularly. O

Example 7.2 (see [25] Example 7.2). The hyperbolic elastic energy of a catenoid c.qt
18
Wh(ccat) = 8

Proof. The geodesic curvature of c.,; parameterised by hyperbolic arclength can be

expressed as (see Lemma [4.10)

Integration yields

Wh(ceat) = /00 (cosi(s))Q ds = 4[tanh(x)]iooo = 8.

— 00
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7. Projectable solutions

O

To get a grasp of the local elastic energy of a curve, we need the following lemma,
which is basically the same as Lemma 3.2

Lemma 7.3 (see [25] Lemma 7.3). Let ¢ : [0,1] — H? be a smooth regular curve, such
that there exists a t* € (0,1) with ¢'(t*) = 0. ¢ should also satisfy ¢*(0) = ¢*(1) = 0.
Then its hyperbolic elastic energy satisfies

Wh(c) > 4.

Proof. Without loss of generality we can assume that ¢?(¢*) > 0. Then we have with

the help of (2.12)) that
Wa(e) = Wi(e)] . + Wi(0)

[t*.1]

+4

O

To apply Theorem we need a suitable comparison function, which was found by
Hans-Christoph Grunau:

Lemma 7.4 (see [25] Lemma 7.4). If the pair (o—, o) satisfies Assumption[1.9, then

h
who ..

=inf{W,(v): veE My o, } <8

Proof. Without loss of generality we assume o < ;. Furthermore let

1 1-—-
cosh_ (z) = a_ cosh (H) and coshy () = ay cosh ( x) .
« a4

Now define ¢ +— (x(t),r(t)) in such a way, that the upper half circle p,)r)(-) is
tangent to the graph of coshy at (1 —¢,coshy(1 —t)). Since coshy is smooth, z(-)
and r(-) are continuous. Assumption also ensures that p,(),r(0) = P1,0, and
cosh_ do not meet. Since cosh_ and cosh; do meet, we can find a first time ¢o > 0,
such that a t > to exists, for which Da(to),r(t,) 15 tangent to the graph of cosh_ in
(1 —t,cosh_(1 — #)). Figure [7.1] gives a sketch of the situation. We can define the
desired comparison function by

cosh_ (), e [-1,1-1]
Va_,aqt (J?) = pm(tg),T(tO)(x)’ LS (1 - ta 1- tO]
cosh (), x € (1 —to,1]
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7.1. Existence of projectable solutions under smallness conditions

cosh+
Pa(to).r(to)

oy

>

Figure 7.1.: Comparison function for the elastic energy.

Since vy, € CV1([—1,1]), it is also an element of M, .. Since Da(to),r(te) 1S 2
geodesic w.r.t. to the hyperbolic metric, it does not contribute to the hyperbolic elastic
energy Wp,. The proof of Example [7.2] then shows

W o < Wh(va_a,) <8

a_ oy
[

We are now able to tackle the main result of this section. Parts of this proof are by
Hans-Christoph Grunau. These will be highlighted during the exposition.

Theorem 7.5 (see [25] Theorem 7.5). Let the pair (a—, o) € Ry xRy obey Assump-
tion|1.4 Also let c € C*>([0,1],H?) N My_ o, satisfy

We(S(c)) = W< =inf{We(S(v)):v € Ma_ o, }-

a_ oy

(Existence is proven by Theorem and Lemma . Then ¢ can be represented as
a graph (-, u(-)) with uw € C*([-1,1], (0, 00)).

Proof. Without loss of generality we can assume
a_ < aqy.

Otherwise we simply reflect ¢ at the y-axis. Let L > 0 be the hyperbolic arclength of
c and v : [0, L] — H? the reparameterisation by hyperbolic arclength with 41(0) > 0.
Then the corresponding geodesic curvature K : [0,L] — R satisfies (4.1). Lemma
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7. Projectable solutions

gives us the Killing vector field J, which is the unique extension of J, = K?% +
2K (—%2,41). We proceed by contradiction and assume, that there exists a minimal

s* € (0, L) with 4'(s*) = 0. Lemma yields K to be wavelike (cf. Lemma [4.4) and
the unique geodesic ¥ (cf. Lemma [5.1)) to be an upper half circle with centre on the
z-axis.

We can now state the following observation concerning the geodesic curvature of ~:

Claim 5. K possesses at most two zeros in [0, L].

Proof. Assume the existence of at least three zeros of K in [0, L]. Then [0, L] contains
at least one period of K. Lemma yields Wy (y) > 47 > 8, a contradiction to
Lemma [7.4l O

For the remainder of the proof we need to distinguish two major cases. For now let
A2(s*) > 0.

Now we have to prove a claim concerning X, which is described by Figure (cf.
Lemma .

Claim 6. From an euclidean viewpoint the geodesic ¥ seperates H? into an unbounded
part X_ and a bounded part 3. For all s € [0, L] we then have:

~v(s) € X_, iff K(s) < 0. On the other hand v(s) € ¥4, iff K(s) > 0.

We also have that K(s*) > 0.

K <0

K>0

Figure 7.2.: Decomposition of H? by means of the geodesic curvature K.

Proof. Unfortunately we cannot directly apply Lemma[5.3|since v does not necessarily
satisfy (4.8). So we need another distinction of cases:

1. 41(s*) # 0: This means we have an extremum of ! in s*. Since s* is minimal
the boundary datum 4*(0) > 0 yields s* to be a local maximum of y!. Please
note that then 4! < 0. With 4*(L) > 0 we can then find an s, € (s*, L) minimal
with 41(s.) = 0 and 4!(s,) > 0. The minimality ensures Vs € (s*, s.) §'(s) < 0.
By Lemma (cf. Lemma we also obtain Vs € [s*,s.] that §2(s) > 0,
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7.1. Existence of projectable solutions under smallness conditions

because Wp,(y) < 8. Let us take a look at the curvature K: Equation ([2.10)

yields
21222

* YUV«
K(S*) = - . (S*)
71?
Here s* denotes, that the equation is satisfied for s, and s*. Hence K(s*) > 0 and
K(s4) <0. On the other hand the sign conditions on ¥ (Vs € (s*,s.) ¥1(s) <0,
42(s) > 0), ¥ being a geodesic circle and ~y crossing X perpendicularly in zeros
of K yield y(s*) € ¥4 and v(s«) € X_. Figure|7.3| explains this situation.

>

Figure 7.3.: Proof of curvature decomposition of H?, part 1.

. 41(s*) = 0: Equation (2-10) yields K (s*) = 0. Lemmal.1|then yields v(s*) € .
Since ¥ is a half circle, v(s*) has to be the north pole of this geodesic. Since we
have chosen s* to be minimal, we can reparameterise 7‘[0 oy @S A smooth graph
(z,u(z)) with u : [-1,94'(s*)) — (0,00). The geodesic curvature k[u], which
represents K in this parameterisation, can be calculated by (cf. (2.10))

3 + = klu)(z). (7.1)

We also have /‘hIlI% )u’ () = 400. The mean value theorem yields a sequence
x Syt (s*

& /' (s*) with
we) () - g +1) =o' (1) - 1) e

For k € N big enough we obtain u”(£x) > 0. For these k equation then
gives us x[u](§x) > 0. This yields a sequence s, * s* with K(s;) > 0. Since
v (s*) lies on the north pole of ¥ and §2(s*) > 0, we have y(sx) € ¥ for k € N
big enough.
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7. Projectable solutions

As a corollary to the proof of Claim [f] we have the following:

Claim 7. There exists an so € (0,L) with K(so) = 0 and in which the geodesic
curvature changes sign from positive to negative. This point also satisfies s* < sg and
Vs € (s*,0) we have 4'(s) # 0.

If K(s*) > 0, there exists exzactly one s, € [so, L) with 4(s.) =0 and K(s.) <O0.

If on the other hand K(s*) = 0, we do not have another point s € [0, L] \ {s*} with
Fl(s) = 0.

Proof. The proof of Claim [f] already showed most of the statement. All that is left is
the uniqueness property of s,. The aforementioned proof yields an s, € [s*, L) with
Al(sx) = 0, K(s4) <0, 5%(sx) > 0 and Vs € (s*,s.) ¥*(s) # 0 (If K(s*) = 0 we set
sy := s*). Let us proceed by contradiction and assume that a minimal § € (s,, L) with
41(3) = 0 exists. Lemma [3.2]yields 42(3) > 0.

Here we need to distinguish a few cases to demonstrate how the above mentioned
arguments apply:

1. K(s*) > 0: The arg ments for Claim [6] case 1, show that K(s,) < 0, since
~v(sx) € X_. Figure [7.3| gives a sketch of the situation. Now two subcases need
to be con81der0d (see Flgure

(a) 4'(8) = 0: The proof of Claim |§|, case 2, yields a § > 0, such that Vs €
(8§ —6,3) we have K(s) > 0. K(s«) <0 and Lemma (K behaves like a
cosine) yield three zeros of K, which contradicts Clai

(b) 41(3) # 0: As in Claim@ case 1, K(8) > 0 and we find an s; € (5, L] with
K(s1) =0. K(s) <0 and Lemma [1.4] yield a zero of K between s, and 3.
Hence we found three zeros of K, contradicting Claim [5]

2. K(s*) = 0: The proof of Claim [6] case 2, gives us a § > 0, such that Vs €
(s*,s* + d] we have K( ) < 0. Hence equation ([7.1]) yields v to be a strictly
concave graph on (s*, s* + §]. Now we need to consider two subcases (see Figure

B
)

a) 41(8) # 0: Since 4!(s* +J) > 0 we can apply the arguments of case 1 of the
proof of Claim[6] Hence K (5) > 0 and we find an s; € (5, L] with K(s1) = 0.
K(s* 4 0) < 0 yields again at least three zeros of K contradicting Claim

—~

(b) 4(3) = 0:_Since + is a graph on (s*, §) the arguments of case 2 of the proof
of Claim @ yield K(5) = 0 and the existence of a § > 0, such that for all
s € [§ —6,5) we have K(s) > 0. In combination with K(s* + ) < 0 we
obtain at least three zeros of K, contradicting again Claim

O
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7.1. Existence of projectable solutions under smallness conditions

Case (b)

Figure 7.4.: Uniqueness of s, and s*, case 1.

Claim ﬁ also means we have at most two points s* < s,, such that 71(31) =0 (cf.
Figure [7.6). For the sake of simplicity we set s, := s*, if we only have one such point.
Claim [5] shows, that K has at most two zeros. With this in mind we distinguish the
following cases to prove our main result:

1. K(L) < 0:
Claim [7| and Claim [5| show, that Vs € [s., L] we have K(s) < 0. Let us take
a closer look at the behaviour of v on [s., L]. For this let us reparameterise -y
locally around s = L as a smooth graph (-,u(-)). The geodesic curvature x[u]
then satisfies (7.1)). Since Vs € (s,, L]: K(s) < 0 the function u has to be strictly
concave until v!(s,) =: 2o < (L) with I{‘m u'(z) = oo. By comparing this
TN\ To

to Assumption we obtain Vs € [ss, L]: 72(s) < p1,a, (7 (s)), because the
geodesic curvature of p; o, is zero. Then the intermediate value theorem and
the boundary data give us an § € (0, s,] with v?(8) = p1.a, (¥'(3)).

To construct a suitable comparison curve for -, let us define a family of catenoids
cat, : [0,00) — H? by cats(0) = v(s), cats(0) = #(s) and by cat, being param-
eterised by hyperbolic arclength. For reasons of consistency cats is defined as
a straight line parallel to the y-axis, whenever 41(s) = 0. By the smallness
condition caty cannot intersect p; o, . The existence of 5 on the other hand
gives us an 5 € (0, 8], such that cats is tangent to p; o, . Figure explains the
situation. Two different situations can now arise. To distinguish these subcases
let us define Z € R as the point, in which p; o, (7) is tangent to cats. The first
case reflects the situation described by Figure [7.6]

a) <1
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7. Projectable solutions

62

K >0

Figure 7.5.: Uniqueness of s, = s*, case 2.

For the following let § : R — H? be the reparameterisation of pj , . by
hyperbolic arclength, satisfying p*(0) = p1,a, (Z). Let § € R be given by
cats(5) = p(0). Furthermore we need L > 0 defined by p(L) = (1, ).
Now we can write down our comparison curve:

~(s), s €10,3)
v(s) = catg(si— 5), s€[554+38) (7.2)

Pp(s—(5+3), s€[5+355+5+L)

By construction v € CV1([0,5 + 5 + L],R?) and satisfies the boundary
conditions. Let us compare v to fy| (5,L] in terms of the Willmore energy (see

R-12)):

We(S)| 5.0y = We(S())

[5+,L]

= gWh(“Y)

.2 L
Pt I G
s (,71)2_’_(72)2 ..

On the other hand Example shows VVE(S(U))}[g p < 2 All in all we
have

We(S(7)) > We(S(v)),

because catenoids are minimal surfaces. Hence v would not have been an
energy minimiser, a contradiction.



7.1. Existence of projectable solutions under smallness conditions

Figure 7.6.: A comparison curve for ~.

b) z>1:
This assumptions yields the existence of an s; € (0, 3] with v2(s1) > a.
Additionally this point has to satisfy v!(s1) < v!(s.), since we would oth-
erwise find an s € (s1, L) with 4!(s) = 0 and 4%(s) < 0. In combination
with Lemma this would be a contradiction. The perpendicularity con-
dition with ¥ then ensures y(s1) € X£_. This in turn means K(s1) < 0.
Since this s; exists, we can find an sy € [0,s1) with K(s2) > 0. This is
due to a concavity argument in combination with . Figure gives
a sketch of the situation. Claim [7] states that K changes sign in sy from

Figure 7.7.: Behaviour of v with z > 1.

positive to negative. This gives us at least three zeros in K, which is a
direct contradiction to Claim [l
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7. Projectable solutions

2. K(L) > 0:

The Claims [5| and 7| imply K(0) > 0 and the existence of exactly two zeros of
K. In turn Claim yields 7(0),v(L) € X4. Let (z0,0) € R? be the centre of 3.
Since every integral curve of J is an euclidean circle (c.f. Lemmaand Lemma
and J satisfies Example every centre of it is of the form (zg,y) € R?.
We discuss in detail the case xy > —1. Otherwise we have g < —1 < 1 and the
same arguments as below can be applied around (L). Let sg > 0 be the first
zero of K. Now we like to show the existence of an § € [0, s¢), such that K(3) is
a maximum. Lemma would then give us W, (y) > 37 > 8, a contradiction.
Let us now assume such an § € [0, sg) does not exist. We can extend 7 as a
solution of the differential equation (4.1)) to (—oo, L] (see e.g. (4.2)). We can
choose s; < 0 to be maximal with K(s;) = 0. Then we can find an 5 € (s1,0)
with K (5) being a maximum. Lemma yields v(5) € By. Let I C H? be the
integral curve of J starting at v(0) = (—1, «—). With —1 < z and again Lemma
the derivative 4(0) = (a_,0) points strictly inward with respect to I. The
intermediate value theorem gives us at least two intersecting points of (s )
with I. This contradicts Lemma because the proof of this lemma shows,
that therein the order of the zero of K and the extremum of K can be reversed.
Thus we apply this argument in the intervall [s, sg]. Figure describes the
situation.

Figure 7.8.: Existence of a maximum of K by contradiction.

Now we can switch to the other major case:

42(s*) < 0.

With similar arguments we can give analogous statements to the Claims[6]and [7} Let
us point out the difference:
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7.1. Existence of projectable solutions under smallness conditions

Claim 8. From an euclidean viewpoint the geodesic ¥ seperates H? into an unbounded
part X_ and a bounded part ¥. For all s € [0, L] we then have:

K(s) <0, iff v(s) € £_. On the other hand v(s) € ¥4, iff K(s) > 0.

We also have K(s*) < 0.

Proof. Case 41(s*) # 0 can be proven with precisely the same arguments as in Claim
@ Case 4(s*) = 0 is a bit more involved:

JJ_

Figure 7.9.: Case 41(s*) < 0: Curvature decomposition of H?, case 51 (s*) = 0.

As illustrated by Figure Lemma [5.19] gives us w,§ > 0, such that « can be
reparameterised on (s*,s* + w) as a smooth graph u : (y1(s*),y!(s*) + 6) — (0,00)
with \111;12 )u’(x) = —o0. The mean value theorem yields a sequence & \, y!(s*)

TNy (s*
with k € N large enough, such that

1
u” (&) (6 — k) =u' (v (s*) +0) —u <’71(8*) + k) — 00.
For k large enough we obtain u” () > 0. Hence (7.1)) yields x[u](&x) > 0. O

By using the argument as for Claim [§] the proof of the next claim is completely
analogous to Claim [7]

Claim 9. There exists an so € (0,L) with K(so) = 0 and in which the geodesic
curvature changes sign from negative to positive. This point also satisfies s* < sg and
Vs € (s*, s0) we have ¥*(s) # 0.

If K(s*) <0, there exists exactly one s, € [so, L) with 4(s,) =0 and K(s.) > 0.
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7. Projectable solutions

If on the other hand K(s*) = 0 we do not have another point s € [0,L] \ {s*} with
01
¥ (s) = 0.

As in the first major case we identify without loss of generality s, := s*, if K(s*) = 0.
Again we have to distinguish cases by the sign of the geodesic curvature:

1. K(0) < 0: Here we need to consider two subcases:

a) K(L) > 0:

We will show a— > ay, which would contradict our general assumption
from the beginning of the proof. Claim [f] and Claim [J yield exactly one
zero so € [s*, s4] of the geodesic curvature K. If we reparameterise 7 as
a smooth graph (-,u(-)) at «v(0), this u would be strictly concave. This
is due to K(s) < 0 for all s € [0,s*] and equation (7.I). We then have
72(s0) < 7%(0), since Lemma [7.3] yields Vs € [s*, 5] 4%(s) < 0.

If we assume oy > v2(s¢), we would find an § € (sq, L) with 4!(3) = 0 and
42(8) > 0, because y(L) € ¥4 and ¥'(L) > 0. Figure explains the
situation. Lemma [3.2] finally yields a contradiction.

Figure 7.10.: a— > a4 or Wp(v) > 8.

b) K(L) < 0:

This case was proven by an idea of Hans-Christoph Grunau: Claim [5| and
Claim@yield exactly two zeros sg < s1 of K with sg € [s*, 5] and s, < s7.
Our aim is to construct a suitable comparison function to show that -~
cannot be a minimiser for the Willmore energy. As in case ¥(s*) > 0,
subcase K (L) < 0, we define a family of catenoids cats : R — H?2, s € [0, s*),
such that cat,(0) is tangent to y(s). Additionally we parameterise every
catenoid by hyperbolic arclength.

At first we have to show that v meets caty only at v(0): As shown in case
42(s*) < 0, subcase K (L) > 0, we have for all s € (0, s1] v?(s) < a_. Since
cat3(t) is monotonically increasing for ¢ > 0, v|(,s,] and cato(R) do not
meet. On the other intervall [s1, L] the curvature satisfies K < 0. Since
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7.1. Existence of projectable solutions under smallness conditions

Pl,a, is a geodesic circle, the boundary datum 4*(L) = 0 yields for all
s € [s1,L] pr.o, (7(8)) > ~%(s). With Assumption ’y meets caty only in
~(0). Figure m gives a sketch of the situation.

caty ¢ D104

Figure 7.11.: Situation for 42(s,) < 0, K(0) < 0 and K(L) < 0.

For s 7 s* the vertex of cats approaches zero. Then the boundary data for
v yield an 5 € (0,s*) and an § € (5, L), such that cats touches v at v(5).
Before we can define a comparison curve, we have to show 4*(3) > 0. Since
Vs € [s*, s.] we have v1(s) < 41(s*) and 72(s) < 7(s*), the catenoid cats
does not intersect (s ,,). Claim|9on the other hand shows, that v can be
reparameterised as a graph on [0, L] \ [s*, s.]. This yields §(3) > 0.

The resulting situation is sketched in Figure

Figure 7.12.: Inserting a catenoid.

Let L > 0 be the point with cats(L) = v(5). We can now define the desired
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7. Projectable solutions

comparison curve:

~(s), s€[0,8)
v(s) = cats(s — 5), s€[s,s+1) (7.3)
vs—(+L)+3), sels+L,s+L+L—3.

Since catenoids are minimal surfaces, their associated mean curvature van-
ishes. Hence their Willmore energy is zero. This in turn yields W, (S(v)) <
We(5(7)). Equality cannot arise, because it would mean, that v would be
a catenoid. This is not possible due to the boundary data.

2. K(0)>0:
Claim [9 and Claim [5| yield exactly two zeros of K. This gives K(L) > 0. By
Claim [8[the proof is from here on out completely analogous to 4(s*) > 0, subcase
K(L) > 0.

O

7.2. Estimates on the infimum of the Willmore energy

This section shows, that the projectability property of a solution of can in general
not hold. It is taken from [25] Appendix A]. At first we provide an estimate, which
proves, that the elastic energy is not uniformely bounded for (a_, ) in the class of
graphs. This lemma is by Hans-Christoph Grunau:

Lemma 7.6 (see |25] Lemma A.1). If oy > a_ + 1, then for every function u €
CH1([-1,1],(0,00)) satisfying u(—1) = a_, u(l) = ay and u'(£1) =0 we have

Oé+—1

>
Wi(u) > —5

Proof. Equation (2.15)) yields

_ M ' @)u() ! g

Wi (u) = [1 (1+u(2)?)} + u(z)/1+ ' (2)? !
2u(
)

_ /1 w(z) /T 1 (@) (MY da

We may now choose x; € (—1,1), such that «/(z1) > 5 and u|[ng 1 > ar — 1. We

1
2
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7.2. Estimates on the infimum of the Willmore energy

conclude:

10

If ay tends to oo, the elastic energy of graphs will tend to oo as well.
In contrast to Lemma/[7.6] the following lemma shows, that in the class of curves the
infimum of the elastic energy is bounded for small o and big a:

Lemma 7.7 (see [25] Lemma A.3). Let (a_,a) € (0,00)? satisfy

s O >9and ap > a_(V2+1)4

+
V241 V217

then

< 272,

€
W o,

Proof. Thanks to (2.12]) it suffices to show W(i}_,our =inf{W,(v): ve My_ o, } <d4m.
Let us define two circles (see Example [2.14)):

C(y_ = C a_ —
(e

) MO T O (e )

Example yields
K[Ca,] = V2

and therefore the elastic energy of one half of a circle is with the help of mapleTM

™ T 2 o
| wica 1w asto = [ e
0 0 -1 _
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7. Projectable solutions

Analogously we obtain fEﬂ(/@[CaJ)Q(t) ds(t) = 2.
oy > a_ (V2 +1)* is equivalent to

a2

P L I S
V241 V2-1

Hence C,_ and C,, do not intersect. On the other hand the line G =, which is parallel

to the y-axis and starts at Co_ (%), intersects O“+|[77r,0] because ﬁ + \/%:1 > 2.
We can now define a family of geodesics (upper half circles) G, which are tangent to
Ca_ at Cy_(t). Since Gy does not intersect C,, we find a ¢y € (0, 5) such that Gy,
touches Cy . As in Lemma[7.4] we obtain a comparison curve v with

Wi (v) < 4w
Figure sketches the situation. O

(17 Oer)

+

(—17 a—)

Figure 7.13.: A comparison curve for small a_ and big a,..

Remark 7.8 (see [25] Remark A.4). The choice of the circles C,,_ and C,, in Lemma
[7-7)is not accidental. They are part of the Clifford torus and therefore minimal in the
class of possible circles for the construction made above (see e.g. [37, Theorem 4.1] or
the proof of the Willmore conjecture [42]).
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8. Non-uniqueness results

This chapter is taken from [24] Section 8] and deals with non-uniqueness properties of
the Dirichlet problem (1.4). We need to make certain restrictions for our constructions
to work. Therefore we will only examine symmetric profile curves or graphs, i.e.
o= =aag.

8.1. Non-uniqueness with curves

In this section we will examine the following Dirichlet problem, where the angle at the
boundary is prescribed with a 8 € R (cf. [24, Equation (8.1)]):

AS(C)H + 2H(H2 - G) =

, 1
e(0) = (~L,a), (1) = (La), ~5& = 50 — 3 (8.1)
é(0),¢1(1) > 0,

with @ > 0 and § € R. The positivity of the first component of the derivative at
the boundary ensures ¢ to be locally a graph. [18, Theorem 1] gives us a graphical
solution for every a > 0 and S € R. Now we will find non-graphical solutions for
certain boundary data, which showcases the possibly wide variety of solutions, when
no bounds on the Willmore energy are given.

Theorem 8.1 (see [24] Theorem 8.1). There exists infinitely many different pairs
(a, B) € RT X, for which (8.1]) does possess a solution, which cannot be parameterised
as a graph.

Proof. Let v : R — H? be a wavelike solution (see Lemma of the initial value
problem (i.e. |Ko| > 2). Let B4 be the lower bounding circle found in Lemma
and let ¥ be the orthogonal geodesic found in Lemma (see Figures and.
Let s, > 0 be a sequence, such that v(s,) € By. With Lemma the hyperbolic
progress of y(sy) to v(sp+1) on By can be chosen as a constant for all n € N, which
implies the sequence s, to be monotonically increasing. Theorem [£.7] and Example

2.14| yield 4'(s,) > 0 and 0 > % > % > .... If we choose s; sufficently big,
such that ([0, s1]) crosses ¥ at least twice, we find a sign change in 4! (see Lemma
5.1). This implies v([—s1, s1]) cannot be parameterised as a graph. After a suitable

dilation y!(4s;) = +1 is fulfilled. By reparameterising ([—s1, s1]) we find a solution
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8. Non-uniqueness results

Figure 8.1.: Sketch of a wavelike elastica with initial curvature Ky > 2.

of (8.1). Repeating the argument for every n € N yields the desired result, because
dilations preserve angles. O

Remark 8.2 (see [24] Remark 8.2). The sequence of solutions y([—s,, $]) constructed
in Theorem [8.T] possesses unbounded Willmore energy for n — oo, because the squared
hyperbolic curvature repeats itself everytime v meets B;. Hence the hyperbolic ar-
clength tends to oo as well.

8.2. A second family of projectable solutions

This section is taken from [24] Section 8.2]. Here we will prove Theorem by
constructing a new set of solutions with a shooting method. This method is similar
to the one employed in Section but we will use the opposite sign of the initial
geodesic curvature. The solutions obtained here differ from solutions found in [17],
since the geodesic curvature has zeros.

For the remainder of this section we will focus on wavelike solutions v of with

Ky > 2.
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8.2. A second family of projectable solutions

With Lemma [.§ we find two bounding circles B, B_ of ~, which intersect the z-axis
at exactly two points zs > 0 and —z; < 0 (see ) Let J be the unique extension
of J, (see Lemma as a Killing field to H? with parameters a < 0,c > 0 given as
in Lemma [5.5] Please note, that the proof of Lemma [5.5| also shows

T 8.2
2= -2 (52)
As usual let K be the geodesic curvature of v. Further let s, > 0 denote half of the
period of K. This implies K(s,) = —Ky. We start with a lemma, which hints at ~
being locally a graph.

Lemma 8.3 (sce [24] Lemma 8.3). Let s* € [0, s.] be in such a way, that Vs € [0, s*] :
vi(s) < zs. Then 7|[7S* o] Can be parameterised as a graph.

Proof. 1f we assume J!((z,y)) = 0 at a certain point (z,y) € H2, then a simple cal-
culation based on Lemma and shows 22 > x2. With J1((0,-)) > 0 this yields
JH(y(s)) > 0 for all s € [0, s*].

Let us now proceed by contradiction. If we assume that 'y|[075*] cannot be parame-
terised as a graph, then there exists an 5 € [0, s*] with 41(3) = 0. Equation then
gives us K2(5)%%(5) = ay'(5)y?(5). This yields 42(5) < 0. By with K(3) < 0 in
mind we obtain

0> —2K(5)%%(3) = J'(v(3)) > 0,
which is an obvious contradiction. O

Now we will examine v in case of a large K. For this we will estimate the wavelength
of v (see Lemma . Langer & Singer already gave a formula pointing into that
direction (see [37, Proposition 5.2 (iii)]), but it is restricted to the hyperbolic distance
of crossing points of v with the perpendicular geodesic ¥ (see Lemma [5.1]).

Lemma 8.4 (see [24] Lemma 8.4). Let s € [0, s.| be arbitrary, then
K3
VKE—4(KE —4)

Proof. First we will estimate ¢., (see Lemma [5.13]) with the help of Lemma

disty(y(s), {(0,y) eR?:y > 0}) < — 0, if Ko — oo.

s K2 Sx K2
I _ ds < d
2(1(8)) /0 AK? —4KZ + K¢ 7= /0 AK? —AKZ + K¢

S en?(rs, k) 1
= ’ ds < 2(rs,k)d
/0 4en?(rs, k) — 4+ K¢ 8_/0 K§—4cn (rs, k) ds

1 LAM ™ (7 k)
= e /O cos?(AM (rs, k)) ds
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8. Non-uniqueness results

1 1 /M 1
:Kg_‘“"/o cos® () ————==dx

1 — k2 sin®(z)
< 1 1 1 /7r
T Ki-4rV1—k2 ),

T 1 1 1
2 K3 —4
0 \/;Kg—l\/1_4 K3
(-14+35K§)
T 1 2 —44+2K;

1
= — =T .
2K —4,2KZ -4\ —4+K;§ K2 —A(K2 —4)

There exists a unique integral curve connecting y(s) and the y-axis (see Theorem [5.8)).
Since these curves are parameterised proportional by arclength, we can calculate the
hyperbolic length of these curves by t, and |J,|4:

cos?(z) da

disty(v(s), {(0,y) € R?:y>0}) < [, (8)]gty(7(s)) < max|Jy|gt,(v(s4))
K3

s .
VEZ _I(K2 —4)

<

(@ 1) yields with Ko > 0

/ 2
VKo +2 1+ %
:Z\/K 5 =% - > z. (8.3)
. N

Ts

Now we are ready to tackle our main result in this section.

Theorem 8.5 (see [24] Theorem 8.5). There exists an o* > 0, such that for every
a > o the Dirichlet problem

AgyH + 2H(H? - G) =0, in(-1,1) (8.4)
u(xl) = a, v/ (£1) =0. ’
possesses a solution u : [—1,1] — RY with two sign changes in the geodesic curvature.

Proof. Let v be a wavelike solution of with Ko > 2, z = 1 and geodesic curvature
K. Let us fixate some further notations: B_ is the outer bounding circle of v and
B, the respective inner bounding circle (see Lemma . Let additionally be ¥ the
perpendicular geodesic found in Lemma [5.1) and let s > 0 be the crossing point of
these circles with the z-axis (see Equation ) Figure gives a sketch of the
situation. Let s*, s, > 0 be minimal with K(s*) =0 and K(s,.) = —K.
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8.2. A second family of projectable solutions

1. y(s*) € ¥, the minimality of s* and Lemma [5.3] yield 4%(s*) > 0. On the other
hand we have 4%(s.) < 0, because K(s.) = 0 implies y(s,) € B_ and thus
K(5:)%2(s:) = J?(7(s4)) < 0 (see Lemmas and . The intermediate
value theorem then yields an § € (s*, s,) with §2(8) = 0.

2. Now we will show, that 7|[7 can be reparameterised as a graph u. Since for

5,3]

all s € [0,5%] 7(s) € £, (see Lemma[5.3)), we obtain v!(s) < ,. Lemma and

the symmetry to the y-axis then yield, that v([—s*, s*]) can be parameterised as

a graph w. Since u solves an ordinary differential equation, it can be uniquely

extended to an z* > ~!(s*). By v being bounded, we obtain li/m u/(x) = to0.
x Sx*

Lemma implies for all s € [s*, s.], that K(s) < 0. Equation yields u to
be concave as long as the geodesic curvature is negative. Hence u'(2*) = —oo or
x* > y(s4). Either way we can choose 3 in such a way, that v([—3, 3]) can be
parameterised as a graph, since we have u/(y(s*)) > 0.

3. The second coordinate of the Frenet equation (see (2.14))) gives us in §:

since 7|[7§}§] is graph und therefore 41 (3) > 0. The inverse function theorem in

combination with the concavity argument from above yields the existence of a
unique smooth function 3 : (2,00) — R* with 42(3(-)) = 0 and s* < 3(-) < s..

4. Finally we can find a dilation Zg, : H? — H?, centered at the origin, such that

Ek, (V(5(Kp))) = (1, a(Kp)). Lemma [8.4] and yield

72(5(Ko))
7 (3(Ko))

In combination with 3(-) being continous the desired result follows.

a(Ky) = — o0 if Ky — 0.

O

Combining Theorem with the following existence result yields the proof of The-
orem because the solution found in this theorem possesses positive curvature.

Theorem 8.6 (see Theorem 1.1 in [17] and Proposition 6.7 in |18]). For every o > 0,
there exists a smooth, even function v € C*°([—1,1],(0,00)), such that the correspond-
ing surface of revolution solves the Dirichlet problem for the Willmore equation

AgqoH +2H(H? — G) =0 in (—1,1)
u(+1) = a,u/(£1) = 0.
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8. Non-uniqueness results

This solution u is even and has the following additional properties:
Vz e [0,1]: 0 <z +u(z)u(x), u'(z) <0,

1
Ve e[-1,1]: a<u(z)<a+l, |u'(z)] < —,
@
Vo € (—1,1) the hyperbolic curvature satisfies k[u](x) > 0.
Remark 8.7. Numerical experiments conducted in matlab TM using (5.6)) in combi-

nation with the Lemmas [5.11] and give rise to the conjecture that the optimal o*
(see Thm. [8.5)) is strictly positive (see Figure [8.2)). Another topic that has to be left

11 : : :
2 25 3 35 4

Ky

Figure 8.2.: Boundary values in comparison to the initial curvature.

open is the question of a possible convergence of the solution +, if K; tends to 2. Due
to the experiments mentioned above the present author conjectures v to tend to two
Mbobius inverted Catenoids with negative geodesic curvature (see Lemma Figures
and the discussion in Section , which meet at an irregular point at the
origin (see Figure [8.3)).
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Figure 8.3.: Plot of symmetric solution with o = 1.1278, Ky = 2.0001.
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9. Symmetry for energy-minimising
solutions

This section is dedicated to proving Theorem It is taken out of [26, Section 3.
Amos Koellers contribution to this article consists solely of |26} Section 2], which is
not contained in this thesis. This chapter is organized as follows. First some necessary
conditions for a non-even solution are derived. These conditions are used in Section
to show, that such a solution possesses high Willmore energy.

Since we are dealing with a symmetry problem, we set a 1= a_ = ay.

9.1. Necessary conditions for non-symmetric solutions

This section is taken from [26, Section 3.2]. Some of the following formulae have
already been derived in Chapter @ for symmetric Killing fields J (see Lemma .
Since we are especially interested in the non-symmetric case, the resulting formulae
are a bit more involved. Differentiating and by hyperbolic arclength yields
(cf. for the symmetric case)

. . 1 .. 1 . _ . 2 . _ ..2
2KK( 7 >+K2( i >+2K( ] >+2K( - )
Y Y Y Y
141 2:2 1
Y=Y v
=al . : +b( .
( Al y142 > ( 42 )
The subscript + shall now indicate that the corresponding object is evaluated at

the right border, for example K, = x[u](1). The subscript — represents the left
border analogously. The boundary conditions with the parameterisation by hyperbolic

arclength (cf. (3.1)) yield

i=a, =%l 4 =0, 91 =a. (9.2)

(9.1)

Inserting this into (4.6) yields

1—a?

aK? =a +b+c
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9. Symmetry for energy-minimising solutions

By subtracting these two equations we obtain
(K3 — K?) = 2b. (9.3)

On the other hand (4.7) yields )
2K, = +a+b. (9.4)

By adding these two equations we obtain
K +K_ =b (9.5)

Now we make use of the Frenet equations evaluated at the boundary (see (2.13)), (2.14)
and cf. (6.1)), (6.2))

L =0, 91 = a(Ky —1).
Combining this with the second row of (9.1)) yields

aK3(Ky —1)+ 20K, = aa?,
which can be further simplified by (4.1)) to (cf. (6.5]))
2K, — K3 = aa. (9.6)

With these equations in mind we can prove our first lemma concerning even solu-
tions:
Lemma 9.1 (see |26] Lemma 3.5). A smooth solution u : [—1,1] — (0,00) of (1.8)) is
even if and only if
k[u](=1) = K[u](1).

Proof. If u is even the above equation simply follows from and the boundary
conditions.

Let us now consider a solution u of with k[u](—1) = k[u](1). Let 7 be this
solution reparameterised as a curve by hyperbolic arclength with geodesic curvature

K. The equations (9.3) and (9.5)) then imply
K- K,

By reflecting v at the y-axis we obtain a curve 4. This operation is a M&bius trans-
formation, so 7 still solves (1.8 and still satisfies the ordinary differential equation in
(4.8) with the following initial conditions:

3(0) = (1,a), %(0) = (—a,0), k[3)(0) = —K_ = —K, i[7](0) = —K_ = K.

If we now switch the orientation of 4 (meaning 4(s) — (L — s)) we obtain a curve
which satisfies the same initial data as «. Hence this curve has to be = itself. O
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9.1. Necessary conditions for non-symmetric solutions

We can now turn to conditions for non-even solutions:

Lemma 9.2 (see [26] Corollary 3.6). Let u: [—1,1] — (0,00) be a smooth solution of
(1.8), which shall be non-even. Then

wlu](=1) + K[u](1) = 2.
Proof. By a simple subtraction we deduce from
0= 2K, — K_) — (K2 — K2) = (K; — K_)(2 — (K+ + K_)).

Lemma 9.1 now yields the desired result. O

Lemma 9.3 (see [26] Corollary 3.7). Let u: [—1,1] — (0,00) be a smooth, non-even

solution of (L.8)). Then

u(=1) = —u"(1), (1) #0,
Proof. Evaluating ([7.1) at the boundary and adding the resulting equations yield to-
gether with Lemma [9.2) v’ (—1) = —u”(1). u”(1) # 0 follows from Lemma O

The following lemma is paramount in proving the energy estimate stated in Lemma
9.9

Lemma 9.4 (see [26] Corollary 3.8). Let u: [—1,1] — (0,00) be a smooth, non-even
solution of (L.8). Then the curvature K reparameterised by hyperbolic arclength is
periodic with fundamental period P > 0, satisfying

VARERAG)
b= /4 u(§) .

Hence the fundamental period is smaller than the hyperbolic arclength of u.

Proof. We show the following claim, which is sufficient by the Lemmas
and (4.4
There exist — 1 < 21 <29 < 23 <1 and a C' € R such that

rlul(z1) = klul(22) = wlu](z3) = C.

By Lemmal0.3|we can assume without loss of generality that u”(—1) < 0 and uv”(1) > 0.
Due to the boundary data u has to have a strict maximum in * = —1 and strict
minimum in z = 1. With u(—1) = «(1) we find —1 < z_ < x4 < 1 satisfying

W(ry) =0, u"(z3) <0, u'(z_)=0, v (xz_)>0.
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9. Symmetry for energy-minimising solutions

Equation yields
klu)(=1) <1, slul(z_-) > 1, &lul(zs) <1, &u](1) > 1.

The intermediate value theorem yields the desired result. O

9.2. A priori energy estimates

This section is taken from [26, Section 3.3] and is dedicated to proving the following
energy estimate:

Lemma 9.5 (see [26], Theorem 3.9). Let u:[—1,1] = (0,00) be a smooth solution of
(1.8), which shall be non-even. Then

W, (S(u)) > 4r.

With Lemmal9.4]in mind, we have to estimate the elastic energy for the fundamental
period of the functions given in Lemma [£.2] and Lemma [£:4] The presented proof in
the orbitlike case is by Hans-Christoph Grunau, but it was already observed by Langer
& Singer (see |37, page 19]):

Lemma 9.6 (see [37] p. 19, [26] Lemma 3.10). Let K : R — R be non constant and
given as in Lemma [{.3 with parameters Ko, k,r. Then

£ Fy(m)
/ K?(s)ds > 8.
0

Proof. Let K, Ky, r and k be given as in Lemma Since (4.1]) is autonomous, we
can assume without loss of generality, that |Ky| > /2 and therefore sg = 0. Then

+ () +Fr(m)
/ K?(s)ds = / 4r% dn®(rs, k) ds
0 0
%Fk('n')
— 42 / (1 — K sin®(F,\(rs))) ds
0

™ 2
—4r/ — k*sin (x)

\/1—k? sin?
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9.2. A priori energy estimates

Now we consider the function

(; 1) 3 p— ¢(p) / \/,o (2p — 1) sin?(x) da

and show ¢(p) > 1. With ¢(1) = fog cos(z) dx it suffices to prove ¢'(p) < 0 for

pe(3,1).
/ 1 —2sin’z dr — / cos(2x) i
\/p (2p-1) sin? \/p (2p—1) sin?
/ cos(2x) iz +/ cos(2x) I
\/p (2p—1) sin’ x \/p (2p—-1) sin?
/ cos(2x) i +/ cos(m — 2x) —
\/p (2p —1)sin? 2z VP —(2p—1)cos?x
1 1
= / cos(2x) - = dx
0 \/p—(2p—1)sin2x Vo —(2p—1)cos?x
< 0.
Since ¢(1) =1 the proof is finished. O

The elastic energy over a fundamental period of a wavelike solution has already been
estimated in Lemma [5.10
Let us now summarize our findings to obtain the proof of Lemma [9.5}

Proof. Let u be a non-even solution of (1.8)) and K the geodesic curvature parame-

terised by hyperbolic arclength with fundamental period P > 0. According to Lemma
the fundamental period is contained in the hyperbolic arclength of u. Equation

(2.12) in combination with the Lemmas [9.6] and yield

/K2

O

Let us now summarize the important steps of the proof of Theorem
Existence and regularity of an energy minimising solution v : [—1,1] — (0, c0) of (1.8))
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9. Symmetry for energy-minimising solutions

is given by Theorem [I.3] which also yields
We(S(u)) < 4.

If we combine this with our energy estimate Lemma [9.5] we obtain Theorem [1.5

84



A. A numerical scheme

In this chapter a numerical algorithm to solve the Dirichlet problem is presented.
This procedure only works in a reliable way, if numerical results of |18] for the symmet-
ric problem are used. This algorithm is explained in Section and resulting
plots are given in Section

A.1. A shooting/perturbation method

The numerical method to obtain the results shown in Section [A22]is a shooting method
for ordinary differential equations, taylored to our situation. Let a_,ay € (0,00) and
let v:R x R x R — H? be a smooth solution of (see also (4.8))

{ Viy=KN, V4N = K%, K=K-1iK?

(0, Ko, Ko) = (=1,a-), 5(0, Ko, Ko) = (a—,0), K(0) = Ko, K(0) = Ko.
(A1)

Here N = (—%2,4') denotes a unit normal, which is possible since 7(~,K0,K0) is

parameterised by hyperbolic arclength. Hence (-, Ko, Ky) is the profile curve of a

Willmore surface of revolution. We now look for a triple (L, K, Ko) € R x R?, such

that

(L, Ko, Ko) = (1,a4), (L, Ko, Ko) = (ay,0). (A.2)

Then ~(-, K, KO) ‘ (0,L] solves . This initial value problem was solved in matlab TM
by a Runge-Kutta method.

We solved by Newton’s method. For convergence we used a perturbation ap-
proach and solved the symmetrical case first. This case was already solved numerically
in [18], which gave us Kj. KO was then obtained by and . Since we are treat-
ing the symmetrical case, we have b = 0 in these formulae. Hence we only had to guess
a suitable starting value for the arclength L.

After we solved the symmetrical case, we perturbed o in small steps and used the
already obtained solutions as starting points for Newton’s method.

Unfortunately the shooting method alone seems to be very difficult to implement,
if we want to show existence of a solution of . In Theorem solutions with
arbitrary big hyperbolic arclength were found. Hence the differential equation is not
enough to derive a priori bounds on the arclength, which in turn means the Brouwer
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A. A numerical scheme

fixed-point theorem cannot be applied.

On the other hand a perturbation method via the inverse function theorem is also very
difficult to implement, since we do not have an explicit formula for a solution in the
symmetric case. The present author was not able to overcome these obstacles directly
and chose a variational approach instead (See Section [3| and Theorem [1.1)).

This variational approach needs smallness conditions on the boundary data. A shoot-
ing method restricted to wavelike elastica (cf. Lemma may overcome this problem
as indicated by the Sections [6.1] and

A.2. A set of solutions of the Dirichlet problem

This section collects a few numerical solutions of . The applied method is de-
scribed in Section The caption of the figures give some parameters. a_ is the
height at the left border and « is the height at the right border respectively. Kj
is the initial geodesic curvature and Ky is the initial derivative of that curvature (cf.
(A.1)). L is the hyperbolic arclength and W, the Willmore energy of the respective
surface of revolution.
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A.2. A set of solutions of the Dirichlet problem

We start with solutions, where the left height a_ is fixated and the right height
ay grows: If o and oy are very close to each other, Figure shows a hill near

0.66 . . .

0.64

0.62

0.6

0.58

0.56

0.54

0.52

0-5 L L L
-1 -0.5 0 0.5 1

Figure A.1.: a_ = 0.5, a = 0.6, Ko = 1.535312, Ky = —0.702980, L = 3.350976,
W, = 5.396793.

the middle of the solution. This kind of hill was already observed for symmetric data

in .
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16 T T T T

1.4

1.2

0.8

0.6

04 Il Il Il Il
-1 -0.5 0 0.5 1 1.5

Figure A.2.: a_ = 0.5, o = 1.5, Ko = 2.045919, Ky = —0.469671, L = 2.470591,
W, = 4.865637.

When a_ and o are a bit further apart, the hill seen in Figure[A 1] seems to vanish
as exhibited by Figure [A:2] This indicates, that the solution is strictly monotone.
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35

1.5 |

05 Il Il Il Il
-1 -0.5 0 0.5 1 1.5

Figure A.3.: a_ = 0.5, ay = 4.0, Ko = 2.446962, Ko = 0.543533, L = 2.697657,

W, = 9.564734.

The projectivity of the solution seems to start breaking down at about x = —0.5, if
the distance of ar— and a4 is moderate.
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0 Il Il Il
-1 -0.5 0 0.5 1

Figure Ad: a_ = 0.5, ay = 5.7, Ko = 2.362879, Ko = 0.672563, L = 3.054481,
W, = 10.984159.

Figure [A.4]illustrates, that the non-projectivity issue grows worse, if the distance of
a_ and a4 becomes bigger. On the other hand, the monotony of the second coordinate
72 seems to stay.
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20

18

-6 -5 -4 3 -2 -1 0 1

Figure A5.: a_ = 0.5, oy = 19.9, Ko = 2.105029, Ko = 0.372020, L = 4.633284,
W, = 12.568047.

Figure shows the behaviour of a solution, when a_ and ay are very far away
from each other. The upper part seems to grow like an inflating balloon. It probably
behaves asymptotically like a Mébius inverted catenoid around o (cf. Lemma [4.11]
or Figure|6.3]).

The lower part around «_ probably converges to a part of an asymptotically geodesic
solution as well, which would not be symmetric (see Figure .
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A. A numerical scheme

The next set of solutions features a fixated o— = 1 and a falling a;: As seen in

1.01 . . T

0.99

0.98

0.97

0.96

0.95

0.94 - 1 !
-1 -0.5 0 0.5 1

Figure A.6.: a_ = 1.0, ap = 0.95, Ko = 1.102888, Ko = —0.442682, L = 2.028232,
W, = 3.176068.

Figure we observe a hill near the middle in Figure if a_ and a4 are very
close to each other.
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0.95 - 4

09 r 4

0.85

0.8 - 4

0.75 4

0.7 r 4

0.65

0.6 4

0.55 : : :
-1 -0.5 0 0.5 1

Figure A.7.: a_ = 1.0, ay = 0.577350, Ko = 0.767184, Ko = —0.294503, L =
2.591920, W, = 4.070799.

Figure [A7] features the disappearence of the hill of Figure The solution seems
to become monotone again.
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12 T T T

0.8

0.6

0.4

0.2

0 Il Il Il
-1 -0.5 0 0.5 1

Figure A8 a_ = 1.0, ay = 0.065233, Ko = 1.025679, Ko = —0.823972, L =
5.145433, W, = 6.592535.

In contrast to Figure the projectivity of the solution does not seem to break
down easily, if a tends to 0 (see Figure [A.8).
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B. Future research

The biggest problem left open in this thesis is existence of solutions of for ar-
bitrary a—, a4 > 0. The present author likes to present an idea on how to possibly
proceed:
First a numerical observation is needed to underline the following method. Here we
utilised the same numerical scheme as in Section [A. Il Lemma [5.15 shows that a non-
projectable solution of under energy constraints is wavelike (cf. Lemma [4.4). In
the symmetrical case, i.e. a— = a4, the solution is most likely orbitlike (cf. Theorem
8.6). Hence the type of solution changes, if a_ is fixed and a4 grows (cf. Figures
and . Equation gives us the possibility to distinguish the type of
solutions found in Section by their extremal curvature in terms of their initial
data. Shortly before the change a solution looks like Figure It being orbitlike is
not obvious from the solution itself, but their extension gives a better clue (cf. Lemma
. The dashed lines represent these extensions, while the solid line is the solution
of the Dirichlet problem itself. Even before projectability is lost, the type of solution
changes to wavelike (see Figure . The intermediate solution between these two
seems to be an asymptotically geodesic one (cf. Lemma as shown in Figure
These can be obtained by e.g. reflecting a catenoid at an upper half circle, in such a
way that the result is not symmetric to some straight line parallel to the y-axis.

The roadmap to show existence for every a_, oy > 0 would be as follows:
First a_ > 0 has to be fixed. Afterwards an o > a_ has to be found, for which the
solution of is of the asymptotically geodesic type. Then for every oy € (a_, o)
one needs to show, that W/ ., < 8to obtain solutions by Theorem|1.1{in this regime.
This conjecture is supported by Lemma [7.2] which shows that the hyperbolic energy
of such a solution of asymptotically geodesic type is at most 8.
The next step consists in finding solutions for oy > o in the wavelike class. For this
a shooting method seems appropriate as seen in Section [6.1] But instead of fixing the
initial derivative of the geodesic curvature to be zero, it needs to be varied as well.

This o, may also yield a better smallness condition for projectivity than Assumption
since every solution with right boundary value between a_ and o seems to be
orbitlike.
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Figure B.1.: Orbitlike solution: a_ = 0.5, ay = 1.25, Ky = 1.892309, Ky, =

—0.556467, L = 2.581276.
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Figure B.2.: Asymptotically geodesic solution: a_ = 0.5, ay = 1.2894, Ko = 1.9176,

Ko = —0.5448, L = 2.5594.
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Figure B.3.: Wavelike solution: a— = 0.5, g = 1.3, Ko = 1.924355, Ky = —0.541498,
L = 2.553789.
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List of Symbols

a,b,c

o

Parameters for Killing field on H?.

Positive real number. Height for boundary value problem on the right side.
Positive real number. Height for boundary value problem on the left side.
Positive real number. Height for boundary value problem, if a— = ay.

Bounding circle for wavelike =, i.e. v touches B, iff the geodesic curvature
is maximal.

Bounding circle for wavelike +y, i.e. v touches B_, iff the geodesic curvature
is minimal.

Regular curve in H?2.

Constant varying from line to line.

Distance w.r.t. hyperbolic metric.

Flow coordinates of H?Z.

Gauss curvature.

First fundamental form of H?.

Elastic curve parameterised by hyperbolic arclength.
Mean curvature.

= {(x,y) € R?: y > 0} with hyperbolic metric ds? = dwzy%dyz.
Killing field on H2. Extension of .J, to H2.

=K%y + 2K N along .

Geodesic curvature of v, satisfying K = K — %K‘?’.
Geodesic curvature of ¢ w.r.t. the hyperbolic metric.

Initial geodesic curvature for initial value problem for elastic curve.

103



List of Symbols

Ko Initial derivative of geodesic curvature for initial value problem for elastic
curve.
L Hyperbolic arclength of a curve.

[ Euclidean length.
[ g Length of vector w.r.t. hyperbolic metric.

Ag Laplace-Beltrami operator for a regular immersion S.

_ {ce H?([0,1],R x (0,00)) : ¢(0) = (=1,a_), c(1) = (1,ay),

Mooy 2(0) = (1) = 0,¢4(0).é (1) > 0, |¢] # 0.

N Unit normal of a curve ¢, such that the tangent of ¢ and N are positively
oriented.

N Natural numbers without 0.

Dao,r Upper half circle with centre (z9,0) and radius r.

D, Flow of J.

R Real numbers.

VwV  Covariant derivative of V in direction W w.r.t. hyperbolic metric.

S(¥) Surface of revolution, generated by a profile curve.

b Geodesic crossing wavelike v perpendicularly. Integral curve of J.

p Subset of H?, in which a wavelike elastica has positive geodesic curvature.
Y Subset of H?, in which a wavelike elastica has negative geodesic curvature.
ty Second coordinate of «y in flow coordinates.

U Positive function.

We Willmore energy.

WS o, =inf{We(S(c)): c€ My_a,}-

Wh, Elastic energy.

Wg—,ow =inf{Wy(v): ve My_a,}

T Zero of J on z-axis. Point in which ¥ crosses z-axis.

Y, First coordinate of v in flow coordinates.
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Index

Bernstein-type, [34]
Cayley transformation,

Dirichlet problem,
existence
shooting method,
variational approach, [I7]
non-uniqueness
non-projectable,
projectable,
numerical solution,
projectability, [57]
regularity, 23]
symmetry, 84

elastica,
asymptotically geodesic,
circular,
orbitlike,

wavelike, 28] [33]

Euler-Lagrange equation, []

flow coordinates, [37]
Frenet equations,

geodesic curvature, [I0]

inversion, [T1]
at a hyperplane,
at a sphere,

Jacobian elliptic function,

Killing vector field,

Mo6bius transformation, [T1]
mean curvature, [J]

perpendicular geodesic, [33]
Poincaré disk, [20]

smallness assumption, [4]
surface of revolution, [2]

upper half plane,
Christoffel symbol,
covariant derivative,
elastic energy,
hyperbolic metric,

Willmore

energy, [1]

equation, [I]

surface,

surface of revolution,
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